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I. FUNDAMENTAL QUANTUM LIMIT ON TRANSVERSE RESOLUTION

In this Section, we give the details of the derivation of the QCRB for separation estima-
tion.
As in Eq. (4) of the main text, the quantum state of the electromagnetic field in the

image plane is given by the coherent-state decomposition

pu= [, A A Py (A)[eaa) (Vad. (1)

Here

Pe()= (5 ) e (%) , ©)

is the probability density of the source field amplitudes A = (A, A_) and the conditional

state [144) is an eigenvector of the image-plane field operator E(p,t) with eigenfunction

baalp,t) = [Ac(p-d/2) + A_d(p+df2)] £(1), (3)

where d = (d,0). This eigenfunction is simply the semiclassical complex field amplitude that
results from the superposition of the images of the two sources conditioned on the amplitude
vector A.

In order to evaluate the fidelity F'(pg,,pa,) in Eq. (6) of the main text, we need to first

choose transverse spatial modes in which to express the quantum states pg, and pg,.



A. Transverse spatial modes

For an arbitrary vector a = (a,,a,) in the image plane, consider the overlap function
5(a):= [ dpv*(p) vlp-a). 4)
The Cauchy-Schwarz inequality implies that |§(a)| < 4(0) = 1. We have
5@ = [dpv(p-a)u(p) )
- Lo v (p)up+a) (6)
=0(-a). (7)

For an inversion-symmetric PSF, we can say more. Changing variables to o = —p with

do =dp, we have

5" (@) = [do v (o) u(-o +a) ®)
- [do v (o) (o -a) (9)
=d(a), (10)

where we have used inversion-symmetry )(-p) = ¥ (p) of the PSF in the last step. For such
PSFs, the overlap function is thus real-valued for all a € Z. We make the inversion-symmetry
assumption throughout this paper.

Since we are considering only the estimation of the xz-component of the separation between
the sources, we slightly abuse the above notation to define the overlap for a scalar argument

o(d) :=46((d,0)). (11)
We then have
o(d)=0*(d) =d(-d) <1 (12)

for all values d of the x-separation.

Consider two different values d; and ds of the separation. For d; = (d;,0), the functions

~v(p-di/2) +Y(p+dyi/2)
Xl(p) - \/Wl_ (13)
a(p) = Y(p-di/2) -Y(p+di/2)
V2N;




with normalization constants given by

1=1+5(d1), (14)
Ni=1-6(dy), (15)

are orthonormal over the image plane Z. The functions (13) will be two of our mode

functions. In like manner, for dy = (ds,0), the functions

Y(p—da/2) +Y(p+dy/2)

Xa(p) = N (16)
Ta(p) = P(p—da/2) —¢(p+dy/2) (17)
V2N,
are orthonormal over the image plane with the normalization constants
Nz =1+3(dy), (18)
Ny =1-6(dp). (19)

Using (12), we can readily verify that Y» is orthogonal to x3 and X, is orthogonal to x;.
However ¥, is not in general orthogonal to x; and neither is Y, orthogonal to x3. In order
to obtain an orthonormal set of transverse spatial modes, the Gram-Schmidt process can be

used to define

X2(P) _ %2(p) — HUs Xl(p)

\/m , (20)
alp) = 554(/)\)/1_@;;3(/))’ (21)
with
s = fzdp (P)Ta(p) = L dZ)/%(dl rda)/2] (22)
Jla = fIdp G()Ta(p) = T dZ)/j]N_%(dl +d)i2] (23)

The set {x1, X2, X3, X4} is an orthonormal set of transverse spatial modes that span the
same space as {¢(p+di/2),¥(p+dy/2)}. Note that inversion symmetry of the PSF implies
that y; and xo are symmetric with respect to inversion about p = 0 while y3 and x4 are

antisymmetric under inversion.



B. Density operators p;, and pg,

Equation (2) implies that the incoherent thermal source amplitudes A are circular-complex

Gaussian random variables satisfying the relations:

E[A4,]=0 (24)
E[A,A,]=0 (25)
E[A%A,]= N, (26)
E[AA_]=0 (27)

for p,v € {+,—} ranging over the two sources. Define the sum and difference amplitudes

S=A, +A, (28)
D=A,-A (29)

which satisfy the relations

E[S]=E[D]=0

[
E[S*] =E[D?] =E[SD] = (30)
E[S*S] = E[D*D] = 2N,

[

E[S*D]=0

and are thus statistically independent circular-complex Gaussian random variables. Clearly,
specifying the pair (S, D) is equivalent to specifying A = (A,, A_). The random variables
|A,” and |A_|* are independent and are both distributed exponentially with mean N, [1].
Analogously, the random variables |S|* and |D|* are also independent and are both dis-
tributed exponentially with mean 2Nj.

Consider the coherent-state decomposition (1) for pg,. Conditioned on the source ampli-

tudes, the eigenfunction (3) can be rewritten as

ban(p.) = (s\/%m(p) D[ xs(0) )w), (1)

in terms of the spatial modes defined in the previous subsection. Since S and D are i.i.d.

circular-Gaussian variables, we may write, given the P-representation (1) [2, 3]:-

pa, = pin (N1N;) ®10) (0] ® pen (N3N) ®10) (0], (32)



where
e W
pen(N) = n; N+ [n) (n] (33)
_L 2OéeX _@ )«
- L [daeo (-2 (34)

is the single-mode thermal state of N average photons (written above in its number-state

and coherent-state decompositions). The four spatiotemporal modes in the above represen-

tation are respectively x1(p) £(t), x2(p) £(t), x3(p) £(t), and x4(p) &(t), and we have omitted

including an infinity of other spatiotemporal modes which are in the vacuum state for all
values of the separation and are not useful for estimating it.
Consider now the coherent-state decomposition (1) for pg,. Conditioned on the source

amplitudes, the eigenfunction (3) can be rewritten as

Yain(p.) = (s\/ N o) 0y %m))) £(), (39)

: {s\/ B [poxato) s VT et + DY [ponsto) + VT 72 X4(P)]} 20
)

The unconditional density operator p;, can then be written in the same set of modes used

for writing (32), as follows:-

par = {Us [ (Mo N) @1[0) (0] UL} @ {U [pen (NaN,) ®10) (0] U} (37)

where Uy is the two-mode beam-splitter unitary (see, e.g., ref. [4]) whose action on coherent

states is

Us(la}18) ) =

%a—vl—ﬁﬁ)

and on the number state-vacuum product is

%B+v1—£a) (38)

n n ek
U1 100) > 3o\ () ot 1= 12 ) I . (39)
k=0 k
Similarly, U, is the two-mode beamsplitter unitary whose action on coherent states is

Ua(l0}18)) = [racr + V1= 128) 1o = /1= pi2a) (40)




and on the number state-vacuum product is

n

Ua1m10)) = 30/ (1) s 0= 12) 5 ) b= (41)

k=0
C. State fidelity

The quantum fidelity between p4, and pg, is given by

F(pay» pay) = T \/\/Pds Pasn/Pas - (42)

Since both density operators (32) and (37) factorize into a product of density operators on
the symmetric (spanned by the modes x1(p)&(t) and x2(p)&(t)) and the antisymmetric
modes (spanned by the modes x3(p) £(t) and x4(p) £(t)), we can mutliply the fidelities for
each pair.

Considering the symmetric modes first, let

NN,
=— 43
n 1+ N1 Ns ’ ( )
N2 N,
= —_— 44
T2 1+ NQNS ) ( )
so that the symmetric components of the density operators under each hypothesis are
P = (L=r1) X riIn) (nl @ [0) (0, (45)
Pl = (1—r2>2r2 U,(In) (nl ® [0) (0]) U (46)

Then

/pglslym)p(sym) /pgslym) (47)

[e'e] "

=(1=r)(1=ra) Y 5 [n0) (n0|Us [n'0) (n' O] U] [n" 0) (n" 0], (48)
n,n’,n'"=0

=(1-r)(1-m) Z L2 18 0) S 2 G {n 0| (49)
n,n’,n'"=0

—(1-r)(1- 1) i P22 s [2.0) n 0], (50)



where we have used Eq. (39) to evaluate the matrix elements in Eq. (48). Consequently,

Ja (p((islym)’ pfizym)) ~Tr \/, /p((islym)pglzym) /p((;ym) (51)

(L)' (=)

52
1= || /7172 (52
-1
{WHMMNHMMyW|MMM]. (53)
In similar fashion, we find
-1
F (p5™, p5™) = [V NoNG) (1+ NN = |l VAS NG N, (54)

resulting in the expression

51~ d2)/2] + 6 [(d + do)2]]

5[(dr ~do)/2] -0 [(dr + o) /2] ||
(55)

F(paypas) = [V N [1+6(d)]) (1+ N[1+6(d)]) - N,

x [V T+ N, 1= 0(d)]) (T+ N, [1-8(dx)]) - N,

for the overall fidelity.

D. Quantum Cramér-Rao bound

Let dy = d and dy = d; + Ad. The quantum Fisher information (QFI) K; on d is given by

1= F(pa, pasad) _432F(pdlapd2)

do=dy
Since the symmetric and antisymmetric modes are in tensor-product states, K, is the sum

of the QFIs ;™ and K™ from the respective subsystems [6]. Defining

(d) =0'(d),
(57)
B(d) =~'(d),
the QFI from the symmetric modes is found after some algebra to be:
: NZ~*(d)
YR = [8(d) - N, - - .
Similarly, the QFI from the antisymmetric modes is found to be
asym NS2 2 d
™ = —[B(d) + BO)IN, - —e (D) (59)

1+ NJ[1-6(d)])



giving a total QFI

Kg= K™ 4 o™ (60)
1+ N,)N?
:_Zﬁ(O)NS_QVQ(d)[(1+§Vs§2—3vf52(d)]’ (61)
which is Eq. (7) of the main text. Here
9 2
5=~ [ap| "0 = -(ak2), (62

For circularly symmetric PSFs, this quantity is independent of the direction of the z-axis

and is the mean-squared spatial bandwidth of the PSF.

II. FISHER INFORMATION LOWER BOUNDS FOR CONCRETE
MEASUREMENTS

In this Section, we give the derivation of the lower bound on the Fisher information for
direct imaging, Fin-SPADE, and Pix-SLIVER.

Consider a vector random variable Y = (Y1,...,Yy)T € RM whose probability density
Py x(y|r) depends on an unknown parameter x. The classical Fisher information (FI)
J:[Y] of Y on z [7] is typically difficult to compute unless the components of Y are

statistically independent. However, a general lower bound
Jo[Y]24"C i (63)

was recently derived in [8]. Here p = ((Y1),,...,(Ya),)" is the mean observation vector,
C = ((Y-p)(Y-p)T), is the covariance matrix of Y, and f1 = dpu/0x. All the above
quantities are functions of x. The bound (63) is very convenient as it depends only on the
first two moments of the observation vector, which are easier to compute. In contrast, the
FI 7.[Y] depends on the full joint probability density of Y (conditioned on z).

We compute this lower bound for various measurements below. Since all the measure-
ments involve at most linear-optical processing prior to photodetection, the classicality (in
the sense of having a non-negative P-representation [2, 3]) of the incoming state py is pre-
served. It is well known that, for such states, the quantum theory of photodetection gives
the same quantitative statistics as the semiclassical theory of photodetection [2, 3]. Let

the input field E(p,t) be subjected to arbitrary linear-optics processing and the resulting
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output field F4e:(p,t) impinge on an ideal continuum photodetector surface. Semiclassical
photodetection theory dictates that, conditioned on the source amplitudes A, the incident
field generates a space-time Poisson random process at the photodetector output with the
rate function (or intensity) |Ege(p,t)°. Unconditional statistics can then be obtained by

averaging over the source distribution using (2). We will follow this approach in the sequel.

A. Lower bound on direct imaging

Consider first the case of direct detection in the image plane with a pixelated detector
array centered at the origin and of width W in the x-direction. For simplicity, we assume
it to be infinite in the y-direction, but pixelated in the z-direction with P, pixels of width
W /[P;. We assume ideal unity-quantum-efficiency and noiseless number-resolved photon
counting in each pixel. Let p e {1,..., P;} be the pixel index and let pixel p be defined by

the region
A, ={(z,y):l, <z <r,—c0<y< oo} (64)

of the image plane. The observation consists of the vector N = (Ny,...,Np,)T of measured
counts in each pixel.

Conditioned on A, the intensity function I4(p,t) in the image plane is, using (3),

La(p,t) = [aa(p.t)] (65)
={IA P [W(p-d/2)] +|A-P [¥(p-d/2)]* + 2Re [AT A_v* (p - d/2) d(p+d/2)]} ).
(66)

The conditional photocounts Ny on the detectors p € {1,..., P;} integrated over the obser-

vation interval [0,7'] are then independent Poisson random variables with the means

T
fipla = fo dt fA dp La(p,t). (67)

We now suppose the PSF has the Gaussian form
|2

Ya(p) = (2?12)1/26)@ (_%)7 (68)
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although the treatment is readily generalized to arbitrary PSFs. We obtain

figpa = | AP ap +2Re (AT AL) B, + A, (69)
where
ap:Q(lp+d/2)—Q(rp+d/2),
g ag
_d2 lp »
s=2ew(55) [@(2) ()] (10
%=Q(M)—Q(n’_d/z),
ag ag
and
1 [ —t2
Q) = Ef di exp(T) (71)

is the Q-function.

The mean photocount ju, = E[N,] = E4[ppa] is then

tp = Ns(ap +p), (72)

where we have used egs. (24)-(27). We then have

. Ou
o=
N _(lp_d/z)2 B _(Tp_d/2)2 N _(rp+d/2)2 B _(lp+d/2)2
= s exp 57 exp 557 exp 57 exp 557 .
(73)
The (p,p')-th element of the covariance matrix of N equals E[N, Ny | — pp pt,y. Now
E[NyNy ] =Ealpipja tipa] (74)
E E nal if p#p/
_ A[Mp|A] ne \A] | p*p (75)
Ealp3,] if p=p.

Straightforward computations using the relations (24)-(27) and (69) give the matrix elements

N2(a2+262+~2) + Ny(aup, + if p=9p/,
Cppl{ 8( P Bp P)/p) (p pr) p=p (76)

NSQ(O‘pC“p’ + 28, By + 'Yp’) it pp'.
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In obtaiing the elements of the covariance matrix, we have also used the fact that E[|A,['] =
E[|A_|*] = 2N2, which follows from the exponential statistics of |A,|* and |A_|* (see Sec. I B).
Using egs. (73) and (76), the lower bound (63) can be evaluated numerically for any given
system parameters — see Figs. 2, 4, and 6 of the main text. The limit of continuum image-
plane photodetection is achieved for P; — oo, but it was observed that the the FI lower
bound did not change discernibly for P; > 50, so P; = 50 was used in plotting the direct

imaging curves in Figs. 2, 4, and 6 of the main text.

B. Lower bound on Fin-SPADE performance

Suppose the PSF has the Gaussian form

Ya(p) = (2712)1/26}@ (—%)- (77)

As discussed in the main text, the Fin-SPADE measurement measures the photon number
in each Hermite-Gaussian mode TEM,q (with profile ¢,(p)) of the image-plane field for
0 < ¢ <@ over the interval [0,7']. This results in a (Q + 1)-vector N = (Np, ..., Ng)T of the
number of counts in each mode. The moments of N can be found using the semiclassical
photodetection theory as follows.

Conditioned on A, the amplitude By in the ¢-th channel can be written (cf. Eq. (11) of

the main text):-

Bua= [t [[Apuaao.t) via(p)€ (). (78)

As shown in [9], the integrals may be associated to the probability amplitudes of a

coherent state in the Fock basis so that

A~ R ) (79)
‘J| \/a q
where
S (if g eve
R, - (if ¢ even) (80)
D (if ¢ odd),
and
2
(81)

"= 1602
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Conditioned on A, the photocounts N4 in each g-channel are independent Poisson ran-

dom variables with the means
2 Kiexp(—k) 2
HqlA = ‘BQ\A| = , | Ry] (82)

= folRl" (83)

where f, is the Poisson probability of mean . For the unconditional mean, we have

g = (Ny) =Ea [p1g1a] (84)
= EA[fq |Rq|2] (85)
= 2st¢]7 (86)

since |S|” and |D|” are i.i.d. random variables distributed exponentially with mean 2N,. We

also need

Opg  Nyd k97 q - k] exp(-k)

= 87
od 40?2 q! (87)

Nyd
= P(fq—l - fq)a (88)

where we define f_; =0
For the second moments, three cases arise. First, for ¢ = ¢/, we have

E[N?] =Ea[E[N2,]] (89)
=E4 [fq2 |Rq| + fq |Rq|2] (90)
= 8NZ f2+2N,f,, (91)

where we have used the fact that V4 is Poisson-distributed. If ¢ # ¢’ but ¢ — ¢’ is even,
R, =Ry, so we get

E[N, =E4 [E[NyaNgjal] (92)
B[ ptgia 1ty \A] (93)

=B [fy fo|Rql'] (94)

=8N? fofq- (95)
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If g # ¢ and q - ¢’ is odd, Ea[|Ry[" |Ry[*] = Ea[|Ry["] EA[|Ry|], s0 that

E[Ny Ny]1=E4 [E[NyaNgal] (96)
= Ea[pga iga] (97)
=Ea[fy fy IR 1R[] (98)
=AN? fo for- (99)

Thus, the covariance matrix C of N has the gq’ — th entry

ANZ f2+2N,f, if qg=¢,
Coq =4 AN2 f, fu if ¢ #¢ and ¢ - ¢ is even, (100)
0 if g#¢q and ¢ - ¢’ is odd.

From Eqgs. (87) and (100), the lower bound (63) can be numerically evaluated, as displayed
in Fig. 4 of the main text.

C. Lower bound on Pix-SLIVER performance

Consider the Pix-SLIVER setup of Fig. 5 of the main text with identical detector arrays
in the symmetric (s) and antisymmetric (a) output ports. The overall dimensions of the
arrays are as in Sec. [T A, except that we consider P pixels in each array. For a conservative
comparison, we take P < P;. In addition, we also assume on-off (Geiger mode) detection in
each pixel, so that each component of the observation K = (Kl(s), el K}S),Kl(a), . ,Kl(ga))
is 0 (if the corresponding pixel did not fire) or 1 (if it did). In contrast, we allowed number-
resolved detection in direct imaging (see Sec. [T A).

We now assume that the PSF is symmetric relative to reflection about the y—axis, i.e.,
W(-z,y) = ¥(x,y) for all x and y — circular symmetry of the PSF is clearly a sufficient
condition for this to hold. Conditioned on A, the semiclassical field amplitude in the two

interferometer outputs is given by (cf. Eq. (13) of the main text):-

ES ) (@,y.1) = [Yaa(e,y.t) £ Yaal-2,y.£)] /2. (101)

Since the field Ev( p,t) is in vacuum, the open input port of the first beam splitter does not
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contribute to the field amplitude. We can rewrite the above as

B (2,y,0) = 5 [+ df2,.0) 4 (2 - df2.9,0)] (102
By, 1) = 2 [0 = df2,y,0) ~b(a +dJ2,9,1)]. (103)

where we have used the reflection symmetry of the PSF. The resulting conditional intensity

patterns on the two detectors are

2
19Ge.0) = B5 (oG- dj2.0.0F + e+ dj2.p.0)F)
2
+ %Re [V*(x=d[2,y,t)Y(x+d[2,y,t)], (104)

D 2
159, t) = P e =g, 0 + oo+ dj2.9,0F
Dy

_ DTRe [ (2 = dJ2,y,£) (x + d)2,5,1)]. (105)

The integrated intensity ];S\OA) on pixel pe {1,..., P} of the a € {s,a} detector array over the

observation interval [0,7'] is then

@ _ [T (@)
1) :[0 dt/ApdeA (2,1, 1). (106)
Specializing to the Gaussian PSF (77), these integrals evaluate to
9 _ ISP Iﬂ s
16} = B lap + 9+ By) = S £, (107)
o _ DI |D| a
= o+ =)= - (), (108)

where «,,, 7,, and §, are defined in Eq. (70) and the above equations serve to define the
quantities {f{"}.
Conditioned on A, the probability of a detector click in the («, p)-th pixel is simply the

probability that one or more photons impinge on the pixel:

E[KS,] = p) = 1-exp(-I). (109)
Consequently,
iy = BK¢] (110)
=Ea K] (111)
= 1= [exp(-1)] (112)
2N, (113)

24 fON,
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where we have used the fact that |S|?> and |D|? are exponentially distributed with mean 2N

to evaluate the expectation over A. It follows that

(o 25N,
g = =

(2 £ e

for

(o) _ 1 {exp l— (1, - d/2)2] . [_ (r, - d/2)2] e l_ (ry, + d/z)gl . [_ (I, +d/2) ]}

2\/2mo 202 202 952 552
(o) o (5 [0(2)-2(2)] 19

For the second moments E [K,ga) K ;,al)], three cases arise. If p=p’ and a = o/,

(a) g~ _ (a)
B[k K| =B K] (116)
= B[] (117)
= ). (118)

If v # o’ (so that the pixels are in different detector arrays), the independence of S and D

ensures that Ké“) and K ;,O") are independent also so that
B[ K KD | = i ul. (119)
Finally, if o = o but p # p’,

B[R £ | = Ba [E[ K5 )

=Ealuid )]

=E4 [(1 — exp(—[lgf;\))) (1 - GXP(—IﬁA))]
~ 2 B 2 N 2
2+ fSON, 2+ fSIN, 2+< ) +f]§,o‘))Ns7

(
(
(
-1 (123)
where we again use the exponential distribution of |S|?> and |D|? to evaluate the expectation
over A. From these second moments, means (113), and (114), the lower bound (63) can

be numerically evaluated, with the results displayed in Fig. 6 of the main text. Note that

Eq. (119) implies that the covariance matrix C' is a direct sum of matrices for the symmetric
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and antisymmetric outputs, so that the lower bound (63) is also the sum of corresponding

terms — these are shown separately in Fig. 6 of the main text for the case of P = 40.
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