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Cost of making a bad decision



Regret in Statistics
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Regret = mse−mmse
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■ Measurement-induced squeezing, cooling, control, etc.
■ linear Belavkin equation (continuous Gaussian measurements):

dft = Ltftdt+
1

2

(

atft + fta
†
t

)

dyt, (1)

Solve for unnormalized posterior ft from (ρ0, at,Lt).
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■ Measurement-induced squeezing, cooling, control, etc.
■ linear Belavkin equation (continuous Gaussian measurements):

dft = Ltftdt+
1

2

(

atft + fta
†
t

)

dyt, (1)

Solve for unnormalized posterior ft from (ρ0, at,Lt).
■ Conditional expectation:

E (qt|Yt) =
tr qtft

tr ft
. (2)

■ Minimum mean-square error:

mmset = E [qt − E (qt|Yt)]
2 . (3)

■ Suppose qt = (at + a†t )/2, the directly measured observable. yt −
∫ t

0
dτ E(qτ |Yτ ) is a Wiener

process, called the innovation process.
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■ Assume a wrong model (ρ′
0
, a′t,L

′
t):

df ′
t= L′

tf
′
tdt+

1

2

(

a′tf
′
t + f ′

ta
′†
t

)

dyt, E
′
(

q′t|Yt

)

=
tr q′tf

′
t

tr f ′
t

. (4)

■ Regret due to filter mismatch:

R ≡
1

2

∫ T

0

dt
{

E
[

qt − E
′
(

q′t|Yt

)]

2
−mmset

}

. (5)
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R = D(dP ||dP ′) ≡

∫

dP (YT ) ln
dP (YT )

dP ′(YT )
. (6)

■ Relative entropy, Kullback-Leibler divergence, etc.
■ A measure of distinguishability between distributions
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■ tr ft is probability density:

tr ft =
dP (Yt)

dP0(Yt)
, (7)

dP0 = Wiener measure.
■ From Belavkin,

d tr ft = tr dft = trLtftdt+
1

2
tr

(

atft + fta
†
t

)

dyt = E (qt|Yt) (tr ft) dyt. (8)

■ Itō calculus (dy2t = dt):

ln tr fT =

∫ T

0

dyt E (qt|Yt)−
1

2

∫ T

0

dtE2 (qt|Yt) , (9)

(10)

Similar for ln tr f ′
T [Tsang, PRL 108, 170502 (2012)].

■ Relative entropy is expected log-likelihood ratio:

D(dP ||dP ′) = E ln
dP (YT )

dP ′(YT )
= E

(

ln tr fT − ln tr f ′
T

)

. (11)

■ Use basic properties of conditional expectation and innovation process
E[dytg(Yt)] = E[E(dyt|Yt)g(Yt)] = E[dtE(qt|Yt)g(Yt)] = dtE[qtg(Yt)]
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t
t0

■ Suppose dynamics and measurements are accurate (Lt = L′
t, at = a′t), only ρ′

0
6= ρ0,

dP (YT ) = tr dµ(YT )ρ0, dP ′(YT ) = tr dµ(YT )ρ′0. (12)

■ From quantum information,

D(dP ||dP ′) ≤ D(ρ0||ρ
′
0) = tr ρ0

(

ln ρ0 − ln ρ′0
)

. (13)

■ Regret is upper-bounded:

R ≤ tr ρ0
(

ln ρ0 − ln ρ′0
)

. (14)
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■ True model is one of {ρθ
0
, aθt ,L

θ
t }, chosen with a prior distribution of dπ(θ).

■ If I know θ, E(qt|Yt) = E(qt|Yt, θ).
■ If I don’t know θ, mse is minimized by Bayesian estimation of both qt and θ from Yt;

E
′(q′t|Yt) = Eθ [E(qt|Yt, θ)|Yt] . (15)

■ Observation probability measures:

dP (YT ) = dPθ(YT ), dP ′(YT ) = Eθ dPθ(YT ). (16)
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■ If I don’t know θ, mse is minimized by Bayesian estimation of both qt and θ from Yt;
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■ Observation probability measures:

dP (YT ) = dPθ(YT ), dP ′(YT ) = Eθ dPθ(YT ). (16)

■ Regret due to ignorance:

min
{ρ′

0
,a′

t
,L′

t
}
Eθ R = Eθ D(dPθ||Eθ dPθ) ≡ I(θ;Y ), (17)

Shannon mutual information.
■ Holevo bound for mismatched initial condition:

min
{ρ′

0
,a′

t
,L′

t
}
Eθ R = I(θ;Y ) ≤ Eθ D(ρθ0||Eθ ρ

θ
0). (18)

■ measure of parameter importance.



Maximin and Minimax Regret
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■ Worst-case Bayesian regret (maximin regret):

max
dπ

min
{ρ′

0
,a′

t
,L′

t
}
Eθ R = max

dπ
I(θ;Y ) ≡ C, (19)

which is channel capacity.
■ maximin is equal to minimax (von Neumann minimax theorem):

max
dπ

min
{ρ′

0
,a′

t
,L′

t
}
Eθ R = min

{ρ′
0
,a′

t
,L′

t
}
max
dπ

Eθ R = C. (20)

■ Redundancy-capacity theorem:

C = max
dπ

min
dP ′

Eθ D(dPθ||dP
′) = min

dP ′

max
dπ

Eθ D(dPθ||dP
′). (21)



Poissonian Measurements
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■ Belavkin equation:

dft = Ltftdt+
[

atfta
†
t − ft

]

(dyt − dt) , tr ft =
dP (Yt)

dP0(Yt)
. (22)

dP0 =Poisson process measure. Directly measured observable is qt = a†tat.
■ Define loss function

l(q, q̌) ≡ q ln
q

q̌
− q + q̌. (23)

■ Define regret:

Rl ≡

∫

dt
[

l
(

qt,E
′(q′t|Yt)

)

− l (qt,E(qt|Yt))
]

. (24)

■ Same identity:

Rl = D(dP ||dP ′). (25)
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■ Regret = relative entropy
■ Upper bound on regret
■ Mutual information, channel capacity
■ M. Tsang, arXiv:1310.0291.
■ Quantum information for dynamical systems
■ http://mankei.tsang.googlepages.com/

■ eletmk@nus.edu.sg

t
t0

t
t0


	Regret
	Regret in Statistics
	Quantum Filtering
	Filter Mismatch Regret
	Regret = Relative Entropy
	Proof [arXiv:1310.0291]
	Example: Mismatched Initial Condition
	Ignorance Regret
	Maximin and Minimax Regret
	Poissonian Measurements
	Classical Estimation and Information
	Conclusion

