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ABSTRACT

Applying the mathematics of quantum information to a Poisson semiclassical photodetection model, we derive
fundamental limits to parameter estimation and hypothesis testing with any measurement of weak incoherent
optical sources via linear optics and photon counting. Connections with our recent work on superresolution
imaging are highlighted.

Keywords: Statistical optics, Parameter estimation, Hypothesis testing, Quantum information, Quantum
metrology

1. INTRODUCTION

Modern optical imaging research recognizes that both the wave nature and the particle nature of light play equally
important roles in determining the fundamental resolution of incoherent optical imaging. Diffraction blurs the
image, while the random arrival of photons introduces shot noise;1 the combination of the two effects contribute to
difficulties in extracting information from the blurred and noisy imaging data.2 As photon shot noise is becoming
the dominant noise source in fluorescence microscopy2 as well as astronomical imaging,3 a quantum formalism
that fully accounts for the wave-particle duality of light can offer novel and timely insights into the age-old problem
of optical resolution.4–7 The theoretical machinery of quantum information and quantum metrology,4,8–10 in
particular, enabled our recent discoveries on superresolution incoherent imaging,11–17 which promise substantial
improvements beyond previously established limits18–20 and have generated significant interest in the quantum
optics community.21–26

The goal of this paper is to introduce a semiclassical formalism that can reproduce most of our recent results,
which are focused on thermal sources, passive linear optics, and photon counting. Within such restrictions, it is
known that a semiclassical photodetection model suffices,27 but here we assume a simpler Poisson model that has
been widely employed in fluorescence microscopy2 as well as astronomical imaging28 to make connections with
the modern literature. We also apply the mathematics of quantum information4,8, 9 to our model to investigate
fundamental limits to statistical inference problems in optical sensing and imaging, without resorting to the
full quantum formalism. Although this semiclassical formalism is more restrictive, it offers a more pedagogical
treatment for readers less familiar with quantum mechanics and may be applied to other problems, such as
LIDAR and electron microscopy,19 that do not satisfy the assumptions needed by the quantum formalism.

2. MUTUAL COHERENCE MATRIX

Define α as a column vector of the complex amplitudes of the optical fields in J optical modes, which can be
spatial, frequency, or polarization modes. Explicitly, it can be written as

α =


α1

α2

...
αJ

 . (1)
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Define also its complex transpose as

α† =
(
α∗1 α∗2 . . . α∗J

)
. (2)

Assuming α to be random variables, the central quantity in statistical optics is the mutual coherence matrix,1,27

defined as

Γ ≡ E
(
αα†

)
, (3)

where E denotes the statistical expectation. Mathematically, Γ must be positive-semidefinite. The total energy
in the fields is given by

N ≡
∑
j

Γjj = tr Γ, (4)

where tr denotes the matrix trace operation. A normalized mutual coherence can also be defined as

g ≡ Γ

tr Γ
, (5)

such that tr g = 1 and Γ = Ng. The mathematical similarities and physical connections of g with the quantum
density matrix have been noticed by many.4–7,11,29,30

3. MEASUREMENTS

Consider a linear optical network that takes the J optical modes as part of its inputs and K more ancillary
inputs with zero fields, as depicted in Fig. 1. Mathematically, the mutual coherence matrix of the input fields
can be written as

Γ⊕ 0 =

(
Γ 0
0 0

)
, (6)

where 0 denotes a matrix with all zero elements and Γ⊕0 becomes the mutual coherence of the combined J +K
inputs. A passive linear optical network that processes the fields gives an output mutual coherence matrix given
by U(Γ ⊕ 0)U†, where U is the field scattering matrix.1,27 If the network is lossless, the total energy must
be conserved, and U must be a unitary matrix. The average energy in each output mode is then a diagonal
component of U(Γ⊕ 0)U†, or

n̄k = e†kU(Γ⊕ 0)U†ek = Npk, (7)

pk = e†kU(g ⊕ 0)U†ek, (8)

where ek is the unit column vector, with the kth element being 1 and other elements being zero, and pk is
normalized as

∑
k pk = 1. It is known mathematically that pk can be equivalently expressed as31

pk = tr (Ekg) , (9)

where the set of Ek’s are called a positive operator-valued measure (POVM) in quantum measurement theory.31

Conversely, given a POVM, it is known that there always exists a realization in the form of Eq. (8).31 This means
that any given POVM can in principle be realized via a linear optical network with vacuum ancilla inputs and
photon counting. Note that the physics here is still classical, and only the mathematics of quantum measurement
is employed.

Consider now a measurement of the energies of the output modes and assume that the photodetection
statistics of the outputs n = (n1, n2, . . . , nJ+K) are Poisson, viz.,

P (n) =
∏
k

exp (−n̄k)
n̄nk

k

nk!
, (10)
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Linear Optics

Figure 1. A schematic of an optical measurement with vacuum ancilla inputs, passive lossless linear optics, and photon-
counting measurements.

which is a standard model in fluorescence microscopy2 and also stellar imaging28 at optical frequencies and
beyond. It ignores bunching or antibunching effects but can be reproduced from ab-initio considerations in
quantum optics by assuming thermal statistics with low occupancy numbers.1,11,16,27 Another illuminating way
of writing Eq. (10) is

P (n) =

∞∑
L=0

M(n|L)Π(L), (11)

where

M(n|L) =

{
L!
∏
k p

nk

k /nk!,
∑
k nk = L,

0, otherwise
(12)

is the multinomial distribution conditioned on L photoelectrons32 and

Π(L) = exp(−N)
NL

L!
(13)

is the Poisson distribution for L with N being the average number of photoelectrons. Physically, pk can be
regarded as the probability distribution of each photoelectron, as determined by the normalized mutual coherence
matrix g of the optical fields and the measurement {Ek} according to Eq. (9).

4. PARAMETER ESTIMATION

The Fisher information is a standard precision measure for parameter estimation32,33 and is recently gaining
popularity in incoherent imaging.2,3, 28 For a family of probability distributions parameterized as P (n|θ) with θ
being a vector of parameters, the Fisher information matrix is defined as

Jµν(θ) ≡
∑
n

P (n|θ)
[
∂

∂θµ
lnP (n|θ)

] [
∂

∂θν
lnP (n|θ)

]
. (14)

It is often used to lower-bound the mean-square estimation error of any unbiased estimator via the Cramér-Rao
bound.32,33 Bayesian and minimax generalizations of the bound valid for any biased or unbiased estimator are
also possible.15,33,34

Assume that N is given and g depends on the unknown parameters θ, such as the locations of fluorophores
or stars. For a given n, L =

∑
k nk is also given, and the log-likelihood function can be expressed as

lnP (n|θ) = lnM(n|L, θ) + ln Π(L). (15)
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Since only g(θ) and thus pk(θ) depend on the parameters, we obtain

∂

∂θµ
lnP (n|θ) =

∂

∂θµ
lnM(n|L, θ), (16)

J(θ) =
∑
L

Π(L)J(θ|L), (17)

Jµν(θ|L) =
∑
n

M(n|L, θ)
[
∂

∂θµ
lnM(n|L, θ)

] [
∂

∂θν
lnM(n|L, θ)

]
. (18)

In other words, the Fisher information for the Poisson model is the average of the information for the multinomial
model. They can be easily evaluated to give

J(θ|L) = LJ (θ), (19)

Jµν(θ) = NJ (θ), (20)

J (θ) ≡
∑
k

pk(θ)

[
∂

∂θµ
ln pk(θ)

] [
∂

∂θν
ln pk(θ)

]
, (21)

where J (θ) is the Fisher information per photoelectron.

Equation (21) has the same form as Eq. (14), with pk(θ) now playing the role of a probability distribution,
which can be expressed in terms of a unit-trace positive-semidefinite matrix g(θ) and a POVM {Ek} according
to Eq. (9). These mathematical facts lead to an upper bound on J (θ) given by35

J (θ) ≤ K(θ), (22)

which means that K − J is positive-semidefinite. K is the Helstrom-Fisher information matrix4 defined as

Kµν(θ) ≡ Re tr [Lµ(θ)Lν(θ)g(θ)] , (23)

and the matrices Lµ(θ) are given implicitly by

∂g(θ)

∂θµ
=

1

2
[Lµ(θ)g(θ) + g(θ)Lµ(θ)] . (24)

K depends on the mutual coherence matrix g(θ) only and not the measurement {Ek}. In other words, Eq. (22) is
a limit on the Fisher information that can be extracted from the light using any linear optics and photon counting.
This is a more specific result than the quantum formalism,4,11 which is valid for any quantum measurement,
although the semiclassical formalism here involves only basic statistics optics concepts and does not presume
any knowledge of quantum mechanics.

Consider, for example, the problem of estimating the separation between two incoherent point sources.11,14,18–20

Using the multinomial or Poisson model, it was previously shown that, for direct imaging, the information J (θ)
decreases to zero for decreasing separation, especially when Rayleigh’s criterion is violated;18–20 this vanishing
of Fisher information is called Rayleigh’s curse in our work.11,14 Our computation of the Helstrom-Fisher in-
formation,11,14 on the other hand, shows that K(θ) is constant regardless of the separation and can be much
higher than the direct-imaging information. We have further shown that the methods of spatial-mode demulti-
plexing and image-inversion interferometry, both of which involve only linear optics and photon counting, offer
information that approaches the Helstrom-Fisher value and substantially improves upon direct imaging.11,14

5. BINARY HYPOTHESIS TESTING

For detection and hypothesis-testing problems, Chernoff and Bhattacharyya distance measures are more useful.33

The detection of binary stars in astronomy36 and protein multimers in fluorescence microscopy37 are notable
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applications. These measures are also relevant to the Ziv-Zakai and Weiss-Weinstein error bounds for parameter
estimation.34 Consider two probability distributions P (n|θ0) and P (n|θ1) and the quantity

B(s) ≡
∑
n

P (n|θ0)

[
P (n|θ1)

P (n|θ0)

]s
, 0 ≤ s ≤ 1. (25)

− inf0≤s≤1 lnB(s) is called the Chernoff information38 and − lnB(1/2) is called the Bhattacharyya distance.33

For a given n, L is uniquely determined, and if we assume further that Π(L) does not depend on θ, the
likelihood ratio becomes

P (n|θ1)

P (n|θ0)
=
M(n|L, θ1)

M(n|L, θ0)
, (26)

which gives

B(s) =
∑
L

Π(L)B(s|L), B(s|L) =
∑
n

M(n|L, θ0)

[
M(n|L, θ1)

M(n|L, θ0)

]s
. (27)

Again, this implies that B(s) for the Poisson model is the average of B(s|L) for the multinomial model. It is
straightforward to show that

B(s|L) = bL(s), b(s) = exp {N [b(s)− 1]} , b(s) ≡
∑
k

pk(θ0)

[
pk(θ1)

pk(θ0)

]s
. (28)

Notice that b(s) has the same form as Eq. (25) with pk(θ0) and pk(θ1) playing the role of probability distributions.
Together with Eq. (9), these facts imply39,40

b(s) ≥ inf
0≤r≤1

tr
[
gr(θ1)g1−r(θ0)

]
, (29)

b(1/2) ≥ tr

√√
g(θ1)g(θ0)

√
g(θ1). (30)

The lower bounds are again independent of the measurement and quantify the fundamental indistinguishability
of the two mutual coherence matrices. In particular, we have recently used the right-hand sides of Eqs. (29) and
(30) to investigate the fundamental limits to the resolution of one versus two incoherent sources;17 Krovi, Guha,
and Shapiro have similar results.41

Another fundamental quantity is the relative entropy, defined as

D ≡
∑
n

P (n|θ1) ln
P (n|θ1)

P (n|θ0)
, (31)

which is useful not only for hypothesis testing but also for communications.38 The assumption of Π(L) being
independent of θ again leads to

D =
∑
L

Π(L)D(L) = Nd, D(L) =
∑
n

M(n|L, θ1) ln
M(n|L, θ1)

M(n|L, θ0)
= Ld, d ≡

∑
k

pk(θ1) ln
pk(θ1)

pk(θ0)
, (32)

and a measurement-independent bound given by9

d ≤ tr {g(θ1) [ln g(θ1)− ln g(θ0)]} . (33)

6. CONCLUSION

The measurement-independent bounds presented here are powerful results, as they quantify the fundamental
limits to information extraction from weak incoherent optical sources through linear optics and photon counting.
Furthermore, given the POVM model of the optical measurement presented here, the attainability of the bounds
can be investigated by borrowing results from quantum information, which has identified POVMs that can attain
the bounds in many special cases.4,35,42,43 Compared with the full photodetection model,12,13,41 the Poisson
model is less general but leads to much simpler mathematics. Our recent work on superresolution imaging11,15–17

showcases the utility of such a mathematical formalism, and it is hoped that the semiclassical treatment here
will bring it to a wider audience.
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[6] Hradil, Z., Řeháček, J., and Sánchez-Soto, L. L., “Quantum Reconstruction of the Mutual Coherence
Function,” Physical Review Letters 105, 010401 (June 2010).

[7] Motka, L., Stoklasa, B., D’Angelo, M., Facchi, P., Garuccio, A., Hradil, Z., Pascazio, S., Pepe, F. V., Teo,
Y. S., Řeháček, J., and Sánchez-Soto, L. L., “Optical resolution from Fisher information,” The European
Physical Journal Plus 131, 130 (May 2016).

[8] Nielsen, M. A. and Chuang, I. L., [Quantum Computation and Quantum Information ], Cambridge University
Press, Cambridge (2011).

[9] Hayashi, M., [Quantum Information ], Springer, Berlin (2006).

[10] Giovannetti, V., Lloyd, S., and Maccone, L., “Advances in quantum metrology,” Nature Photon. 5, 222–229
(Apr. 2011).

[11] Tsang, M., Nair, R., and Lu, X.-M., “Quantum theory of superresolution for two incoherent optical point
sources,” Physical Review X 6, 031033 (Aug 2016).

[12] Nair, R. and Tsang, M., “Interferometric superlocalization of two incoherent optical point sources,” Opt.
Express 24, 3684–3701 (Feb 2016).

[13] Nair, R. and Tsang, M., “Far-field Super-resolution of Thermal Electromagnetic Sources at the Quantum
Limit,” arXiv:1604.00937 [physics, physics:quant-ph] (Apr. 2016). arXiv: 1604.00937.

[14] Ang, S. Z., Nair, R., and Tsang, M., “Quantum limit for two-dimensional resolution of two incoherent
optical point sources,” arXiv:1606.00603 [physics, physics:quant-ph] (June 2016). arXiv: 1606.00603.

[15] Tsang, M., “Conservative error measures for classical and quantum metrology,” arXiv:1605.03799 [physics,
physics:quant-ph] (May 2016). arXiv: 1605.03799.

[16] Tsang, M., “Subdiffraction incoherent optical imaging via spatial-mode demultiplexing,” arXiv:1608.03211
[physics, physics:quant-ph] (Aug. 2016). arXiv: 1608.03211.

[17] Lu, X.-M., Nair, R., and Tsang, M., “Quantum-optimal detection of one-versus-two incoherent sources with
arbitrary separation,” under preparation.

[18] Bettens, E., Van Dyck, D., den Dekker, A. J., Sijbers, J., and van den Bos, A., “Model-based two-object
resolution from observations having counting statistics,” Ultramicroscopy 77(12), 37–48 (1999).

[19] Van Aert, S., den Dekker, A. J., Van Dyck, D., and van den Bos, A., “High-resolution electron microscopy
and electron tomography: resolution versus precision,” Journal of Structural Biology 138(12), 21–33 (2002).

[20] Ram, S., Ward, E. S., and Ober, R. J., “Beyond Rayleigh’s criterion: A resolution measure with application
to single-molecule microscopy,” Proceedings of the National Academy of Sciences of the United States of
America 103(12), 4457–4462 (2006).

[21] Tang, Z. S., Durak, K., and Ling, A., “Fault-tolerant and finite-error localization for point emitters within
the diffraction limit,” arXiv:1605.07297 [physics, physics:quant-ph] (May 2016). arXiv: 1605.07297.

Proc. of SPIE Vol. 10029  1002903-6

Downloaded From: http://proceedings.spiedigitallibrary.org/ on 11/06/2016 Terms of Use: http://spiedigitallibrary.org/ss/termsofuse.aspx



[22] Yang, F., Taschilina, A., Moiseev, E. S., Simon, C., and Lvovsky, A. I., “Far-field linear optical super-
resolution via heterodyne detection in a higher-order local oscillator mode,” arXiv:1606.02662 [physics,
physics:quant-ph] (June 2016). arXiv: 1606.02662.

[23] Tham, W. K., Ferretti, H., and Steinberg, A. M., “Beating Rayleigh’s Curse by Imaging Using Phase
Information,” arXiv:1606.02666 [physics, physics:quant-ph] (June 2016). arXiv: 1606.02666.

[24] Paur, M., Stoklasa, B., Hradil, Z., Sanchez-Soto, L. L., and Rehacek, J., “Achieving quantum-limited optical
resolution,” arXiv:1606.08332 [quant-ph] (June 2016). arXiv: 1606.08332.

[25] Lupo, C. and Pirandola, S., “Ultimate precision bound of quantum and sub-wavelength imaging,”
arXiv:1604.07367 [quant-ph] (Apr. 2016). arXiv: 1604.07367.

[26] Rehacek, J., Paur, M., Stoklasa, B., Motka, L., Hradil, Z., and Sanchez-Soto, L. L., “Dispelling Rayleigh’s
Curse,” arXiv:1607.05837 [quant-ph] (July 2016). arXiv: 1607.05837.

[27] Goodman, J. W., [Statistical Optics ], Wiley, New York (1985).

[28] Zmuidzinas, J., “Cramér–Rao sensitivity limits for astronomical instruments: implications for interferometer
design,” J. Opt. Soc. Am. A 20, 218–233 (Feb 2003).

[29] Gottesman, D., Jennewein, T., and Croke, S., “Longer-baseline telescopes using quantum repeaters,” Phys.
Rev. Lett. 109, 070503 (Aug 2012).

[30] Tsang, M., “Quantum nonlocality in weak-thermal-light interferometry,” Phys. Rev. Lett. 107, 270402 (Dec
2011).

[31] Peres, A., [Quantum Theory: Concepts and Methods ], Kluwer, New York (2002).

[32] Wasserman, L. A., [All of Statistics ], Springer, New York (2004).

[33] Van Trees, H. L., [Detection, Estimation, and Modulation Theory, Part I. ], John Wiley & Sons, New York
(2001).

[34] Van Trees, H. L. and Bell, K. L., eds., [Bayesian Bounds for Parameter Estimation and Nonlinear Filter-
ing/Tracking ], Wiley-IEEE, Piscataway (2007).

[35] Hayashi, M., ed., [Asymptotic Theory of Quantum Statistical Inference: Selected Papers ], World Scientific,
Singapore (2005).

[36] Acuna, C. O. and Horowitz, J., “A statistical approach to the resolution of point sources,” Journal of
Applied Statistics 24, 421–436 (Aug. 1997).

[37] Nan, X., Collisson, E. A., Lewis, S., Huang, J., Tamgney, T. M., Liphardt, J. T., McCormick, F., Gray,
J. W., and Chu, S., “Single-molecule superresolution imaging allows quantitative analysis of RAF multimer
formation and signaling,” Proceedings of the National Academy of Sciences 110, 18519–18524 (Nov. 2013).

[38] Cover, T. M. and Thomas, J. A., [Elements of Information Theory ], Wiley, New York (2006).

[39] Nussbaum, M. and Szkoa, A., “The Chernoff lower bound for symmetric quantum hypothesis testing,” The
Annals of Statistics 37, 1040–1057 (Apr. 2009).

[40] Fuchs, C. and van de Graaf, J., “Cryptographic distinguishability measures for quantum-mechanical states,”
IEEE Transactions on Information Theory 45, 1216–1227 (May 1999).

[41] Krovi, H., Guha, S., and Shapiro, J. H., “Attaining the quantum limit of passive imaging,” arXiv:1609.00684
[physics, physics:quant-ph] (Sept. 2016). arXiv: 1609.00684.

[42] Audenaert, K. M. R., Calsamiglia, J., Muñoz Tapia, R., Bagan, E., Masanes, L., Acin, A., and Verstraete,
F., “Discriminating states: The quantum chernoff bound,” Phys. Rev. Lett. 98, 160501 (Apr 2007).

[43] Holevo, A. S., [Quantum Systems, Channels, Information ], de Gruyter, Berlin (2012).

Proc. of SPIE Vol. 10029  1002903-7

Downloaded From: http://proceedings.spiedigitallibrary.org/ on 11/06/2016 Terms of Use: http://spiedigitallibrary.org/ss/termsofuse.aspx


