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CHAPTER 1

Why Study Quantum Optics?

I’l tell you the elephant in the room upfront: No major industry, apart from the academia and a few startups
(e.g., https://www.idquantique.com/, https://www.xanadu.ai/, https://www.psiqua
ntum. com/), currently requires their employees to know quantum optics.

Classical optics, together with some rules of thumb, such as the quantization of electromagnetic energy and
the existence of spontaneous emission, are enough to describe every major optical technology that exists today
(e.g., cameras, light-emitting diodes, solar cells, photodetectors, lasers, optical communications, photolithogra-
phy). In other words, if you won’t be doing physics for research, it is enough to stick with Maxwell’s equations
and the early quantum theory invented by Planck (£ = nhv) and Einstein (the phenomena of absorption, stim-
ulated emission, and spontaneous emission) [1]. A lot of quantum effects, even the photoelectric effect [2], can
be explained without quantizing the EM fields.

If you will be doing research, however, then studying quantum optics is a no-brainer, as it is a gateway to
many fields of physics at the graduate level:

(1) Quantum optics is an important example of quantum field theory. According to the standard model,
everything in physics (bar gravity) is a quantum field, and quantum optics, i.e., the quantum theory of
electromagnetic fields, is the first example you will likely learn.

(2) Many important experiments in quantum information and quantum foundations rely on quantum
optics. For example, you need quantum optics to describe how quantum key distribution works and
experiments there are all based on quantum optics.

Quantum optics experiments have also been used to test some fundamental properties of physics,
as recognized by the 2012 and 2022 Nobel prizes (https://www.nobelprize.org/prize
s/physics/2012/summary/ and https://www.nobelprize.org/prizes/physic
s/2022/summary/).

A founder of quantum optics, Roy Glauber, has won a Nobel prize as well (https://www.no
belprize.org/prizes/physics/2005/summary/).

(3) Quantum measurement theory and open quantum system theory are often studied in conjunction
with quantum optics because examples in those theories are most commonly demonstrated with quan-
tum optics experiments—see, again, the 2012 Nobel prizes for example (https://www.nobelp
rize.org/prizes/physics/2012/summary/).

(4) Gravitational-wave detectors are giant Michelson optical interferometers that detect tiny movements
in the mirrors due to gravitational waves, and they are now so sensitive that they are limited by the
fundamental quantum fluctuations of the light beams. A quantum technique called optical squeezing
is now being used to reduce the quantum fluctuations (https://www.ligo.org/science/P
ublication-SqueezedVacuum/).

In general, the study of sensors at the fundamental quantum level is called quantum metrology,
and it is often studied in conjunction with quantum optics because optical sensors are arguably the
most important application of quantum metrology (gravitational-wave detection, telescopes, micro-
scopes, etc.). The probabilistic nature of quantum mechanics place fundamental limits to the sensor
precision, and we need a quantum theory of light if we want to derive those fundamental limits and
find out how the sensors can be improved in the presence of quantum effects.

(5) In deep-space optical communication (https://www.nasa.gov/mission/deep—-space
-optical-communications—dsoc/), the received optical signal on earth or satellite is so
weak that one must design the system and the measurement carefully in accordance with quantum
optics to minimize quantum sources of noise [3].
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(6) Most quantum experiments in research with atoms, ions, or superconducting circuits, e.g., for quantum
computing, use optical beams or microwaves as probes to measure and control the systems, and a
quantum theory of light is often needed to make the theory of light-matter interaction consistent.

Experiments on light-atom interactions have won a few Nobels as well (https://www.nobe
lprize.org/prizes/physics/1997/summary/, https://www.nobelprize.org
/prizes/physics/2012/summary/).

(7) Besides atoms, ions, and superconducting circuits, people have also proposed the use of photonics
(optical devices) for quantum computing (see, e.g., https://www.xanadu.ai/, https:
//www.psigquantum.com/).

Will any of these quantum technologies become a major force in the future industry? I don’t know and
I cannot promise anything. The economic factor should not be the main reason you study quantum optics
anyway. Apart from research, here are some noble reasons why one may want to study quantum optics:

(1) You like optics and just want to learn more about it.

(2) You are deeply annoyed that classical electromagnetism is unable to predict the quantization of elec-
tromagnetic energy.

(3) You are deeply curious how electromagnetism can be generalized and combined with the quantum
theory invented by Schrédinger and Heisenberg. You want your physics unified under one formalism
and don’t want just a bunch of seemingly arbitrary rules, like the early quantum theory by Planck and
Einstein.

(4) You want a taste of quantum field theory, quantum measurement theory, and open quantum system
theory.

In other words, curiosity should be your reason. If you have it, I welcome you to this course.
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CHAPTER 2

Classical Electromagnetism (EM)

2.1. Classical EM and what’s wrong with it

Classical electromagnetism (EM) is specified by four Maxwell’s equations:

0B OF
v.E=", V.B=0, VxE=-2 V x B = joJ + fio0——. 2.1
€0 8t 8t
All quantities here E, B, J, p are functions of the three-dimensional position vector
r=xx+yy+ 2z 2.2)

and a time variable ¢ € R, where (z,y, z) € R? are the three Cartesian coordinates and
{z,9,2} (2.3)

are unit vectors in three orthogonal directions. The electric field E(r,t), the magnetic field B(r,t), and the
current density J(r,t) are vector fields, i.e., each vector field prescribes a three-dimensional vector at each
point (r,t) in space and time, while the charge density p(r,t) is a scalar field, i.e., it prescribes a real number
at each (7,t). €, a real positive constant, is called the free-space permittivity, and i, also a real positive
constant, is called the free-space permeability.

Classical EM works fantastically well except for one “tiny” problem: in the study of blackbody radiation,
the physics doesn’t seem right unless we assume that the energy of an EM mode can exist only in discrete
quanta:

’Energy inamode =nhv, n=0,1,2,... ‘ 2.4

where v is the frequency of the EM mode in Hertz, h is the Planck constant given by

’h = 6.626--- x 107>* Joule sec. ‘ 2.5)

and n is a nonnegative integer. This is disturbing because nowhere in classical EM says that energy has to be
discrete.

2.2. Sinusoidal modes of free EM fields

Before we go into quantum, we need to learn what a mode is in classical EM. Put simply, modes are a set
of convenient solutions to the Maxwell’s equations such that any solution in general can be written as a linear
combination of the set.

To be concrete, we assume there are no sources (p = 0, J = 0), so only EM fields in free space are present.
They should obey the source-free Maxwell equations

oB 1 OF
V-E=0 -B=0 EFE=—— VxB=—— 2.6
b V b V X at 9 X 02 8t ) ( )
where
1
c= ~ 3 x 10° m/s (2.7)
v/ Ho€0

is the speed of light. Think of the dynamics as an initial-value problem: given some EM fields at ¢ = 0, what
are the fields at a later time ¢?
There are a few other assumptions we can make to simplify the math: consider EM fields in a box, each
side with length L, and periodic boundary conditions on all sides of the box. In other words, we assume
L L L L L L
—, = -, = -, = 2.8
vel-53] vel-5.3). sel-5.3). @s8)
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and the EM fields at z = —L/2 are equal to the fields at x = L /2, the fields at y = —L/2 are equal to the
fields at y = L /2, etc. To model EM fields in infinite space, we’d take the limit L — oo, but we won’t do that
for now to simplify the math.

The periodic boundary condition doesn’t sound physical, but it simplifies the math and we care about the
solution only as an approximation of L — oo anyway, when the boundary condition shouldn’t matter. If you
want, you can assume other boundary conditions, e.g., the walls of the box are perfect conductors; the result
will be the same in the L — oo limit.

One approach of solving the Maxwell’s equations in free space that will also work in quantum optics is to
write the fields at initial time ¢ = 0 as

E(r,0)=>_ [oju;(r) + afuj(r)] (2.9)
J
1 k0%
B(r,0) = Z w—k x [ajuj(r) + ajuj (r)] . (2.10)
— Wy
J
A simpler way of writing these expressions is
E(r,0) =) [aju;(r) +ccl, (2.11)
J
1
B(r,0) = —k iU .c. 2.12
(r,0) ij X [ojuj(r) 4+ c.c.] (2.12)

J
where c.c. denotes the complex conjugate of the first term in the square bracket. These equations pack a lot of
math:

(1) The central quantity in these expansions is the mode function w;(r). It is a complex vector field
given by

w;(r é;exp(ik - r). (2.13)

1
):m

This corresponds to a complex sinusoidal wave in EM. Each sinusoidal wave is a mode.

(In both classical and quantum optics, it is extremely convenient, and indeed standard, to regard
the electric field as complex, i.e., we omit the complex conjugate (c.c.) in a lot of discussions of
the electric field. If you see a complex electric field in any discussion, just assume that the electric
field in reality is the complex solution + c.c.)

(2) Each mode index j of the mode function w;(7) is really a shorthand for a set of quantities

j = (k,s) (2.14)

that specify the mode, where

k= k@ + kg + ko2 (2.15)

is a real vector called the wavevector of the mode. The length of k, denoted as |k| or k, is the

wavenumber given by
k=|k|=/k2+ k2 + k2. (2.16)

k

Define the unit vector of k as

=] &

, 2.17)

and assume that it is one of the three axes of another Cartesian coordinate system. Let &; and é5 be
the other unit vectors for the other two axes; see Fig. 2.1. Then k - r is the coordinate of r along the
k axis, € - r is the coordinate of r along the €; axis, etc. we can write r as

r=(k-r)k+ (& -7)é + (& 1)és. (2.18)

The sinusoidal function exp(ik - r) = exp [zk(ic . r)] is periodic with respect to the coordinate k - 7

along the k axis but doesn’t depend on the other two coordinates. This means that if we look at any
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point in space and move in any direction along é; or €3, the function stays constant in the plane
perpendicular to k. A sinusoidal wave is thus an example of a plane wave.

€L.2

FIGURE 2.1. Let k = k/|k| be the unit vector pointing in the direction of k. We can write
k-r= k:(lzz - 7). When we take the dot product of the position vector r with a unit vector k,
E - 7 is the coordinate of the position 7 along the k axis. In other words, exp(ik - r) depends
on only the position coordinate along the k axis. If we think of k as one of the three axes of
another Cartesian coordinate system, then exp(ik - ) does not depend on the other coordinates
along the other directions €y, 1 and €y, o. For example, if k = kZ, then exp(ik - ) = exp(ikz)
is periodic with respect to the z coordinate but stays constant along x and y.

Only sinusoids with certain discrete values of the wavevector can satisfy the periodic boundary
conditions. To be specific, each wavevector has three real components chosen from the following
possible values
b 21N, 2y b 21mn,

xr — L 9 L ) z L Y
It is often useful to denote each wavevector of a mode as a point in k space, as shown in Fig. 2.2. If
we assume an infinitely big box L — oo, then the three components would become three continuous
real variables, i.e., (kg, ky, k.) € R3, and k can be an arbitrary real vector.

k-,

Ng,ny,n, = 0,x£1,£2,... (2.19)

ky =

FIGURE 2.2. Each dot denotes a possible wavevector k of an EM mode inside a box with
lengths all equal to L. The set of all wavevectors form a rectangular lattice in k space. Two
adjacent wavevectors are separated by a distance of 27 /L.

(3) The second quantity s in the mode index j = (k, s) denotes the polarization of the mode. There are
two possible values for s and we usually write

s€{1,2}, (2.20)
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denoting the two possible polarizations of each sinusoidal wave given a wavevector k. €; = e s
is the unit polarization vector of the mode—eéy, ; is one polarization vector and €y, o is the other
polarization vector. We can write it as

€rs = ;T +eyy +ez (2.21)

where e, e,, e, are complex numbers that are also functions of (k, s). They may be complex numbers
in case we want to assume circular polarizations. Often it is too tedious to write down ey, , explicitly
and it suffices to know that it obeys the properties

k-éps=0 (polarization is perpendicular to wavevector) (2.22)
e 1, s=¢ ) .
€hs €y = sy = 0, s (unit length, orthogonal polarizations) (2.23)
€r1 X exo = k. (right-hand rule for &, 1, éx2, k) (2.24)

0 is called the Kronecker delta. The complex conjugate * operation on a vector €, s means that we
take the complex conjugate of each of its Cartesian components.

(4) The sum ) ; is really >k 2 1.€., we sum over all possible values of the wavevector k of the modes
according to Eq. (2.19) and all possible polarizations s of the modes according to Eq. (2.20).

(5) wj is the natural frequency of the mode j (angular, with the unit radian/sec). It is a function of the
wavevector k only and given by

w; = clkl, (2.25)

where c is the speed of light given by Eq. (2.7).
(6) The mode functions here are orthonormal, in the sense that

* _ 17 ]: l7
MOX ’U,J (’r‘) . 'u,l(’l")d?’fr = 5jl = {0’ ] ?é L (226)

The operation on the left-hand side is called an inner product between two vectoral functions w;(r)
and u; (7). The integral is over the whole 3D space of the box. The Kronecker delta means that, if we
take the inner product of a mode function with itself, we get 1 (i.e., the mode function is normalized),
and if we take the inner product of one mode function with another mode function, we get 0 (i.e., the
mode functions are “orthogonal” to one another).

(7) Each o is a complex number that we call the amplitude of mode j. The amplitudes are determined by

OE(r,t)
ot

the initial conditions, such as E(r,0) and , although we won’t need to know how exactly.
=0

SIDE NOTE. You may think of the mode functions as a basis for the fields, i.e., any EM fields can be expressed
as a linear combination of the mode functions, and the algebra of vector fields, e.g., inner product, is very
similar to the linear algebra described in Appendix B, even though we are still working with classical physics.

Here’s the neat thing about Eqs. (2.11) and (2.12): once we’ve found the amplitudes {«;} from the initial
conditions, the fields at a later time ¢ are simply given by

E(r,t) = Z [ exp(—iw;t)u;(r) +c.c.]. (2.27)

B(r,t) = Z wik X [oyj exp(—iwjt)u;(r) +c.c, (2.28)

Everything looks exactly the same as Egs. (2.11) and (2.12), except that we multiply each mode function by
exp(—iw;t). Each mode of the EM fields has a very simple time dependence: it simply oscillates at the natural
frequency w; = c|k|. When the modes have this simple time dependence, we call the modes the normal modes
of the fields.

SIDE NOTE. The word “normal” is definitely way overused in physics and mathematics. It means different
things in different contexts, so be careful.
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You can check that Eqgs. (2.27) and (2.28) satisfy the source-free Maxwell’s equations at all times. Notice
also that

aj exp(—iw;t)u;(r) o« ek sa exp(ik - r — iclk|t), (2.29)

which is the sinusoidal plane-wave solution of EM fields that we know and love. «; is the complex amplitude
of the wave; it tells us how strong each sinusoidal wave is (via its magnitude |«;|) and also the phase of the
wave (via its phase Zo;).

2.3. Energy of EM modes

Another neat thing about the normal-mode expansion of the EM fields is that the total energy at any given
time becomes very simple:

total energy = 2¢g Z ]aj]2, (2.30)
J

where ¢ is the free-space permittivity. Each mode has energy

energy in mode j = 260|aj|2, (2.31)

and the total energy is simply the sum of all the energies of all the modes. Remember «; is any complex
number, so | |2 can be any nonnegative number, and the energy of each mode can be any nonnegative number
in classical EM.

2.4. Each normal mode is a harmonic oscillator

We now come to a crucial viewpoint that will help us quantize EM fields: Think of each normal mode as
a harmonic oscillator. Remember that «/; is a complex amplitude that models the oscillation of each normal
mode. As a function of time ¢, the complex amplitude for each mode is simply
a;(t) = aj exp(—iw;t). (2.32)
Define the “position” variable as
1 .
4i(t) = 5 [as(8) +a5(0)] (2.33)

and the “momentum” variable as
1

pi(t) = 7; [a(t) — af(t)] - (2.34)

Then we find that
dqét(t) = w;p;(t), dpét(t) = —w;q;(t), (2.35)
q;(t) = q;(0) cos(w;t) + p;(0) sin(w;t), p;(t) = —q;(0) sin(w;t) + p;(0) cos(w;t).  (2.36)

These are the same as the equations of motion for a harmonic oscillator with natural frequency w;. Moreover,
notice that each normal mode is, by definition, uncoupled to the other normal modes: the equations of motion
for each normal mode depend only on the position and momentum variables of that mode, and any motion of
the other modes does not bother it at all.

SIDE NOTE. Other problems, e.g., in mechanics, may define the position and momentum variables differently
with different constants in front, but we can always get the versions here by a simple rescaling.

A useful picture of the harmonic-oscillator dynamics in a phase space is shown in Fig. 2.3. In EM and
optics, the position and momentum variables are also called quadratures; we will use this term more often
later on.

SIDE NOTE. The terminology “quadratures” comes from communication theory (https://en.wikiped
ia.org/wiki/Quadrature_amplitude _modulation).
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pj = ﬂlmaj/

(¢;(0),p;(0))

"- -

~
e

U

/
!
| \
T 7
‘\ qj = V2Req,;

\\

FIGURE 2.3. In the phase space, we think of position ¢; and momentum p; as two orthogonal
axes. It’s useful to visualize (¢;(t), p;(t)) as a phase-space trajectory. For a harmonic oscilla-
tor, the trajectory is a clockwise circular path.

A strategy of quantizing the EM fields is now at hand: assume that each normal mode is a quantum har-
monic oscillator, and the real and imaginary parts of the complex amplitude become the “position” and “mo-
mentum” operators. This is indeed what Dirac did when he wrote down the first fully quantum theory of EM

[4].

Most importantly, we know that the energy of a quantum harmonic oscillator is quantized, so we are able

to prove the quantization of the EM energy of each mode using Dirac’s theory.

With the concept of normal modes, we can already derive the spectrum of blackbody radiation following

Planck; see Appendix A.
EXERCISE 2.1. Verify Eq. (2.20).

EXERCISE 2.2. What is the wavelength of each sinusoidal mode, given k? How is it related to w; and the

frequency in Hertz v; = w;/(27)?
EXERCISE 2.3. Check that exp(ik - 7) satisfies the periodic boundary condition along z, y, z.
EXERCISE 2.4. Suppose that we write the wavevector k in the spherical coordinate system as
k =k (sin 6 cos ¢p& + sin 0 sin ¢g + cos 6z) .
Show that
€x,1 = cos b cos T + cos 0 sin ¢y — sin 0z,
€2 = —Sin ¢x + cos ¢y
satisfy Egs. (2.22)—(2.24).
EXERCISE 2.5. Suppose that
|
€1 = \ﬁ

Find ey o so that Eqs. (2.22)—(2.24) are satisfied. If the electric field at a certain position is given by

k=kz, (T +1ig).
E(0,t) o< ég,1 exp(—iw;t) + &, 1 exp(iw;t),
Describe how the electric-field vector changes as a function of time. Do the same if

E(0,t) o< g2 exp(—iw;t) + &, 5 exp(iw;t).

(2.37)

(2.38)
(2.39)

(2.40)

(2.41)

(2.42)
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EXERCISE 2.6. Using Egs. (2.37)—(2.39), show that the following formula holds:

ky ko
Zeu(k¢ S)Qv(kv S) = Oy — ?7 (2.43)

where u,v € {z,y, 2} and e, (k, s) is the component of &g, s along the & axis. Do the same for the vectors in
Exercise 2.5. Also try to derive this formula just from Eqgs. (2.22)—(2.24).

EXERCISE 2.7. Verify that Eqs. (2.27) and (2.28) obey the source-free Maxwell’s equations in free space.

EXERCISE 2.8. The EM energy density (energy per unit volume) is given by

E(r,1) = LB(r,1) - B(r,t) + L B(r.t) B(r,1). (2.44)

2410
Use this equation and Eqgs. (2.27) and (2.28) to verify Eq. (2.30).



CHAPTER 3

Quantization of Free EM Fields

Chapter 2 shows that there are many normal modes for EM fields in a box. Each mode is labeled by

j=(k,s) (3.1)
in terms of the wavevector k and the polarization s. Each mode oscillates in time at a frequency
wj = c|k|, (3.2)

and the equations of motion for each mode are uncoupled from those of all other modes. These facts are hints
that we may treat each mode as a quantum harmonic oscillator. Simply put, quantum EM is nothing but a
large number of quantum harmonic oscillators.

We will be using the bra-ket notation, reviewed in Appendix B.

3.1. Quantum harmonic oscillator

Let us focus on just one mode for now and review the theory of one quantum harmonic oscillator using the
language of quantum optics. We begin by assuming that the Hilbert space H possesses an orthonormal basis

{In) :mn €{0,1,2,...}} (3.3)
where each |n) models the state of the mode with an integer photon number n € {0,1,2,...}. We call each
|n) a number state. The number states are orthonormal in the sense that
1, n=m,

0, n#m. 34

(nlm) = Opm = {

To express the fact that the number states are a basis of the Hilbert space, we use the completeness relation

=2 In)(nl, (3.5)
n=0

where 1 is the identity operator, defined by I |¢)) = |¢) for any |)) € H. This relation says that any |t)) can be
written as

) =Ty = In) (nly), (3.6)
n=0

which is a linear combination of {|n)}. Orthonormality + completeness together imply that the set {|n)} is an
orthonormal basis.
Any quantum state can be expressed as a superposition of the number states:

) =Y tnln), 3.7)
n=0

where 1, = (n|t¢) as a function of n is the wavefunction in the number basis. If the state is normalized, we
assume

(Yly) = 1. (3.8)

This implies that the wavefunction should also be normalized as
oo
> lal? = 1. (3.9)
n=0

14
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Define an annihilation operator @ and a creation operator &', which is the adjoint of 4. They are so called
because the effect of applying @ on each number state is to reduce the number as follows:

a0y =0, iln)=vnln—1), n=1,2,... (3.10)

while the effect of applying a! on each number state is to increase the number as follows:

alln) =vn+1ln+1). (3.11)

The annihilation and creation operators satisfy the commutation relation

F@q:ﬁ (3.12)

The number operator is defined as

n=ala, (3.13)

and each number state is an eigenstate of n, with eigenvalue n:

nln) =nin). (3.14)
We can then write 7 in the diagonal form
oo
A= nln)(n|. (3.15)
n=0
To represent the “position” and “momentum” variables of the mode, we define the Hermitian operators
j ]‘C+“) (3.16)
=—|(a+a'), .
R
1
= (a-af) 3.17
= a—a'). .
=5 (3.17)

These are really the position and momentum operators we know and love; different people may put different
constants in front of these formulas but we’ll stick to our definition here.
Our position and momentum operators obey the commutation relation

(3.18)

=

=
I
-~
~

‘We often write

[a,a'] =1, [4,p] = 1, (3.19)

by replacing I with 1. This is slightly sloppy, since a commutator of two operators is supposed to give another
operator, but it is a harmless abbreviation since I and 1 act on everything in exactly the same way.
Another basis of the Hilbert space can be constructed from the position eigenstates

{lg=2x) :z € R}. (3.20)
They are defined by
dlg=2)==zlg=1), (3.21)
(g=zlg=2a") = 6(z —a'), (3.22)
such that the diagonal form of ¢ is
oo
i= [ wlo=o)ta=alds, (3:23)
—00
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and the completeness relation is

I= / lg =) (¢ = x| dz. (3.24)

Similarly, for the momentum operator p,
blp=y)=ylp=1),| (p=ylp=y)=06(y—1), (3.25)
]3=/ ylp =) {p=yldy, fz/ p=1y) (p=yldy. (3.26)

To relate the two sets of eigenstates, we have the following relations

1
p— p— f— ) .2
(g=zlp=1y) N exp(izy), (3.27)
1 o0
lp=1y) = \/ﬂ/ exp(izy) |¢ = x) dx, (3.28)
1 o0
lg =) = Nor / exp(—iry) [p = y) dy. (3.29)

The preceding discussion can be applied to a lot of quantum systems with infinite-dimensional Hilbert
spaces, not just harmonic oscillators. What makes the system a harmonic oscillator is its Hamiltonian

H = hwa'a = hwn, (3.30)

where

(1) we have made the harmless assumption that the ground-state energy is zero,

2)

(3.31)

is Planck’s constant divided by 27 (we’ll be using A mostly rather than h).
(3) w is the natural frequency of the mode (the frequency at which the harmonic oscillator oscillates in
classical physics).

The eigenvalues of H = hwh are 0, iw, 2hw, . .., and if we measure H in a von Neumann measurement,
the outcome is always one of the eigenvalues. This is one key reason that we model EM fields as quantum
harmonic oscillators—to make it fit with evidence from blackbody radiation that the EM energy of each mode
is quantized.

Another way to see that the harmonic-oscillator model is the right one is to look at its equations of motion
in the Heisenberg picture. Define the unitary operator

U(t) = exp <_;m> . (3.32)
The Heisenberg picture of an operator O is defined as
o) =UT(t)OU(v), (3.33)
which obeys the equation of motion
dO(t)  ifa . Al . e (A Al
== [0@),}1] = -0t [O,H} 0(t). (3.34)

Assume that a(0) = a,4(0) = §,p(0) = p are operators at ¢ = 0 in the Heisenberg picture. Define the
Heisenberg-picture operators as
a(t) = Ut (H)av (1), q(t)

A A

U (t)qU (), () = UT()pU(t). (3.35)
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Then it is straightforward to show that

dc;zl(tt) = —iwa(t), at) = dexp(—iwt),‘ (3.36)

at) = —= [a(t) +a' (1) 5(t) = — [att) ' (0] (3.37)
V2 ’ 2i ’ ‘

d(il(tt) — wp(t), ddit) S (3.38)

These Heiseberg equations agree with the classical ones in Sec. 2.4.

EXERCISE 3.1. Derive the formulas

1 1
~ PN At PN
a=—=(q+1p), a'=—(4—1p), 3.39
) (G +ip) 7 (G —ip) (3.39)
EXERCISE 3.2. Prove the following:
(af)"
n) = 0) . (3.40)
) = =2 1)
EXERCISE 3.3. Compute
(n|qlny, (nlpln), (n[@In), (n|p*[n), (nl@pln), (n|pd|n) (341
for a number state |n).
EXERCISE 3.4. The variance of a Hermitian operator A is defined as
N R 2
(A4%) = (] 22[9) - (W] AID) . (3.42)

The position-momentum uncertainty relation would then be given by
(Ag®) (Ap®) > C, (3.43)

where C' is a certain constant. Use the uncertainty relation you learned from quantum mechanics to find C.
Compute (Ag?) and (Ap?) for a number state |n) and confirm that the uncertainty relation is satisfied.

EXERCISE 3.5. Define the Heisenberg picture of annihilation and creation operators as
at) = Ut (h)al(¢t), at(t) = Ut @)a'o @), (3.44)

where U is an arbitrary unitary operator (not necessarily that for a harmonic oscillator). Prove that the equal-
time commutation relation remains

[a(t),aﬁ(t)] -y (3.45)

(This fact is important, as it means that, even if we change the Hamiltonian to model more complicated light-
matter interactions, this commutation relation must remain the same at all times in the Heisenberg picture. If
your calculation violates this relation somehow, it’s wrong.)

EXERCISE 3.6. Write the ket-bra form of @ with respect to the number basis {|n) : n = 0,1, ...}, i.e., write

=Y awmln) (m| (3.46)

and find the matrix entries a,,,. Do the same for af, q, and p.

EXERCISE 3.7. Numerical exercise: The matrix representation of § with respect to the number basis has infinite
entries. Approximate ¢ by the finite sum

N—1N-1
G~ Y > qumln) (m| (3.47)
n=0 m=0

and find the eigenvalues of the right-hand side for N = 5, 10, 20, . .. using a numerical software. Are they all
real? How do they behave when you increase N?
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EXERCISE 3.8. Define the position wavefunction as

Ye(z) = (g = 2[9)) (3.48)

and the momentum wavefunction as

Pp(u) = (p=ulth). (3.49)

(1) Find the normalization conditions for the wavefunctions.
(2) Find the relation between the two wavefunctions.

3.2. Quantization of multiple normal modes

Now we take all the normal modes discussed in Chapter 2, and assume that each normal mode is a quantum
harmonic oscillator. Recall that each normal mode is labeled by j = (k, s), and we denote each Hilbert space
for the normal mode j as H,;. The Hilbert space for all the normal modes is then the tensor product (see
Sec. B.8) of all the individual H;’s.

Strictly speaking, we have an infinite number of normal modes, but I will assume for now that there are
only J normal modes so that the math looks less scary. To simplify the notation even more, I will denote the
J normal modes by j = 1,2,...,J. When I write j = 1 I mean it’s the first normal mode, and when I write
jJ = 2 I'mean it’s the second normal mode, etc.

We treat the J normal modes as J quantum harmonic oscillators, and we can write the Hilbert space for
the J harmonic oscillators as the tensor product

H=Hi1QOH2®---QH. (3.50)

The important property of this big Hilbert space is that it has an orthonormal basis constructed by the number
states for each H;:

Ini,ng,...,ny) =|n1) ®|n2) ®---®|ny), eachn; =0,1,2,... (3.51)

In other words, |n1,ng2,ng,...) denotes the quantum state with n; photons in mode 1, ng photons in mode 2,
etc. Each state in H in general can be expressed as the superposition

)= > nimgmy 1,12, ), (3.52)

n1=0n2=0 ny=0
wnlnl“n‘] = <n1, no, ..., TLJ"Lb> . (353)

Note that each sum ZZ‘;:O is an infinite sum, and there are J such sums. The wavefunction v, ., now

depends on J photon-number variables (n1,...,ny7).
We can write the annihilation operator for mode j as a;. It is now defined by
flj |...,’I’Lj,1,0,n]’+1,...> = 0, (354)
ij | ey M1, Mgy M1y s > =4/ | sy M1, M5 — 1, Nj41-. > . (355)

In other words, it acts on mode j in the same way as before, while leaving all the other modes alone. Mathe-
matically, a; is an abbreviation of

aj=he -olacielnhe el (3.56)

where each [ ;j is the identity operator on mode j. The identity operators do nothing to all the other modes,
while a on the right-hand side acts on the Hilbert space H; in the usual way.

With a;, we can now define the creation operator &;, the photon-number operator
nj = alay, (3.57)
and the position and momentum operators
Lo o Loy
= (a; +al), T (a5 -a})., (3.58)



3.3. MAXWELL'S EQUATIONS 19

all of which act on the jth mode only and do nothing on the other modes. The important commutation relations
are now given by

T al.af| =o, [aj,aﬂ e (3.59)

[ij’q\l] = 07 [ﬁjvﬁl] = 07 [QJvﬁl] = Zéjl (360)

As before, we have [a;, &;r-] =1 and [§;, p;] = i for the same mode. The new feature here is that each operator

for a mode commutes with any operator for all the other modes, so, for example, [a;, &;f] = 0if j # [. Again,
these definitions are pretty general for a quantum system with multiple degrees of freedom; what makes them
harmonic oscillators is the Hamiltonian:

J J
A=Y hon; =" hwjala;, (3.61)
j=1 i=1

where wj is the natural frequency of mode j. The Heisenberg-picture equation of motion for each mode is now
given by

dt

U(t) = exp (—;ﬁt), da; (t) = —iw;a;(t), a;(t) = UT(t)&j(A](t) = a; exp(—iw;t), (3.62)

which agrees with the classical version.

If your whole world consists of EM fields only, then there’s nothing more you need to model it. A basic
quantum-optics experiment consists of preparing some state |¢) for the J normal modes at ¢t = 0, let time pass,
and then measure the modes—the probability distribution of the outcomes follows Born’s rule. If you need
to refresh your memory, probability theory is reviewed in Appendix C and quantum mechanics is reviewed in
Appendix D.

EXERCISE 3.9. The vacuum state is defined as

[[vac) = 0,0,...,0),| (3.63)

i.e., no photon in all modes. Each number state can be written as
|ni,ng,...,ns) = Alvac) (3.64)

in terms of the vacuum state and a certain operator A. Find A.

3.3. Maxwell’s equations

We still have to show that the formalism is consistent with Maxwell’s equations, and the easiest way is to
assume that E(r,t) and B(r,t) are operators in the Heisenberg picture. We replace Eqs. (2.11) and (2.12)
with

A hos\ 172

B0 =Y (265) [iajuj(r) . ia}u;(r)] : (3.65)

A B\ 12

B(r,0) = Z <260wj> k x [z‘ajuj(r) . iajuj(r)] . (3.66)
J

where the complex amplitude c; has been replaced by the annihilation operator ia; times (fww;/ 260)1/ 2 while
o has been replaced by —ia ; times the same constant. The extra ¢ is a convention that is explained in Appen-
dix E. The factor (hw;/ 260)1/ 2 is introduced so that the energy of each mode computed from E and B becomes

Iw; (&; a;+1/2), to make it consistent with the Hamiltonian of a harmonic oscillator. These equations are often
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abbreviated as

N\ 1/2
E(r,0) = Z (Z‘:g) lidju;(r) + Hcl, (3.67)
A B 1/2
B(r,0) = Z ( 260%) k x [iajuj(r) +Hc)], (3.68)
J

where H.c. denotes the Hermitian conjugate (i.e., adjoint) of the first term in the square brackets. The Heisen-
berg equations of motion become

N . N R N\ 1/2

E(r t)=U®E(r 00(@t) = Z <Z‘:g> [ia; exp(—iw;t)u;(r) + Hel], (3.69)
R . . R ’ h 1/2

B(r,t) = U t)B(r,0)0(t) = Z (260(*)‘) k x [id; exp(—iw;t)u;(r) + Hec.] . (3.70)

These operators now obey the same Maxwell equations given by Egs. (2.6) for free space with no source. They
imply, for example, that, given an initial state |¢/), the averages

W E(r,t) ), (| B(r,t) ) (3.71)

obey Maxwell equations, so classical EM holds on average. The average of a Heisenberg-picture annihilation
operator

(] & exp(—iwjt) 1) (3.72)
is the average complex amplitude of mode j as it oscillates in time, and
(6] hwjala, ) (3.73)

is the average energy in mode j. In general, we should treat the EM variables that we measure as random
variables, the probabilistic properties of which come from the quantum theory.

3.4. Continuum of modes

So far we’ve assumed EM fields inside a box and periodic boundary conditions. This assumption is a bit
artificial, and to model EM fields in infinite space, i.e., (z,y, 2) € R3, we should take the L — oo limit. There
are two ways of doing it: stick with the box formalism and take the L — oo limit at the end of a calculation, or
take the limit for the box formalism before starting a calculation. We will discuss the second approach in this
section.

The first thing to note is that the wavevector no longer takes discrete values as per Eq. (2.19); with L — oo,
k = kyx + kyy + k.Z can now be an arbitrary vector, and Eq. (2.19) becomes

(ky, Ky, k) € RP. (3.74)

In other words, we no longer have a discrete set of modes; we say that we have a continuum of modes.

Recall that the sum ) ;= >k 2 is over the discrete set of wavevectors and the two polarizations s €
{1,2}. With (kg ky, k.) € R%, >, = >0, >k, 2k, is not really well defined, but we can turn it into an
integral. To do so, we

(1) define
2
Ak = —, 3.75
7 (3.75)
which is the spacing between adjacent values of k;, ky, k-,
(2) define a scaled annihilation operator as

a(k,s) = ——=a, (3.76)
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(3) rewrite the mode function w;(r) given by Eq. (2.13) as

1 [2m\?
u;(r) = @n) <g> e sexp(ik-r) = @ )3/2 AR ?&(k, s) exp(ik - 7). 3.77)

Then we can rewrite the electric field given by Eq. (3.67) as
1/2
o ~ . 3
E(r,0) &9 3/2 k kzk > <260) lia(k, s)é(k, s) exp(ik - ) + H.c.] (Ak)>. (3.78)
xRy, Rz s

Now we take the L — oo limit, which is the same as the Ak — 0 limit, and the triple sum > 7, oy s (...)(Ak)3
is a Riemann sum that becomes the triple integral:

1/2
E(r,0) 3/2 Z/// < 260) [ia(k, s)éx,s exp(ik - r) + H.c.] d°k, (3.79)

Wi = c\kl (3.80)

/// d’k /// dkydkydk.. 3.81)

The important new feature is that the new annihilation operator defined by Eq. (3.76) is now a function of
continuous variables (k;, ky, k.) € R? and obeys the commutation relation

1
~ At | ., 3 X ,
[a(kz, S), a (k: , S )} = 7( ]{:)3 5J] -4 (k k )(535 ) (3.82)

where & is the three-dimensional Dirac delta function given by
5 (k — k') = 0(ky — ki,)5(ky — K,)5 (k. — K.). (3.83)
The magnetic field given by Eq. (3.68) likewise becomes

A 1 no\ /2
B(r,0) = 2n)i ; /// (2600%) k x [ia(k,s)eéx s exp(ik - r) + He] k. (3.84)

In the Heisenberg picture,

a(k,s,t) = Ul (t)a(k, s)U(t) = a(k, s) exp(—iwgt), (3.85)
and the EM fields become

1/2
A ~ . . 3
E(r,t) om) 3/2 g /// < 50 > lia(k, s)é s exp(ik - 7 —iwgt) + He] d’k, (3.86)

R 1/2
B(rt) = W Z /// (260%) k x [ia(k, $)x.. exp(ik - 7 — iwgt) + Heldk,  (3.87)

which obey the free-space source-free Maxwell’s equations, just as before.

We have succeeded in taking the L — oo limit by using calculus. Instead of assuming a discrete set of
modes, we now have a continuum of modes, where k is a vectoral continuous variable, while the polarization
labeled by s remains discrete. Instead of a sum ), over the discrete set, we now have >, JIf(...)d%K, and

instead of the Kronecker delta ¢;;, we now use 63(k3 k')0ss. We no longer need to refer to a box; L has
disappeared completely from the equations. The price to pay is that the new annihilation and creation operators
now obey a fancier commutation relation given by Eq. (3.82), and we don’t have the simple picture of a discrete
set of harmonic oscillators anymore. For example, a!(k, s)a(k, s) is not a photon number exactly but a photon-
number density, and we get a photon-number operator only if we integrate it in k-space like this:

AV, s) /// (k, s)a(k, s)d°k, (3.88)

which corresponds to the total photon number in all the modes with wavevector k inside a k-space volume V.
The Hilbert space in the continuum case also becomes very difficult to write down, unlike the discrete case
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where we have the number states {|ni,...,n;)} as an orthonormal basis. We will have to wait until Sec. 5.6
to show how.

3.5. Transformation of modes

Recall that the normal modes are sinusoidal waves. The EM fields of a sinusoidal wave remain nonzero
even if we go to the ends of the universe (r — 00 or y — +00 or z — +00), so a sinusoidal wave by itself
is actually not a physical solution to Maxwell’s; it is, at best, an approximation. It is thus often convenient in
optics to use a different set of modes that are a bit closer to reality.

The math is simpler if we assume a discrete set of modes, so let’s come back to the box formalism. The
standard way of defining a different set of modes is to express the normal-mode annihilation operators {a;} in

terms of a new set of annihilation operators { Bl} as
aj =Y Wb, (3.89)
l

where W is a unitary matrix with complex-number entries. To see a physical meaning of this expression, plug
it in Eq. (3.67) to obtain

Ao\ 12
i _ J
B0 =Y <20> [ S Wby (r) + He.
J
where I have defined a new mode function v;(7) as

T)EZW;/QWJ‘M Zwk Wik s)1€k,s exp(ik - ), (3.91)
j

B\ /2 R
_ <260> Z[iblvl(r)+H.c. . (3.90)

l

which is a superposition of sinusoidal waves. Each b is the annihilation operator of a new optical mode with
mode function v;(r). In particular, the average (1| b; ) determines the average complex amplitude in front of
v;(r) in the average electric field (¢| E(r,0) |1)).

Wj; as a function of j = (k, s) determines the weight of each sinusoidal wave in the expansion of v;(r)
given by Eq. (3.91), which resembles a Fourier series. We call W;; the (k, s)-space amplitude of the new
mode /.

This method is consistent with how we define modes in classical optics, where we define an optical mode
as a superposition of sinusoidal waves.

Because IV is unitary, Eq. (3.89) implies

[B,,Bm} —0, [Bl, Bjn} — S, (3.92)

so these operators behave the same way as the standard annihilation/creation operators for harmonic oscillators,
and we can also think of the new modes as a set of oscillators. The new feature of these new modes is that they
may not be normal modes any more. To compute the Heisenberg picture of by, first write each b; in terms of
the normal-mode {G;} as

b= (W ha; =Y Wha, (3.93)
J J

where the last step uses the fact that W is unitary so W~ = W and (WT)lj e Wﬁ. Then the Heisenberg

picture is

bi(t) = U (&)bU(¢) Z Z 1G5 exp(—iw;t) (3.94)

ZZ

Z W jm exp(—iw;t). (3.96)

ZW]mb ]exp —iwit) = Y Vim(t)bm, (3.95)




3.5. TRANSFORMATION OF MODES 23

We see that the Heisenberg equations of motion for the new modes are coupled (except in special cases), so we
should consider the new set of modes as coupled oscillators.

EXERCISE 3.10. Verify Egs. (3.92), given Eq. (3.89) and the fact that W is a unitary matrix.

> by =" alay. (3.97)
J

l

EXERCISE 3.11. Show that

This equation says that the total photon number is conserved regardless of the mode set.

EXERCISE 3.12. Rewrite the Hamiltonian in terms of {b;} and {l;;f} Rederive Egs. (3.95) and (3.96) from this
Hamiltonian.

3.5.1. Example: two polarization modes. For a simple concrete example, let’s look at two normal modes
with the same k = kZz, with s = 1, 2. These are sinusoidal plane waves propagating in the Z direction with two
polarizations. Suppose that

€1 =T, k2 =1, (3.98)

so the first mode is @-polarized, and the second mode is y-polarized. Write the annihilation operators for these
two modes as a1 and ag, respectively. We can define an alternative set of polarization modes by assuming

1 /1 1 L1
W=— =WwT, by = — (a1 + @), by = —
\/§<1 —1> VAR TR

The mode function for the first new mode with annihilation operator by becomes

vi(r) Z Wiruj(r) = Wirui(r) + Warua(r) (3.100)
J

(a1 — a2). (3.99)

1 1
X —=&1 exp(ik - r) + —=ég2exp(ik - 1) = (Z + 9) exp(ik.2), (3.101)

1
V2 V2 V2

which is also linearly polarized, with a new polarization vector % (Z + 9). Similarly,
vl(r) = Z WjQ’U,j(T‘) = Wiau (’I‘) + WQQUQ(T) (3.102)
J
r .
x — (& — g) exp(ik,2). (3.103)

V2
Thus, we have obtained a new set of linear polarization modes with polarization vectors % (z +9) and

% (Z — 9), as illustrated by Fig. 3.1.

€r2 =Y

FIGURE 3.1. Given one wavevector k = kZz and two polarization modes with polarization
vectors €, 1 = & and €, 2 = ¥, one can define an alternative set of polarization modes with

polarization vectors (& + 9)/v/2 and (& — §)/V/2.

This example demonstrates the fundamental fact that there is a lot of freedom in choosing the polarization
vectors of the two polarization modes. Using the unitary W matrix, we are free to redefine the polarization
modes with polarization vectors that are convenient for a given problem.
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EXERCISE 3.13. If

T —1

W = 1(1 1.), (3.104)

what are the new polarizations?

EXERCISE 3.14. Suppose that two polarization modes have the same k = kZ and polarization vectors
el =T, €2 =71. (3.105)
Let their annihilation operators be a; and as, respectively. If we would like to define two new polarization
modes with the same k but with polarizations
ér1 = (cos0)x + (sinf)y, ér2 = (—sinf)x + (cosh)y, (3.106)
find the annihilation operators 31 and 132 for the new modes in terms of @1 and as.

EXERCISE 3.15. If two polarization modes have the same k and two new polarization modes are defined using
the formalism in Sec. 3.5.1 with an arbitrary unitary 2 x 2 matrix W, show that the new modes remain normal
modes.

3.5.2. Example: pulse mode. For another example, we focus on the mode function v;(7) for a specific
new mode / and choose W, to be nonzero only for j = (k, s) with k, = 0, k, = 0, and s = 1. Then v;(r)
is a superposition of sinusoidal waves with the same polarization and all propagating in the 2 direction, since
k = k.z. Assume that s = 1 is the polarization with éj_z ; = &, and we know that wjl-/z = /clk| = +/c|k.|.
Then we can write

Wit = 6510k,00k,0wi(k2), (3.107)
where w; (k) is some function of &, and the mode function becomes
v(r) < & Z clky|wi(ky) exp(ik,z). (3.108)
k2

Thesum D, . =>"; > ky > k. 2 has been simplified to a single sum  _; , which is a simple Fourier series,
and in the L — oo limit it is an inverse Fourier transform. For example, suppose that w; (k) looks like

k. — ko

1, |X|<1/2
wy(k,) o rect ( )exp(—ikzzl), rect X = { » XI=172, (3.109)

0, |X|>1/2,
where k, kg, z; are all real numbers. In other words, w; (k) is a rectangle with center at k, = ko and width

equal to x, multiplied by a phase factor exp(—ik,z;) with a certain constant z; that depends on the mode index
I If

Kk < ko, (3.110)
then w; (k) is a very sharp function centered at k, = k¢, and we may approximate
clk.|wi(k,) =~ /clko|wi (k). (3.111)
By the inverse Fourier transform of a rectangle function, the mode function in real space would look like
in(mX
v;(r) ox & sinc [i(z — zl)} expliko(z — 21)], sinc X = M (3.112)
27 X

This function in real space is localized along z with center at z = z; and width oc 1/x—a simple model for an
optical pulse, also called a wavepacket sometimes. See Fig. 3.2 for plots of the rect and sinc functions. The
phase factor exp[iko(z — z;)] models the fact that an optical pulse has rapid oscillations along the z direction
under the sinc envelope.

In general, we don’t have to use the rectangle function for the (k, s)-space amplitude. The important point
of this example is that the (k, s)-space amplitude W;; determines the electric field of a new mode through a
Fourier series.

SIDE NOTE. Eq. (3.110) comes from the slowly-varying envelope approximation commonly made in optfics,
when there are many oscillations under the envelope, i.e., exp(ikoz) oscillates rapidly and sinc[5-(z — z1)] is
relatively slowly varying along z.



3.5. TRANSFORMATION OF MODES 25

A1 /K
K
L € N sinc [%(z — zl)} ,'\‘
I'eCt (ZTO) o e o o [k ( . )] " \‘
exp(—ik,z;) i E CxPLRols = & ," \‘
1 . 1 ! S 2% :'-‘, L (| ,"\,'f%
;{0 Ikz N Y ZI“l \\' Z

FIGURE 3.2. Functions with rect and sinc envelopes.

EXERCISE 3.16. Assume the continuum-mode formalism in Sec. 3.4. Define new mode annihilation operators
as

b = Z// Wi (k, s)a(k, s)d>k, (3.113)

where each W;(k, s) is a (k, s)-space amplitude of the mode, generalizing ¥j; in the discrete case.

(1) Find the condition on the functions {W;(k, s)} such that {b;} obey the commutation relation given by
Eq. (3.92). Prove that

Z// Wi (k, $)Win(k, $)d>k = 0. (3.114)
(2) Let
Wik, s) = 01X (k)Y (ky)Z(E2), (3.115)
Zy(k.) = C'rect (k ; ko) exp(—ik.2), (3.116)
where X (k;) and Y (k,) are some functions that satisfy
/OO | X (k) [dk, = 1, /OO Y (ky)2dk, = 1. (3.117)

Find the positive real constant C'.
(3) Show that, if

2
o =20+ 20, (3.118)
K
where [ is an integer, then Eq. (3.114) is satisfied.
(4) Define
A 1
A(r,s) = 2 ///exp(ik -r)a(k, s)dk. (3.119)
(5) Find a(k, s) in terms of A(r, s).
(6) Find [A(r,s), AT(r/, ¢')].
(7) Let

b :Z// Wi (r,s)A(r, s)d>r. (3.120)
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Find the relation between I/T/l and the W in Eq. (3.113). Prove that
Z// Wi (r, 8)Win(r, 8)d>r = 61 (3.121)

(8) Given Egs. (3.115) and (3.116), find W;(r, s).
(This exercise gives a precise definition of pulse modes in the continuum formalism, without all the ~ signs
and unknown constants. The definition in terms of fl(r, s) shows that one can just as well define modes using
amplitude functions {1W;(r, s)} in real space.)

3.5.3. Decomposition of Hilbert space in terms of the new modes. Once we have a new set of modes
with annihilation operators {b1, bo, . .. }, we can define a new orthonormal basis of the Hilbert space. A number
state with respect to the new set of modes is defined as

_ (b e
T Vndd Vg

where b : in the ket emphasizes that it is defined in terms of the b operators. Physically, [b: ny,...,ny)
represents a quantum state with n; photons in the first new mode, ns photons in the second new mode, etc.
Exercise 3.17 asks you to prove that this set is also an orthonormal basis of the multimode Hilbert space.

We learned earlier in Sec. 3.2 that the multimode Hilbert space H is constructed from a tensor product of
Hilbert spaces H1 ® --- ® H of the normal modes. It turns out that we can just as well regard the multi-
mode Hilbert space as a tensor product of Hilbert spaces {#;} in terms of the new modes. The mathematical
procedure is as follows:

|b:ny,...,ny) lvac), eachn; =0,1,2,..., (3.122)

(1) Let #H; be a Hilbert space for one new mode labeled by I, with an orthonormal basis denoted as
{|b; : n) :n € {0,1,2,...}}. An annihilation operator b for this mode is defined in the usual way by

blby:n) =nlb:n—1). (3.123)

(2) Associate each |b: nq,...,ny ) state in the multimode Hilbert space A with a product state in 1} ®
-+ @ H'; like this:

b:ny,...,ng)=|b1:n1)Rb2:n2) ®---R|by:ny). (3.124)

This association is just like Eq. (3.51): it gives a one-to-one mapping between each |b: ny,...,ny) €

7 and a product state [b; : 1) ®---® |by : ny) € H) ®--- @ H/,. The one-to-one mapping between
the two orthonormal bases implies that the two Hilbert spaces are isomorphic, and we write

H=HoH,® - -0 H,. (3.125)

(Isomorphic is just a fancy word to say they are the same thing.)
(3) Since each b; acts on one new mode only and does nothing to all the other modes, i.e.,

Bl|b:...,nl,...>:m\b:...,nl—l,...>, (3.126)

we can associate each b; on the multimode Hilbert space ‘H with a single-mode annihilation operator
b on H as follows:

=0 -l b, oI, (3.127)

just like Eq. (3.56), where each I | is the identity operator on 7;.

Physically, the modes are the degrees of freedom for EM, and we are free to choose any set of modes as the
degrees of freedom as long as Eq. (3.89) holds with a unitary W as we change from one set to another. We can
define a new tensor-product decomposition H} ® - - - ® H/; for the multimode Hilbert space, such that the new
operators {b;} act on the new decomposition H} @ - - - ® ', in the same way as the old operators {d;} act on
the original decomposition H; ® - - - ® H ;. Normal modes are special only because the Hamiltonian in terms
of them is simple.

I stress that there is nothing mysterious about changing the degrees of freedom; we do that all the time
in classical physics. For example, consider a particle with Cartesian position coordinates (z,y) € R? in 2D.
We may change the coordinates to, say, u = (x + y)/v/2 and v = (x — y)//2, which are Cartesian position
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coordinates in their own right. A preferred alignment of the coordinate system emerges only if we consider the
dynamics, e.g., a force may act on the particle in the (& +¢)/+/2 direction, in which case (u, v) are convenient.

For a 2D quantum particle, we have two position operators £ and ¢ on a tensor-product Hilbert space
H = H1 ® Ho, and the change of our Cartesian coordinate system mentioned earlier would lead to new
position operators & = (& + 9)/v/2 and % = (2 — ¢)/+/2. The physics can’t care less how we define our
Cartesian coordinate system, so the Hilbert space H should remain the same, while there should exist a new
decomposition of H as H) ® H/, such that 4 and 9 act on them the same way £ and ¢ act on H; ® Ha.

The change of EM modes follows the same principle; we just have a lot more of them.

EXERCISE 3.17.

(1) Prove that the set
{lb:n1,...,ny) :eachn; =0,1,2,...} (3.128)
is orthonormal, i.e., they obey
(b:my,....mylb:ni,...,n5) = SminiOmang - - - Omyn, - (3.129)

(2) Prove that Eq. (3.128) is also a basis of the Hilbert space H, meaning that any |¢)) € H can be
expressed as a linear combination of the set, i.e., for any [1)) € H, there exists a wavefunction Wy,
such that

W)= > Wy, [bina,... ng). (3.130)

EXERCISE 3.18. Suppose that there are just two polarization modes, and follow Sec. 3.5.1. Let

A Tnl A T’n2
)

vnilvns!

|vac) . (3.131)

la :n1,ng) =

Assume that W is given by Eq. (3.99).

(1) Write each |b : ny,nga) in terms of {|a : n1,n2)}, for total photon number n; + ng up to 2.
(2) Write each |a : nq,ng) in terms of {|b : n1,ng)} for total photon number up to 2.
(3) Repeat (1) and (2) if W is given by Eq. (3.104).



CHAPTER 4

Single-Mode States

There are three fundamental ingredients of quantum mechanics/quantum optics:

(1) The initial state modeled by [t} or the density operator j (see Sec. D.6).
(2) The dynamics governed by the Hamiltonian H.
(3) The measurement.

This chapter and the next will study some common quantum states assumed in quantum optics. To be
gentle, this chapter considers only one EM mode, which may be a normal mode or a general mode in the sense
of Sec. 3.5. We will follow the notation of Sec. 3.1, i.e., the annihilation operator is @, the creation operator is
a', the number operator is 7 = a'a, the position operator is § = (& + a')/+/2, and the momentum operator is

p=(a—al)/(v2i).
4.1. Number states

The number states [n), n € {0,1,2,...} have been discussed in Sec. 3.1. The set of all number states
{In) : m € {0,1,2,...}} is an orthonormal basis of the single-mode Hilbert space, i.e., they are orthonormal
((m|n) = 6pm) and complete (I = > . In) (n]). We also know that each |n) is an eigenstate of the photon-
number operator 7 = afa with eigenvalue n (72 |n) = n|n)). |0), in particular, is called the vacuum state. We
use a letter n or m to denote a number state |n) usually. It is also called a Fock state sometimes.

Recall that |¢ = ) is an eigenstate of the position operator ¢ = (& + a')/+/2 with eigenvalue 2. The
position wavefunction of each number state turns out to be

1 2
(1 =al) = (e exn( - ). @)

2nplrl/4
which is a Hermite-Gaussian function and H,, is the Hermite polynomial of degree n (https://en.wikip
edia.org/wiki/Hermite_polynomials), asis well known from kindergarten quantum mechanics.

The problem with number states is that it is extremely difficult to observe or prepare them in a real experi-
ment and they are just a terrible model of the quantum state of light from any common light source (sun, stars,
LEDs, lasers, etc.). For example, if we measure the photon number in an optical mode generated by a common
light source, we would always find a random outcome following some probability distribution, e.g., Poisson or
exponential. The result of measuring the photon number of a number state |n), on the other hand, will always
be deterministic and exactly equal to n.

Another problem is that a number state always gives zero mean fields, so it is difficult to reproduce classical
EM with number states. From Exercise 3.3, you should have found that (n|{|n) = 0 and (n|p |n) = 0. These
results would mean that (n|éa|n) = 0 and (n|a'|n) = 0, and the average EM fields for the optical mode
(n| E|n) and (n| B |n) would also be zero.

EXERCISE 4.1. Assume a number state |n).

(1) Find the probability distribution of the photon number n.
(2) Find the probability density of §.
(3) Find the probability density of p.

(The probability distribution of an observable A is defined as the probability distribution of the outcome if
a von Neumann measurement of A is performed; see Appendix D for a quick review.)

4.2. Coherent states

To make quantum optics agree with classical EM, the simplest quantum state one can assume is a coherent
state. It is commonly denoted by |«) with a greek letter o or 3, where « € C is a complex parameter that

28
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determines all the properties of the state. We call « the amplitude of the coherent state. In terms of the number
states {|n) : n =0,1,2,...},itis defined as

) = exp <—|O‘2|z> i % n). 4.2)

An interesting and useful property of a coherent state is that it is an eigenstate of the annihilation operator &
and the eigenvalue is o

ala) =ala). (4.3)

Conversely, any eigenstate of a is a coherent state with amplitude equal to the eigenvalue. Since & is not a
Hermitian operator, a von Neumann measurement of @ is undefined, but we can measure the quadratures, and
the expected values of ¢ and p are given by

= i _ b a+a’) = eq

<q>=<a\qla>—ﬂ( +a*) = V2Rea, 4.4)
= Sla) = — a—a') = m o

(p) = {alpla) = ) =V2Ima. 4.5)

These relations are reminiscent of the relation between the quadratures and the complex amplitude for an optical
mode in classical optics, as discussed in Chapter 2, except that here the relations hold for the expected values
of ¢ and p. Unlike a number state, we can get any values of (¢) and (p) for a coherent state by choosing its
complex paramater «. By assuming a coherent state for each mode (ja) = ®j |a;)), we can get back classical

EM if we look at the mean fields (o] E |a) and (| B |o).

SIDE NOTE. The coherent states were first proposed by Schridinger, but the importance of coherent states to
quantum optics was first recognized by Glauber, who won a Nobel prize for that insight.

An important feature of quantum mechanics is that a measurement outcome is random usually, so we
shouldn’t just look at its mean, we should study the probability distribution as well. A nice property of coherent
states is that it gives simple probability distributions for common measurements.

(1) The probability distribution of the photon number 7 is given by

|(n|e)]* = exp(—|al? : (4.6)

which is a Poisson distribution with mean number ||2. See the top row of Fig. 4.1 for some plots.
(2) The probability density of the position operator g is

1 2

!<Q=:cya>|2:ﬁexp[— (x—ﬂRea) ] 4.7)
which is a Gaussian probability density with mean /2 Re o and variance 1/2 (see Sec. C.5 for a
quick review).

(3) Similarly, the probability density of the momentum operator p is

= sla)f = xp [— (y—mma)Q]. (48)

We can no longer think of a quantum coherent state as just a single point in phase space in the classical picture
(Fig. 2.3). There are uncertainties in both quadratures if we measure them.

The Poissonian or Gaussian noise modeled by these probability distributions for a coherent state is com-
monly called the quantum shot noise.

EXERCISE 4.2. Verify that Eq. (4.2) is normalized, i.e., (a]a) = 1.

EXERCISE 4.3. Show that a coherent state |«) with & = 0 is identical to the vacuum state [n) with n = 0, so
no confusion arises if we write |0).
(lg = 0) and |p = 0), on the other hand, are different, so we need the notation ¢ = and p = to be clear.)



4.2. COHERENT STATES 30

EXERCISE 4.4. Verify Egs. (4.3)—(4.5).

EXERCISE 4.5. Derive Eq. (4.2) from Eq. (4.3). This means that Eq. (4.3) can also be used as a definition of a
coherent state.

EXERCISE 4.6. Find the variance of the photon number if the probability distribution is given by Eq. (4.6).
EXERCISE 4.7. Compute the variances
(A¢®) = (] @®|a) — ((al 4la))?, (Ap*) = (a]? |a) — (] pla))? (4.9)

directly, without using Eqs. (4.7) and (4.8). Your answers should agree with the variances of the probability
densities given by Egs. (4.7) and (4.8). Show that the variances obey the uncertainty relation

(Ag®) (Ap®) > C, (4.10)
where C' is a constant you should derive.

EXERCISE 4.8. Let the fractional variance of an observable be <A02> / (O>2. Compute the fractional variance
of 7, §, and p for a coherent state |«) and show that it approaches 0 as |a|?> — oo, i.e., the observables are
increasingly deterministic for large |r|?. (We get back classical EM with no noise in this limit.)

EXERCISE 4.9. A quantum covariance of two observables A and B can be defined as

COV(A, B) = (Wl Ao BIv) — (Wl Alw)) (W] BI)), (.10
where o is called the Jordan product, defined as
A A 1/ +~x A a
AoB:§<AB+BA>. (4.12)

Compute COV(g, p) for a coherent state |c).

EXERCISE 4.10. Compute the expected value of the photon number

(n) = (o] 0 |e) (4.13)
for a coherent state and the variance, defined as
(An?) = (a]#*|a) = ((a] i ]a))?. (4.14)
Answer: for the variance, you should obtain
(An?) = (n). (4.15)

EXERCISE 4.11. Given two coherent states |«) and |/3), compute {«|/3).
EXERCISE 4.12. Show
~ 1
I= / ) (o] d?a, d?a = (dRe)(dIm ). (4.16)
s
d?a means that we treat any function of « as a function of two real variables: Re a and Im «, and the integration

is over the 2D complex plane.
(This identity means that any state can be expressed as a linear combination of coherent states given by

0 =11) =+ [[ 1) talo) o, @.17)

so {|a) : @ € C} is a complete vector set of the Hilbert space, even though the elements are not orthogonal to
each other.)

EXERCISE 4.13. Let the Hamiltonian be the harmonic-oscillator Hamiltonian
H = hwala. (4.18)

If the initial state is a coherent state |«), find the state in the Schrddinger picture after time ¢, i.e., compute

exp (—;ﬁt) |a) . (4.19)
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4.3. Displacement operator

There’s a lovely way of writing the coherent state in terms of the so-called displacement operator ﬁ(a) and
the vacuum state |0):

ja) = D(a)[0) (4.20)

D(a) = exp (adT - a*&). “21)

The displacement operator is very useful in itself. You should convince yourself that 15(04) is unitary, and

Df(a) = D(—a). (4.22)
It is called a displacement operator mainly because of what it does to & in the Heisenberg picture:
Di(@)aD(a) = a + o (4.23)
Then it’s easy to show
D(a)§D(a) = G+ V2Rea, (4.24)
D'(a)pD(a) = p+ vV2Ima. 4.25)

In other words, the displacement operator is a special unitary that displaces the position and momentum opera-
tors in the Heisenberg picture by c-numbers, depending on the o parameter. Another useful property is

A A

D(a)D(B) = ™F I D(a + B). (4.26)

The exponential factor e?7™(5"®) js an unimportant c-number phase factor that won’t show up in the Heisenberg
picture, i.e.,

DY(a)DT(B)AD(B)D(a) = D¥(a + B)AD(a + B), (4.27)

so the total effect of two displacements is the same as the effect of one net displacement.
We will see throughout this book that the displacement operator is very handy when doing math concerning
a coherent state.

EXERCISE 4.14. Show that D(«) is unitary. Verify Eq. (4.22).

EXERCISE 4.15. Use the Baker-Campbell-Hausdorff (BCH) formula (https://en.wikipedia.org/w
iki/Baker%E2%80%93Campbell%E2%80%93Hausdorff_formula) to show

A

D(a) = emalol®gat! g—a*a _ o3laf? g—a”agadl (4.28)
EXERCISE 4.16. Verify Egs. (4.20), (4.23)~(4.25).

EXERCISE 4.17. A displacement operator can also be expressed as

exp(i§q — inp), (4.29)
where £ and 7 are real numbers.

(1) If we want to write this as ﬁ(a), find £ and 7 in terms of a.
(2) Using the BCH formula, one can write

exp(i§q — inp) = cexp(iq) exp(—inp) = d exp(—inp) exp(i§q). (4.30)

where c and d are complex numbers. Find ¢ and d.
(3) Find

A

D(a)|g=1z), D(a)|p=vy). 4.31)
(4) Verify Egs. (4.6)—(4.8).
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EXERCISE 4.18. Let
¢ = D'(a)gD(e) (4.32)

be the Heisenberg picture of position operator § after displacement. Show that the variance of ¢’ remains the
same, i.e.,

(A¢®) = Wl (@) [4) = (@4 [4))° 433)
is the same as (Aq?) for any state |1)).

4.4. Thermal states

We need to use a density operator p (see Sec. D.6) to describe the thermal state. Quantum thermodynamics
tells us that, when a system is in thermal equilibrium with some bath and only energy is exchanged with the
bath, the quantum state of the system (excluding the bath) is given by the Gibbs state

1 ~ N

= = exp(— H) = Zztr[e (— H)} 434
p=- Xp( B B= T T xp|—f (4.34)
where H is the Hamiltonian of the system, kp is Boltzmann constant, 7" is the temperature, tr is the operator
trace (see Appendix B for the definition), and Z is called the partition function if we regard it as a function of
B. For example, if we have a resonator and we leave it alone at some temperature, then the EM modes in the
resonator should be in the thermal state. We may think of Z as just a constant to normalize the density operator
(tr p = 1). For one normal mode with natural frequency w, H = hw, so j can be expressed as

p= %exp(—ﬂhwﬁ), | Z = tr [exp(—Bhwi)] .| (4.35)
Recall that we can write the number operator 7 in the diagonal form (Appendix B)
oo
A= nln)(n|. (4.36)
n=0
Any function of 7 is then defined as
oo
F(@)=>" f(n)|n) (nl, (4.37)
n=0
and the trace of such a function becomes
o
ulf(@)] =) f(n). (4.38)
n=0

It follows that another way of writing p for a thermal state is
Z —exp —Bhwn) |n) { ZP In) ( (4.39)

We can think of this p as a mixture of photon-number states, and the mixing probability distribution P, is the
exponential distribution

1
P, = 7 exp(—phwn). (4.40)
With the thermal state, the probability distribution of 72 coincides with P,,:
(n|pln) = Py (4.41)

In particular, the mean photon number is

[0.9] . _ (o.9] _ 1
(n) =tr(n nzon n|p|n>—ZnP = | oxp(Fh) =1 (4.42)
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which agrees with Bose-Einstein statistics. In terms of (n), p and P, can also be expressed as

P <<n<>nl 1)ﬁ / A= e (<n<>ni 1)n ' (449

See the bottom row of Fig. 4.1 for some plots.
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FIGURE 4.1. Plots of the Poisson distribution for coherent states (top row) and the exponential
distribution for thermal states (bottom row) for some mean photon numbers (n).

A fundamental result discovered by Glauber is that the thermal state can also be expressed as a mixture of
coherent states:

Glauber’s formula: // ) |a) (o] da, d’a = (dRea)(dIma), (4.44)
where the mixing probability density is a Gaussian given by
1 o
?(a) = exp <—> : (4.45)
m(n) (n)

so we can also think of a thermal state as a noisy coherent state, where the complex amplitude « is a zero-mean
complex Gaussian random variable.
One nice thing about Glauber’s formula is that the quadrature probability densities

(g=zlpla==), p=ylplp=y) (4.46)
become simple to compute for a thermal state.
EXERCISE 4.19. Convince yourself that

1
1 — exp(—phw)

Z =" exp(—phwm) = = (n) +1. (4.47)
m=0

EXERCISE 4.20. Find the variance of the photon number for a thermal state in terms of (n). The variance is
defined as

(An?) = tr (d?p) — [tr ()] (4.48)
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Answer: you should obtain

(An?) = (n) + (n)*. (4.49)

This is larger than the variance of the coherent state given by Eq. (4.15), meaning that the a thermal state is
“noisier” than a coherent state with the same mean photon number (n). When (n) < 1, however, this variance
is close to the Poissonian variance (n).

EXERCISE 4.21. Let 7' = 300 K (room temperature). Find the mean photon number (n) for a thermal state if

(1) v = 2.4 GHz (microwave frequency)
(2) Free-space wavelength A = 1, 550 nm (typical wavelength for optical fiber communication).

Conversely, if we desire (n) = 0.01, find the temperature 7" for each case above.
(The low average photon number at optical frequencies at typical temperatures is the main reason why we
can usually assume a vacuum initial state in quantum optics.)

EXERCISE 4.22. Compute the probability that the measured photon number is equal to 2 for a coherent state
with mean photon number (n). Do the same for a thermal state with the same mean photon number. Expand
each result in Taylor series for (n) < 1 and show that the probability of measuring two photons in a thermal
state is approximately twice the probability of measuring two photons in a coherent state. This effect is called
bunching.

SIDE NOTE. In the 1950s, people were really confused that weak thermal light doesn’t show Poissonian
photon-counting statistics exactly and the probability of counting two photons in one mode is higher than
expected. The bunching effect was explained first by Leonard Mandel [5] using semiclassical optics, and then
Glauber estalished the quantum formalism to explain bunching [6].

EXERCISE 4.23. Verify that [| ®(a)d?« = 1, so that ® is really a probability density function.

EXERCISE 4.24. Compute the probability densities given by Eqgs. (4.46) for a thermal state. Use them to find
the means and variances of the quadratures:

(q) = tr (4p), (p) = tr (pp) (4.50)
(A¢) = tr (§p) — [t2(ap))° (Ap*) = tr (p°p) — [tx(pp)]” - (4.51)
EXERCISE 4.25. Define a unitary operator as
R(8) = exp(—ind), (4.52)
where 6 is a real number.
(1) Find
a(9) = R (6)aR(0), §(0) = R (0)aR(0), B(60) = RNOBRO)  453)

in terms of @ and 6. §(6) and p(0) are also called quadrature operators.
(2) Show that

|9(0) = ) = R1(0) |q = =) (4.54)
is an eigenstate of ¢(#) with eigenvalue z, and
p(6) = y) = R'(9) Ip = y) (4.55)
is an eigenstate of p(#) with eigenvalue y.
(3) Show
(a(0) = z|q(0) = 2") = §(a — 2'), (p(0) = yla(0) = y) = (y —¥/), (4.56)
and the completeness relations
= [ la0) =) ta(®) = sl da. I= [ O =0 6O =yl @sD

In other words, {|¢(f) =x) : = € R} is an orthonormal basis (in the sense of Dirac), and so is
{lp(0) =y) : y € R}.
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(4) Show that ¢(#) and p(€) have the diagonal forms

o) - | " 219(6) = 2) (q(0) = 2] da, 4.58)
o) = [ "y 10(6) = ) (p(6) = vl dy. (4.59)

(Once we have the diagonal forms, we know that the outcome of a von Neumann measurement
of §(#) would have probability density (¢(f) = x| p|q(f) = x), and the outcome of a von Neumann
measurement of p(#) would have probability density (p(0) = y|p [p(0) = y).)

(5) Compute

R(0) ). (4.60)

Your answer should be a coherent state with another complex amplitude.
(6) Find the probability density of §(#) given a coherent state |«), i.e., compute

(a(6) = ala)*. (4.61)
Do the same for p(6).
(The point of this exercise is to show that any quadrature of a coherent state has a Gaussian
distribution with variance 1/2.)
(7) Find the probability density of §(#) given a thermal state. Do the same for p(6).

4.5. Sudarshan representation

In quantum optics, there exist many different definitions of whether a state is considered classical or non-
classical. Since a coherent state gives results very close to classical EM (Gaussian statistics for quadratures,
Poisson statistics for photon number), it is considered a classical state by any definition. If a quantum state is

given by a mixture of coherent states, i.e.,
p= // ) |a) (a] d?a, (4.62)

where ®(«) is a probability density (i.e., nonnegative for all «), then it is also commonly considered as a
classical state, since it’s just a noisy coherent state with a random amplitude «, and quantum calculations often
agree with classical optics.

Sudarshan discovered that, in general, given any p, it is always possible to derive a formula for ®(«), so any
state can be written in the form of Eq. (4.62) in principle. ®(«) is hence called the Sudarshan representation
of the quantum state (also called the Glauber-Sudarshan representation or the P function sometimes).

The important caveat is that, for certain quantum states, ¢(«) may go negative and very weird (consisting
of derivatives of the Dirac delta function; see https://en.wikipedia.org/wiki/Glauber-Sud
arshan_P_representation), so we can no longer regard Eq. (4.62) as a mixture of coherent states, and
classical optics no longer works as well. For this reason, a state is often called nonclassical whenever ® (/)
goes negative for some value of «.

SIDE NOTE. In this book, we always use P to denote a probability distribution. Since the Sudarshan represen-
tation may go negative, we use the symbol ® rather than P.

For most common light sources, such as lasers, LEDs, lamps, stars, fluorescent particles, Eq. (4.62) with
a nonnegative ® works very well, the noise due to ® is often much stronger than the quantum shot noise, and
there is no good reason to use the quantum theory. An important exception is when photon counting that is
close to ideal can be performed. The probability distribution of the photon count becomes

2n
Mandel’s formula : | (n|p|n) = //@(a (n|a)*d?a = // ) exp(— a|2)0;“d2a. (4.63)

The measurement outcome must remain discrete, with n = 0,1,2,.... If ® is nonnegative, Eq. (4.63) is
called a semiclassical formula, since we can regard the complex amplitude « as a classical random variable
with probability density ®(«) and the Poissonian |(n|a)|* as the probability distribution of the photon number
conditioned on «. In other words, if ® is nonnegative, we can treat the EM fields as classical and stochastic,
and the discreteness of photon number appears only when a photon-number measurement is performed.
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EXERCISE 4.26. Show that ®(«) must obey

// d(a)d?a =1, (4.64)

regardless of whether it’s a probability density.

EXERCISE 4.27. Let (n) = tr(np) be the mean photon number. Given Eq. (4.62) where ® is a probability
density, show that the photon-number variance given by Eq. (4.48) must obey

(An?) > (n). (4.65)

In other words, the variance cannot go below the variance of a Poisson random variable. If the variance goes
below (n), then it’s a smoking gun that ® for the state cannot be a probability density. Use this fact to show
that ® for a number state p = |n) (n| with n > 0 cannot be a probability density.

Hint: use the law of total variance (see https://en.wikipedia.org/wiki/Law_of_total_v
ariance or Eq. (C.34)).

4.6. Normal ordering and optical equivalence theorem
Suppose that we are given an operator in the form
fahg(a). (4.66)

where f(a') is a function of a' only and ¢(&) is a function of @ only. We call this a normally ordered operator,
with all the &' on the left and all the @ on the right. Some examples:

ata, atataa, exp<uaT> exp(v*a). (4.67)

Then it can be shown that

tr [1(ahg(@s] = [ e@)f@gtaria, (4.68)

where we replace @' in f(af) by the variable o* and @ in g(&) by « on the right-hand side. In other words, the
expected value of a normally-ordered operator can be computed by taking the average of the c-number function
f(a*)g(«) using the Sudarshan ®. Eq. (4.68) is called the optical equivalence theorem, which is a handy result
in quantum optics.

EXERCISE 4.28.

(1) Verify Eq. (4.68).

(2) Let

A=n?=a"aata. (4.69)
Rewrite it in normal-ordering form (i.e., a sum of terms in the form of Eq. (4.66)) and compute
(A) = tr(Ap) using the optical equivalence theorem for a coherent state and a thermal state.

(3) Compute (A) directly using the photon-number distributions of a coherent state (Poisson) and a ther-
mal state. Confirm that you obtain the same results as the previous part.

EXERCISE 4.29.

(1) Show that the Poisson distribution can be expanded as a power series with respect to (n) given by

<n>n _ 1 n n+1
exp(— (m)) - = — <<n) — ()" ) . (4.70)
(2) Show
n=1pln=1)=tr (aTaﬁ) e (&TdT&&ﬁ T @.71)
1
(n=2/pln=2) =3 [tr (a*a*aw) _— (a*a*a*a&aﬁ) 4. } . 4.72)
(This is a way of computing (n = 1| p|n =1) and (n = 2|p|n = 2) for weak light in any state,

generalizing Exercise 4.22.)
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CHAPTER 5

Multimode States

EM fields have many modes, and the real fun starts in quantum optics when we consider many modes. This
chapter studies some common multimode states in quantum optics, generalizing Chapter 4.

5.1. Coherent states

5.1.1. Definition in terms of the displacement operator. Let’s consider J EM modes and denote each
mode by j = 1,2,...,J. The annihilation operator for mode j is a;, as before. The easiest way to define a
coherent state for multiple modes is to first define a multimode displacement operator as

D(@)=exp | (ajaj. _ H.c.) , (5.1)
J
where
aq
a=|:|ec’ (5.2)
ay

is a vectoral complex amplitude (each «; is a complex number) and H.c. denotes the Hermitian conjugate of the
; ‘
Egs. (3.59)), the BCH formula says we can break D () into a product of single-mode displacement operators

first term «; d}, i.e., aa; in this case. Because operators for different modes commute with one another (see

ﬁ(a) :ﬁl(al)ﬁj(aj), (53)

A

Dj(ay) = exp(ayaf ~ He.). (5.4)

Each f)j (cyj) is in terms of G; and d} only, so it acts only on mode j and does nothing on all other modes.
A multimode coherent state can now be defined as

o) = D(cx) Jvac) (5.5)

where |vac) is the multimode vacuum state (zero photon in all modes). The coherent state has some special
properties.

5.1.2. Separability. Let the Hilbert space for mode j be 7; and each number state in #; be |n;);, n; =
0,1,2,.... Recall that the vacuum state is a tensor product of {|0), }:

[vac) = [0); ® [0), ® - ® |0>J' (5.6)

We see from Eq. (5.4) that each D;(c;) acts on H,; only and has no effect on all the other modes. So D(cx) |vac)
becomes

o) = D(01)[0); ® D(a2) |0)y ® -+ @ D(ay)[0), (5.7)
=[lo1) ® laz) ® - - ® |a) (5.8)

In other words, a multimode coherent state is a tensor product of single-mode coherent states.

37
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This separable property of the coherent state turns out to hold regardless of the set of modes we assume.
Recall from Sec. 3.5 that we can build our multimode Hilbert space using any set of modes, as long as the new
operators are related to the old operators by

a; =Y Wb, b= Whaj, (5.9)
l J
where W is a unitary matrix (W' = WT). Let’s plug this expression into Eq. (5.1) to obtain

ﬁ(a) = exp [Z (613; — H.C.) ,

l

Bi=> ;Wi (5.11)
J

(5.10)

Notice that the displacement operator has the same dependence on {b;} as it did on {a;}, except that the
amplitudes {/3;} are transformed. To make the notation clearer, let’s write

B
g=|:1| @12
B

to clarify the dependence of a displacement operator on the mode operators. In matrix notation, Eq. (5.11) can
be expressed as

ﬁ(a D) =exp Z (ajd} — H.c.) ) ﬁ(b : B) = exp [Z (,BZBZT — H.C.) ,
l

J

B=Wla, (5.13)
so that Eq. (5.10) becomes
D(a:a)=Db:Wia), (5.14)
and the coherent state can now be expressed as
la) = D(a: a)|vac) = D(b: Wia)|vac) . (5.15)

We now follow Sec. 5.1.2 to write the multimode Hilbert space as H| ® - -- ® #H’; for the new modes. Write
the vacuum state in terms of the zero-number states in H} @ - -- ® H'; as

lvac) = b1 : 0) @ [b2 : 0) @ --- @ |by : 0) (5.16)
according to Egs. (3.122) and (3.124). Then decompose ﬁ(b : B) as
D(b:B)=D(br: p1)... D(bs : ). Diow, ) = exp (6] ~He.) . (517
just like Eq. (5.3). The coherent state becomes
D(b:B)|vac) = D(by: B1) ... D(by: Bs) |br: 0) @+ @ by : 0) (5.18)
= D(by: B1) by : 0) @+ @ Dby : B1)[bs : 0) (5.19)
=lbr:Br)@ @by By), by s Bj) = D(b:By)[b; : 0), (5.20)

which is a tensor product of coherent states. This separable property is very special, since it says that the
multimode coherent state remains pure and a coherent state if we look at any set of modes, normal or not, or
any subset of the modes.

5.1.3. Single-mode excitation. Given a vectoral complex amplitude ¢, suppose that we define a special
set of modes such that the first new mode has an annihilation operator given by

7 * A 1 * A
J J

% (5.22)
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where the norm of the vectoral amplitude « is defined by

la? =a’a = Z ]2 (5.23)
J

In other words, we choose a unitary matrix W such that its first column is equal to /|c|. The normalization
1/|c| ensures that T can remain unitary and b; obeys the standard commutation relation [by, lA)i] = 1. (It can
be shown using linear algebra that it’s always possible to fill the remaining columns of W to make it unitary.)
Then the displacement operator can be rewritten as

D(a) = exp []a| <IA)]; - 131” , (5.24)

which is in terms of b only. In other words, in terms of this new special set of modes, f)(a) displaces only the
first mode, while leaving all the other modes alone. For this reason, the coherent state

la) = D(ax) |vac) = exp []a] (IA)I - IA)lﬂ |vac) (5.25)

can also be considered as a state with excitation in one special mode only, while all the other modes remain
in vacuum. We call this special mode the excited mode of the coherent state.

If {G;} are operators for normal sinusoidal-wave modes in free space, recall from Sec. 3.5 that W;; is the
(k, s)-space amplitude that determines the mode function v;(7) for the excited mode. This means that the
excited mode has a (k, s)-space amplitude I¥;; determined by o through Eq. (5.22). For example, if o is the
(k, s)-space amplitude of an optical pulse, as discussed in Sec. 3.5, then W;; o «; is also the (k, s)-space
amplitude of an optical pulse, and the excited mode is the optical pulse mode.

EXERCISE 5.1. Prove the following:

(1)
ajla) = aj|a) . (5.26)

(2)
(alal = o} (al. (5.27)

(3)
D(a) = D (—av). (5.28)

4)
D(a)D(B) = exp [z Im(ﬁTa)} D(a+B), (5.29)

%)

1

(a|B) = exp [—ilm(ﬁfa)} exp<—2lﬁ - a\2>- (5.30)

(6)
D(a) = e 3lal S5 ait] = 55 0fts _ pdled? =5 05855, a50] (5.31)

EXERCISE 5.2. Find the probability distribution of multimode photon counting for a coherent state, i.e.,
[(ne]e)?, (5.32)
where
ni
n=|: |, n) = |n1,...,ng). (5.33)
nJ
Define the multimode position and momentum eignstates as

lg=z) =g =21) ® - ®qs =x;), p=y)=lpr=y1)® - ®p;r=yJ). (5.34)
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where |¢; = x;) is an eigenstate of §; with eigenvalue x; and |p; = y;) is an eigenstate of p; with eigenvalue
y; in the usual way. Find the probability density functions

(g ==zla)]®, |(p=1yla)*. (5.35)
5.2. Classical current source

We love the coherent state in quantum optics—its math is simple, and it’s easy to reproduce classical optics
by taking its averages. This section presents another reason: it has a very simple model for how it can be
generated.

Suppose that, in addition to the free EM fields, there exists a current density J (7, t) due to charged particles
that can be approximated as a c-number function. The approximation of observables as c-numbers is common
in quantum mechanics and valid whenever some degrees of freedom are little perturbed by any coupling to
quantum systems and can be approximated as classical. The Hamiltonian can be taken as

H(t) = Heasy + (1), Heasy = hwjlay, At) = — /// J(r,t) - A(r)d’r, (5.36)
J

where

A 1/2
A(r)zZ( h > [aju;(r) + H.c)] (5.37)

2EOU.)J'

is the vector-potential operator. Appendix E explains the origin of Eq. (5.37) and shows that the Hamiltonian
is consistent with Maxwell’s equations in the presence of the current density. Going to the interaction picture
(see Sec. D.4), we find

Teasy (T /// r,t)- A(r, t)d>r (5.38)

Ur(t) = Texp[ h/ Teasy (T )dr] T exp Z/ B;(r Hec.|dr 3, (5.39)

Bi(t) = (%w 6[))1/2 /// r,7) - ul(r) exp(iw;T)dr. (5.40)

The time-ordered exponential looks scary, but remember that it is simply a product of exponentials with tiny
time steps:

Ur(t) = lim exp Z [ﬁj(t)d; - H.C.] At » exp Z [@(t - At)d} - H.C.] At

At—0 - -
J J

expd S [5]-(2&)@} - H.c.} At pexpd S [ﬁj(m)a} . H.c.} At (5.41)
J J
Each exponential here is a displacement operator. Recall from Eq. (5.29) that the product of displacement
operators is just one displacement operator (with an unimportant phase factor), so U () is in fact a displacement
operator, and the EM state resulting from Uy (¢) applied to an initial EM vacuum state |vac) is a coherent state.
According to Eq. (5.29), the net displacement is the sum of all the tiny displacements, i.e.,

Ur(t) x D(a), (5.42)

a; =Y Bi(mAt)At — / t B;(r)dr (5.43)

1 1/2
<2hw - ) / /// r,T) (r) exp(iw;T )dgrdT (5.44)
0
1/2
<2hwe L3> / /// r,7) - &5 exp(—ik -7+ iw;T)d rdr. (5.45)
0
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This 4D integral can be regarded as an inner product of the current density with a mode function w;(7) exp(—iw;7)
with mode index j = (k, s). The integral also resembles an inverse Fourier transform of the current density,
if we take the limit £ — oo and L — oco. The resulting amplitude «; is the amplitude of the sinusoidal-wave
mode j = (k, s) generated by the current source.

Long story short, the Hamiltonian fjeasy (¢) in the interaction picture is a linear function of {a;} and {d}},
so the interaction-picture unitary Uy (t) is a displacement operator, and the interaction-picture state Uy (£) |vac)
is a coherent state. If we wish, we can turn the interaction-picture state back to the Schrodinger picture by
applying ffeasy (t), since

U(t) |vac) = Ueasy(t)Ugasy(t)U(t) |vac) = Ueasy(t)UI(t) |vac) , (5.46)
but it is straightforward to show that Ueasy(t) applied to a coherent state is still a coherent state.
5.3. Thermal states

5.3.1. Definition. The quantum state at thermal equilibrium with a bath is given by Eq. (4.34) in general,
i.e., p is an exponential of the Hamiltonian H. Recall that the Hamiltonian for many EM modes in free space
is given by Eq. (3.61). It follows that p can be expressed as

1
P=7z

exXp —Bzm]'ﬁj , (547)
J

where 7; is the photon-number operator for the normal mode labeled by j. Assume, for simplicity, that there
are J normal modes. The number operators all commute with one another ([72;, 7] = 0), so we can break the
exponential into a product of exponentials:

1
p= 7 exp(—Bhwiny) exp(—Bhwang) . . . exp(—phw ). (5.48)

It can be shown using linear algebra that the density operator can be expressed as the tensor product

b= % exp(—Bhwin) @ exp(—Bhwait) @ - - @ exp(—Bhw 1), (5.49)

where each 7 is now the number operator on the individual #; for each mode. In other words, the normal
modes in a thermal state are independent. Another way of writing this expression is

" l ﬂ 1 ﬂ Ay

Z<<n1>+1> '”<<nJ>+1> ’ (5.50)

J

Z =1J(n) + 1), (5.51)
j=1

where the average photon number in each mode can be expressed as
1

tr(nip) ={(n;) = ————, (5.52)
( J ) < J> eXp(/BhW])—l
just as before.
Glauber’s formula for a thermal state in J modes is now
J
Glauber’s formula: |p = / d(a)|a) (a| d a, d* o = [[(dRea;)(dIm o), (5.53)
j=1

where the ® distribution is given by

™ (n;) (nj)

® now coincides with the Gaussian probability density for J independent Gaussian complex random variables.

d(a) = f[ 1 ex (—‘aj|2>
_ P . (5.54)
j=1

EXERCISE 5.3. Verify Eq. (5.51) from the fact that tr p = 1.



5.5. OPTICAL EQUIVALENCE THEOREM 42

EXERCISE 5.4. Consider only modes with the same natural frequency w; = w. Define a new set of modes by
Eq. (3.89), where W is a unitary matrix.

(1) Prove
> ala; = blb. (5.55)
J l

(2) Letm; = IA)zrlA)l. Show that the density operator of the thermal state can be expressed as

=3 <<n<>nl 1>m <<n<>ni 1>m (50

so any set of modes with the same frqeuency in the thermal state are independent.

EXERCISE 5.5. Repeat Exercise 5.2 for a thermal state, i.e., find
(n|pn), {g==z[ple==), (p=ylplp=y) (5.57)
for a thermal state p.
5.4. Sudarshan representation

Our earlier discussion of the Sudarshan representation applies essentially unchanged to the case of multiple
modes. For any density operator p, we can in principle write

p= /cp(a) la) (o] d* . (5.58)

If ®(cx) is nonnegative for all o« € C2” such that it is a probability density, the state can be called classical.
Mandel’s formula in this case is

Mandel’s formula : | (n|j|n) = / d(a)|(n|a)*d a, (5.59)
where
2 T N
[(nla)” = [ exp(—ley?) ;Lj! (5.60)
j=1

is a product of Poisson distributions. If @ is nonnegative, we can think of the complex amplitudes c as classical
random variables with probability density ® in Mandel’s formula, and the photon-number distribution | (n|a) |
conditioned on « is that of independent Poisson random variables.

EXERCISE 5.6. Show that
/(I)(a)d2‘7a =1. (5.61)

5.5. Optical equivalence theorem

The concept of normal ordering and optical equivalence theorem for multiple modes is essentially the same
as that discussed in Sec. 4.6. Suppose that we have a normally ordered operator

flahg(a), (5.62)

where f(a') is a function of {&;r-} only and g(a) is a function of {;} only. Some examples:

j ;d;dj&l, exp Zujaj exp Zv;-‘aj . (5.63)
J J

Then the optical equivalence theorem is

i [ 7(a)g(a)a] = / B(a) f(a)g()d o, (5.64)
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where we replace each d} by ] in the f function and each a; by o in the g function on the right-hand side.
The theorem allows us to evaluate the expected value of a normally ordered operator by taking the average of a
c-number with respect to the ® function.

5.6. Fock representation

5.6.1. Discrete set of modes. When there are a discrete set of modes, a general state can be constructed
from the orthonormal number basis given by Eq. (3.51). If we assume a continuum of modes as per Sec. 3.4,
on the other hand, it’s trickier to construct the Hilbert space. The way forward is to use Fock’s method.

To introduce the method, we begin by considering a discrete set of .J modes first, and we label the modes
by j =1,...,J. We will be building our Hilbert space from the so-called Fock states, defined as

. . I .
|Fock : j1,...,Jn) = ﬁa;N . a}l |vac) . (5.65)
T

In other words, we construct this state by adding one photon to mode j; via a j,» and then adding another photon

to mode js via d}Q, etc. There are NV photons in total in this state, and

J =01 JN) (5.66)
is a vector of mode labels for the N photons, with each j,, € {1,...,J}. There are thus JV possible values for
the vector j:

je{tl,..., ", (5.67)

A lot of the Fock states are equal to each other, since the creation operators in Eq. (5.65) all commute with one
another and we can interchange their order. The Fock state must therefore remain the same if we exchange any
two arguments, i.e.,

|[Fock:..., j§ ..., j§ ...)=|Fock:..., 4 ..., G ... (5.68)
~—~ ~—~ ~—~ ~—~
nth photon mth photon nth photon mth photon
To study the Fock states, we can write each in terms of a number state |ny, ..., ny), since both can be written
as some creation operators applied to |vac). Given the mode labels (ji, . .., jn) for the NV photons, let us count
the number of photons in a certain mode [ and call it 7;(j1,. .., jn). This is done by counting the number of
jn’s that are equal to the given mode index /. An explicit formula is
nl(jl,...,j]\[) 55j1l+6j2l+"'+5j1\1l- (5.69)
Then, recalling that a number state is given by
ATnl ATnJ
a; '...a
n,...,ny) = —-"-2_|vac), (5.70)
nil...ny!

we can rewrite Eq. (5.65) as

) . ni (). .. n )12 . .

\Fock:jl,...,m:[ 14) ~ J(J)] (5, - (), (5.71)

which can be abbreviated as

N —1/2
Fock3) = () Ina), (572)
where
N N!

= 5.73

is the multinomial coefficient.

SIDE NOTE. In the literature, any state with a definite photon number in each mode is also called a Fock state,
so |n) would also be called a Fock state. To be precise in this section, however, I call only |Fock : j) a Fock
state and I call |n) a number state.



5.6. FOCK REPRESENTATION 44

Using Eq. (5.72), we find that the inner product between two Fock states is given by
N\
. ./
(Fock : j|Fock : j") = <n (j)) O () m(i’)- (5.74)

This means that the Fock states are not exactly an orthonormal basis and a lot of the Fock states are actually
the same, as long as they lead to the same set of photon numbers n(j). Conversely, for a given set of photon

N oL
numbers n, there are <n> Fock states that are all equal to one another (https://www.statisticsho

wto.com/multinomial-coefficient/).
To express any state in terms of the Fock states, let’s first consider the projection operator

-1
. . N . .
S0 IFoek ) Foek 3= 3 (1) (i) il 5.75)
je{1,...,.J3N jegnN
We can divide the set {1,...,.J}* into subsets, where each subset of mode labels 5 for the N photons lead to
the same set of photon numbers n(j) = m:
{7 :n(g)=m}={01,....i~) :n;(J1,...,jn) =m; forall j}. (5.76)
Then
N\ !
S IRk okl = 3 () Int) ) 5.77)
Je{l,.., 3N Je{l,.. 3N

-1
- XY () mormel 6w

m:3; mi=N jn(j)=m

= Z |m) (m]. (5.79)

m:y], mj=N

We know that the number states {|n)} form an orthonormal basis and thus obey the completeness relation

= In)(n[=> > I|n)(n|. (5.80)
n N=0n:) n;=N
Hence
[=>" ) |Fock: j) (Fock: j]|. (5.81)
N=0je{1,..,J}N

This is a completeness relation in terms of the Fock states, so that an arbitrary |¢)) € H can be expressed as

[y =1 |¢) = Z Z |Fock : 5) (Fock : §]¢), (5.82)

N=0je{l,..J}N

which is a linear combination of the Fock states. Note, however, that we can’t just have any linear combination
of {|Fock : 7)}; the wavefunction (Fock : j|v¢) for N photons must be symmetric with respect to any exchange
of two arguments because of Eq. (5.68):

(Fock: ..., § ..., 4 .Jvy= (Fock:..., 4" ..., § .| (5.83)
~—~ ~—~ ~ ~—~
nth photon 'm¢th photon nth photon mth photon

This symmetry for the wavefunctions means that the particles are bosons, and we have managed to show that a
set of quantum oscillators are equivalent to bosons. In the particle picture, each mode label j is associated with
the properties of a boson. When the label is j = (k, s), k is regarded as the momentum of a boson, and s is
regarded as the spin of a boson; two possible polarizations of an EM wave correspond to two possible spins for
a photon.
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A few other formalities: the operators defined as
IIy= > |n)(n|]= > [Fock: j)(Fock: j| (5.84)
nys ;=N je{l,...,J}N

are projection operators that satisfy

~ oo
TinTly = {EN’ x;% f:NZ_:Of{N. (5.85)
The total photon number operator can be expressed as
N = Zﬁj = ZNﬂN, (5.86)
j N
and
Py = tr (ﬁNﬁ) (5.87)

is the probability that there are /V photons in all modes. A normalized N-photon wavefunction can be defined
as

1 . 1 N .
YN (F) = Niow (Fock : jlt) = Nizol (vac| @y ... ajy [¢) (5.88)
and
v @)I* = [¥n G, i)l (5.89)
can be regarded as the probability distribution of random variables (ji, ..., jn), where j; is the mode index

for the first photon, jo is the mode index for the second photon, etc. The probability distribution also needs
to stay the same under any exchange of the arguments; we say that the random variables are exchangeable in
probability theory when the probability distribution has this permutation symmetry. In physics, we call such
particles indistinguishable.

SIDE NOTE. It turns out that the Hilbert space for any kind of bosons can be constructed in this manner,
although the number of possible spins and the Hamiltonian may differ from those of photons. For fermions,
we need to use a different kind of operators with a different algebra. The reverse strategy of constructing
a quantum theory of fields from a theory of particles is sometimes called the second quantization (https :
//en.wikipedia.org/wiki/Second_quantization).

EXERCISE 5.7. Find Py and the wavefunctions {¢x } for the coherent state |cx).

EXERCISE 5.8. Let a; be the annihilation operator for the mode with wavevector k = kz and polarization
vector

& = mj/gy (5.90)
Let a9 be the annihilation operator for the mode with the same wavevector and polarization vector
&y = m\;%y. (5.91)
Let
|[Fock : 1) = di |vac) , |Fock : 2) = a§ |vac) , (5.92)
where we’ve omitted the wavevector for brevity.
(1) Show that é; and &5 obey Eqs. (2.22)—(2.24).
(2) Show that {|Fock : 1) , [Fock : 2)} are orthonormal if [a;,d;] = 0 and [a;;, &;] =dj.
(3) A new one-photon state is defined as
) = bl |vac) = cosg |Fock : 1) + €™ sing |Fock : 2) , (5.93)

where 6 € [0, 7] and ¢ € [0, 27). Find b in terms of a; and a5 and find the polarization vector of the
photon.
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(4) A Bloch sphere is a representation of states of a particle with two possible spins (https://en.w
ikipedia.org/wiki/Bloch_sphere). Each point on the sphere with spherical coordinates
(0, ¢) represents a certain state |¢)) with the 6 and ¢ parameters.
If we assume that the North pole on the Bloch sphere represents |Fock : 1), find the point on the
Bloch sphere that represents a photon with each of the following polarizations:
\2(@'5:—1—@), 59, \2(@@), \}5(@—@). (5.94)
Sketch your results by drawing a sphere and labeling each point with the polarization.
EXERCISE 5.9. Suppose that there are just two modes labeled by j € {1,2} with annihilation operators a;
and ao, respectively. Suppose that a certain quantum state is expressed in the photon-number basis {|n1,n2) :
eachn; =0,1,2,...} as

) = Ca0]2,0) + C111,1) + Co210,2), |Co.0)% 4 |C11]? +|Co2)* = 1. (5.95)

Find the two-photon wavefunction 13(j,) in terms of the C' coefficients. Show explicitly that your result is
symmetric, i.e.,

¥a(4,1) = 1pa(l,5) forall 4,1, (5.96)

and normalized, i.e.,

> (D = 1. (5.97)
75l

Explain the physical meaning of |C2 |2, |C1 1], and |Cp2|?. Explain the physical meaning of |12(1,1)|%,
192(2, 2)|2, |¥2(1,2)|?, and |1)2(2, 1)|%. You should find that

Cral? = [92(1,2) P + [¢2(2, 1) (5.98)
Convince yourself that this is correct.

5.6.2. Continuum modes. Fock’s method seems unnecessarily complicated for a discrete set of modes,
since we could have just used the number states {|n)}, which form an orthonormal basis. When we have a
continuum of modes, however, Fock’s method is necessary if we want to write down an explicit construction of
the Hilbert space.

We start by assuming that there is a vacuum state |vac) € H with (vac|vac) = 1. In terms of the creation
operators {a'(k, s)}, a Fock state is now defined as

1
Fock : j1,...,jin) = at(ky,s1)...a (ky,sy) [vac), in = (kn, Sn). 5.99
| N = sl (ks st) (kn,sn) [vac) Jn = ( ) (5.99)
The inner product between two of them becomes
. . . . ONM . o
(Fock : ji,..., jx|Fock : ..., i) = =35 D 80 dpq)) - 8071 dpv) ) (5.100)
P
6(j,7) = 03 (k — k'), (5.101)
where
(P(1),...,P(N)) (5.102)
is a permutation of (1,...,N) and ) is the sum over all N'! permutations. For example, if N = 2, then there
are just N! = 2 permutations:
(P(1),P(2)) = (1,2), (P(1),P(2) = (2.1), (5.103)
and
<F0Ck:j17j2‘F0Ck:ji7jé> = [6(]17.]1)5(.727]&)+5(]17jé)5(]27]1)] (5.104)

[53<k1 )0y 0 — k)0 + 01 — )5y 8% (K — KO0t }
(5.105)

N = N =
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The completeness relation is now

[o.¢]
i=5" Ty, (5.106)
N=0
Ily = |vac) (vac|, (5.107)
Iy = Z /\Fock SG1y -, jN) (Fock : g1, ..., in| dky ... dPky. (5.108)
S1,-8N

In quantum optics, Fock’s method is useful when one needs to write down the quantum state for a continuum of
modes, or when there are few photons. For example, under spontaneous parametric down-conversion (SPDC)
in some crystal, the probability of generating N > 2 photons is negligible, and one can study the properties of
the entangled photons via the two-photon wavefunction.

EXERCISE 5.10. Let a one-photon state be IA)lT |vac), where by is given by Eq. (3.113). Find the one-photon
wavefunction ¢ (k, s).

EXERCISE 5.11. Let the continuum displacement operator be
D[a] = exp [Z/a(k:, s)al(k,s)d®k — H.c.| |vac) (5.109)
S

and the coherent state be |a) = D[a] |vac). Find { Py} and the wavefunctions {1y} defined as

1
wN(jl,...,jN) = \/W<Vac’&(k1,81)...&(kN,SN) WJ> (5.110)



CHAPTER 6

Passive Linear Optics

6.1. Hamiltonian

Now that we have an idea of what quantum optical states look like, let’s study dynamics. In optics, EM
fields typically interact with matter so weakly that the equations of motion for the complex amplitudes are
linear; we call such optical systems linear optics. Examples are many and include propagation in free space
and in dielectric media, beam splitters, mirrors, polarizers, interferometers, optical fibers, optical resonators,
etc. We see nonlinear optical effects only when the EM fields are very intense in matter that interacts strongly
with them, e.g., with high-power lasers or in high-quality optical resonators. Linear optics forms a major part
of optics.

The word “passive” refers to the fact that, apart from an initial state that is generated by some sources, the
optics at zero temperature does not add photons to the EM fields. It will be easier to understanding what this
means when we look at the Hamiltonian later.

In quantum optics, passive linear optics can be modeled by assuming that both the EM fields and the
interacting matter consist of coupled harmonic oscillators. This is an approximation, as matter ultimately
consists of atoms, electrons, nuclei, ions, etc. that are not exactly harmonic oscillators, but when the interactions
are weak, the matter would behave effectively like harmonic oscillators when interacting with the EM fields.
The best justification is perhaps the fact that the resulting equations of motion agree with those in classical
optics.

Let’s start with J EM modes. Assume that there are K other modes of harmonic oscillators in the matter
that interact with the EM fields. Let

(1) {a; : j=1,...,J} be the annihilation operators for the EM modes on Hilbert space Hgm,
) {lA)J :j =1,..., K} be the annihilation operators for the matter modes on Hilbert space H mater-

There are now J + K modes, and we label the annihilation operators for all the modes by {¢;}. Using matrix
notation, we can write

Z), a=|: |, b= : |, 6.1)

o
Il
oo L.
=
Il
N

so ¢ is a column vector of annhilation operators for the J + K modes, the first J entries are for the EM modes,
and the next K entries are for the matter modes. These modes don’t need to be normal modes, but we still
require them to satisfy the standard commutation relation

[2),¢] = 6. (6.2)

When these modes may exchange particles with each other, a general Hamiltonian can be expressed as

H=nY" Fyéele, (6.3)

where F'is a matrix with complex c-number entries called the coupling matrix. A derivation of this Hamiltonian
from more physical assumptions will be given in Sec. 6.1.1 later, but for now we assume that Eq. (6.3) is given.

48
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To see what the Hamiltonian does in the dynamics, let’s look at the unitary operator with a tiny time step:

U(At) =exp | =iy Fpclaat | m T —iaty " Fyéle. (6.4)
gl al

When this unitary is applied to a state |1)), each ¢; operator subtracts a boson from mode /, and then é; adds

the boson to mode 7. When the mode is EM, the bosons are, of course, photons, but when the mode is a matter

mode, the bosons are stored physically as quanta of energy excitations in the matter; we just think of them as

effective particles behaving like bosons and don’t really care about them as much.

For longer times, remember that the unitary operator is just a product of the unitaries with tiny time steps
(U(t) = U(At)...U(At)), so if we start with a definite total boson number, the total number of bosons in all
the modes will stay constant. This behavior agrees with the observation that, at zero temperature (corresponding
to the fact that the matter modes are in vacuum), many optical devices do not add photons to the EM fields
(hence the word “passive”).

Note that the optics may still take photons away and transfer them somewhere else to places we can’t
access. Thus, our model of passive linear optics can also model optical loss, which is physically the absorption
of photons by matter; see Chapter 7 later.

For the fundamental principles of quantum mechanics to hold, the Hamiltonian operator H must be
Hermitian. This means that the F' matrix in Eq. (6.3) cannot be any matrix. Convince yourself that

H=H' & F;=F. (6.5)

In other words, the F' matrix must be Hermitian.

EXERCISE 6.1. A fancier way of showing that the total photon number is conserved is to show that the total
boson-number operator

N=>Yde (6.6)
J
commutes with the unitary:
[U, N} —0. 6.7)
(1) Show that Eq. (6.7) holds if and only if
U'NU = N, (6.8)

i.e., N is constant in the Heisenberg picture.
(2) If |¢n) is an eigenstate of IV, i.e.,

N |[yn) = N|¢n), (6.9)

and Eq. (6.7) holds, show that U |tw) is also an eigenstate of N with the same eigenvalue V.
(3) If U = exp(—4 At), it turns out that Eq. (6.7) holds if

[H,N] =0. (6.10)
Show that Eq. (6.10) holds, given Egs. (6.3) and (6.6).

EXERCISE 6.2.

(1) Show that H can always be expressed as
H=0Y"wdd (6.11)
!

for some real numbers {w; },if ¢; =), Wﬂd, for some unitary matrix Wj;.
(2) Assume only two modes. Find {w;,ws} and the W matrix if

(2= A)2 K
F_< . Q+A/2>. (6.12)
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(This exercise shows that, for passive linear optics, one can always define a set of normal modes, which
oscillate in time simply as

di(t) = dy exp(—iwyt) (6.13)

in the Heisenberg picture. These normal modes are in general hybrid modes—each d;(t) = 3 Whe(t) is
a combination of EM modes and matter modes oscillating together. The quanta associated with these normal
modes are called polaritons [7]. The normal modes in dielectrics, optical fibers, dielectric resonators, etc., are
polariton modes, strictly speaking; it’s merely semantics whether we want to call them polaritons or photons.)

SIDE NOTE. In case you have seen papers talking about non-Hermitian Hamiltonians, they may refer to a few
different things:

(1) Dynamics for open quantum systems interacting with an environment, in which case the evolution
of a density operator is not described by a unitary operator but something more general (completely
positive maps, master equations, erc.).

(2) Classical waves (e.g., classical optics) as mere analogs of quantum mechanics. Their “Hamiltonian”
is not the Hamiltonian in quantum mechanics, just an analogous quantity. Fundamentally, the clas-
sical waves must still obey quantum mechanics, and a proper quantization of the classical theory is
still needed. The true Hamiltonian must still be Hermitian.

(3) Novel generalizations of quantum mechanics (even though we have zero experimental evidence so far
that such generalizations are needed.)

For closed quantum systems, you’'d break quantum mechanics if your Hamiltonian is not Hermitian (see Exer-
cise 3.5), so you can’t do that. Learn proper open quantum system theory before you attempt such a stunt.

6.1.1. Side note: Light-matter interaction. Here we go a little deeper into how Eq. (6.3) arises from a
model of light-matter interactions by adopting an approach by Hopfield [8]. Suppose that the full Hamiltonian
for light and matter is given by

H = Huatier + Hem + 1, (6.14)
where H, matter 1S the matter Hamiltonian, Hgy is the Hamiltonian for the free EM fields, and

f = /// Ydir (6.15)

models their interaction through the current density J (r) and the vector potential A given by Eq. (5.37). Just
like how we quantize the EM fields, we may assume that the matter modes are a set of harmonic-oscillator
modes with the Hamiltonian

Hpaer = 1Y wiblby, (6.16)
l

where b, is the annihilation operator of each matter normal mode and wj is its natural frequency. The current
density created by the matter may be written as

r) =Y baw(r) + He, (6.17)
l

where w(r) is a mode function that expresses how each normal mode contributes to the current density, just
like how the EM normal modes contribute to the EM fields E, B , and A.

Physically, the matter modes may arise from some kind of energy excitations, the quanta of which are often
called quasiparticles. Examples include electron-hole pairs (excitons) and lattice vibrations (phonons). We
would need to go even deeper into the rabbit hole of condensed-matter physics, such as solid-state physics, to
derive Eqgs. (6.16) and (6.17). We won’t do that here and take Egs. (6.16) and (6.17) as given.

Given Eqgs. (5.37) and (6.17), the interaction Hamiltonian given by Eq. (6.15) becomes a linear combination
of the following two types of terms:

- /// Jr) - Ar)dr =3 (lea}z}l + H.c.) +y (Djlaj?)l v H.c.) : (6.18)

Jsl 7l
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where C' and D are matrices of constants. The first type of terms in the form of &; b; and a; lA)}L are what we want
and can be modeled by the passive-linear-optics Hamiltonian given by Eq. (6.3), while the second type in the
form of a; b; and d; Bzr cannot be modeled by Eq. (6.3).

It turns out that the second type of terms can be thrown away if we make the so-called rotating-wave
approximation (see Sec. D.5). We go to the interaction picture, where

feasy (1) = D [Caafbie @D 1 He] + 37 [Duajhe 0! 4 Hel (6.19)
3l 3l
In the rotating-wave approximation, we throw away terms that oscillate quickly in time in the Hamiltonian,
because those terms average to zero over time and their net effects are negligible. So the a; b; and d} IA)Zr terms
are thrown away, because they oscillate as eFilwitw)t we may also throw away some of the &;IA)Z and &le)Zr
terms if [w; — wj| is large, keeping only the terms with w; — w; ~ 0. In any case, we are left with the first
type of terms in the form of &; b; and aj IA)lT We may now go back to the Schrodinger picture, and the total
Hamiltonian would be a linear combination of only terms in the form of
ataj, bjbi, alb, a;bf, (6.20)
so that the Hamiltonian can be written in the form of Eq. (6.3).

6.2. Heisenberg picture

With the Hamiltonian given by Eq. (6.3), the equations of motion for each ¢;(¢) in the Heisenberg picture
is simple to derive. Let

&i(t) = Ut ()e;U(t). (6.21)
Then the Heisenberg equations become
dé;(t .
lei ) _ —iFé(t). (6.22)

If we think of ¢(t) as a column vector of annihilation operators, then we can also rewrite Eq. (6.22) in matrix
notation:

de(t)
dt

_ _iFe(t), (6.23)

where F'¢(t) is understood as the matrix F' applied to the column vector &(t).

The Heisenberg-picture equations are linear and agree with what we know about passive linear optics in
classical optics. The b operators play the same role as the polarization field P(r,t) in classical EM; see
Appendix F for a quick review. The new restriction imposed by the quantum treatment is that the matrix F'
must be Hermitian.

The general solution of Eq. (6.23) is simple to write down:

|&(t) = exp(—iFt)e(0). | (6.24)

where exp(—iF't) is interpreted as the exponential of a matrix. We know from linear algebra that, since F is
Hermitian, exp(—:F't) must be a unitary matrix. Let’s call the unitary matrix V/, so that we can write

¢(t) = V(1)e(0),

(6.25)

|V (t) = exp(—iFt).| (6.26)

This result agrees with the classical coupled-mode equations for passive linear optics. In practice, we can often
just take the matrix V' (t) from classical optics and plug it in Eq. (6.25), without redoing the quantum derivation.
We should make sure that V'(¢) is a unitary matrix, however, so that we don’t break quantum mechanics.

With a unitary V', you can verify the general fact that the entries of ¢(¢) still obey the fundamental commu-
tation relation

[2;(t), & ()] = o5, (6.27)




6.3. EXAMPLE: PULSE PROPAGATION IN FREE SPACE 52

which must hold for any dynamics in general, not just passive linear optics, so we are assured that we haven’t
made any mistake.

The Heisenberg picture is convenient for computing expected values. For example, given Eq. (6.25), we
know ¢;(t) = >, Vji(t)é, so the average amplitude of mode j at time ¢ given an initial state |+/) (which doesn’t
change in time in the Heisenberg picture) is

(Wl e;(t Z Viu(t) (] e ) (6.28)

while the expected boson number in mode j at time ¢ is

(Wl el Z (Wl efem ), (6.29)

where (| ¢ 1) and ()] é;ém |1) are determined by the initial state |¢).
EXERCISE 6.3. Verify Eq. (6.22).

EXERCISE 6.4. Derive Eq. (6.27) from Eq. (6.21) for any unitary U (t). Also derive Eq. (6.27) independently
from Eq. (6.25), to show that the V' matrix must be unitary.

EXERCISE 6.5. Find the V/ (¢) matrix if there are only EM normal modes.
EXERCISE 6.6. Suppose that we redefine the J + K modes using a unitary W matrix:

&= Wydy, d =Y We;. (6.30)
l J

(1) Show that the Hamiltonian given by Eq. (6.3) becomes
H=h)"Fjdd, (6.31)

which has the same form as Eq. (6.3) but with a new coupling matrix F’. Find F’ in terms of the old
F and prove that F’ remains Hermitian if F' is Hermitian and W is unitary.
(2) Given Eq. (6.25), show that the Heisenberg equations of motion for d;(t) can also be written as

t) =Y Vi(t)di(0), (6.32)
l

where V’ is another matrix you should find in terms of F”. Find also V' in terms of V' and W. Show
that the V” in terms of V and W is also unitary.

(This exercise is important because it shows us that passive linear optics has the same form of Hamiltonian
and the same form of equations of motion regardless of how the modes are defined, as long as they are related
to the original ones by a unitary matrix W.)

6.3. Example: pulse propagation in free space

With only EM fields in free space, we don’t have matter modes to worry about, and we know that normal
sinusoidal modes have annihilation operators that obey a;(t) = a; exp(—iwj;t) in the Heisenberg picture. In
practice, we don’t often deal with sinusoidal modes directly, however, and sources and detectors may be more
conveniently modeled using some other set of modes, e.g., optical pulses, which will behave like the coupled
oscillators that we studied in Sec. 3.5.

Let the annihilation operator of a new mode labeled by [ be

Z Wiaj, (6.33)

where {a;} are the operators for the sinusoidal modes. Recall from Sec. 3.5.2 that such a new mode has an
electric field that is a superposition of sinusoidal waves, and Wj; as a function of j = (k, s) is called the
(k, s)-space amplitude that determines the weight of each sinusoidal wave in the new mode. In the Heisenberg
picture,

A1) = U@ fU#) Z U(t) =) Whe ™ita; = (Wye™") (6.34)

J J
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We see that fl(t) has the same form as Eq. (6.33), except that it is the annihilation operator for another mode,
with a (k, s)-space amplitude given by Wj;e"s".
To be more specific, let’s follow the optical-pulse example in Sec. 3.5.2 and write

le = 55161%05%09(]%) exp(—ikzzl), (6.35)

so that the pulse mode consists of sinusoidal waves with one polarization s = 1, k; = 0, and k, = 0 only.
g(k) governs the weight of each sinusoidal wave with a certain value of k, in the pulse mode. g can be the
rectangle function assumed in Sec. 3.5.2, or any function in general, e.g., Gaussian, but keep in mind that we’ll
often assume that g (k) is highly concentrated near some wavenumber k, = kg that is close to an optical value,
as shown in Fig. 6.1. Recall that, because of the phase factor exp(—ik,z;), this mode has an electric field that
looks like a pulse centered at z = z;. For clarity, I will rewrite fl(t) as

Aty = flat) =Y (Wie™") " ay, (6.36)
J
to show explicitly the dependence of f;(¢) on z. For example, f(z;,0) is just
f(z1,0) = fi(0) = fi = > Whay. 6.37)
J
K
—>

g(k-)

FIGURE 6.1. A sketch of a typical g(k.) function.

Suppose that g(k,) = 0 for k, < 0, so that we have a superposition of sinusoidal waves with positive k.,
only. Then w; can be expressed as

wj = wk = clk.| = ck.. (6.38)

The (k, s)-space amplitude of f(z,t) in Eq. (6.36) becomes
Wjeit = Ok,00k,00519 (k=) exp(—ik.2;) exp(ick,t) (6.39)
= Ok, 00k,00s19(k>) exp[—ik,(z — ct)]. (6.40)

This looks very much like the W); given by Eq. (6.35) for the initial f (21,0) in Eq. (6.37), except that z; is
replaced by z; — ct. In other words, leei“’ft is the (k, s)-space amplitude of a pulse centered at z = 2; — ct.
Hence, we can write

flz,t) = f(z — et,0). (6.41)
You may have seen this sort of solution to 1D pulse propagation in classical optics, but the precise physical
meaning of the Heisenberg picture is rather obscure. For example, suppose we’d like to compute the average
amplitude of the pulse mode centered at z; at time ¢. This average amplitude is given by

W] flz,t) W) = (@] f(z — ct, 0) [¥) . (6.42)

Recall that |¢)) is the state at ¢ = 0 and it doesn’t change in the Heisenberg picture. This expression means that
the average amplitude of the pulse mode centered at z; at time ¢ is equal to the average amplitude of the pulse
mode centered at z; — ct at time 0.

In general, Eq. (6.41) implies that, if we measure the pulse mode centered at z; at time ¢, it is as if we
apply the same measurement to the pulse mode centered at z; — ct at time O; the probability distributions will
be exactly the same. See Fig. 6.2 for an illustration.

This result agrees with the classical picture that a pulse propagates from position z; — ct to position z; after
time ¢, even though the precise physical interpretation of the Heisenberg picture is a bit hard to comprehend.
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a measurement of
this mode at time t...
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ST T,

is the same as a measurement of
this mode at time 0.

2] — ct
FIGURE 6.2. An interpretation of the Heisenberg picture for pulse propagation.

6.4. A sequence of pulses

Instead of thinking about one pulse mode at one time, imagine a detector that sits at one position, say, 2o,
and just waits for the pulses to come to it. Then the detector can measure multiple pulse modes over time. For
example, at ¢ = 0, we have

f(20,0) = f(20,0), (6:43)
att = At, we have
f(z0, At) = f(z0 — cAt,0), (6.44)
which corresponds to a different pulse mode, and at ¢ = 2A¢, we have
F (20, 2At) = f(z0 — 2¢At, 0), (6.45)

which is yet another pulse mode, and so on and so forth. Measurements at z( of the pulses that come to the
detector one by one over time is equivalent to a measurement of all the pulse modes at one time 0; Fig. 6.3
offers an illustration. The former is how we measure pulses in practice, so it is more common in optics to write
the pulse-mode operators as

f(20,0), f(z0, At), f(z0,2A8), . .. (6.46)
at one position 2o and multiple times, rather than
f(z()a O)a f(zlv ) f(ZQ, )1 i (647)

at one time and multiple positions.
If the pulse modes satisfy the usual commutation relations

[£(21,0), f(2m, 0)] = 0, [£(21,0), T (2m, 0)] = G (6.48)

for different positions at the same time, and we set

A
2= 20+ 1Az, At =22 (6.49)
c
so that Az is the distance between adjacent pulses, then we can write
f(zo,tm) = f(zo — ctyp, 0) = f(zo —mAz,0), t, =mAt, misan integer, (6.50)

and obtain the following commutation relations for the operators at different times:

f(ZOat ) f(ZO7 ) - 0 f(ZUatm), fAT(ZOa tn) = 6mn' (651)

At the end of the day, this is just a different convention of writing the operators for a sequence of pulse modes,
to make them look more like the convention in optics, where pulses are described and measured in the time
domain instead of the space domain.
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FIGURE 6.3. Multiple pulse modes can be measured by sitting at one position 2y and wait for
the pulses to come.

For each pulse mode, it is also customary to describe its electric field in terms of time-domain quantities
rather than the space-domain quantities we assumed in Sec. 3.5.2. The translation is as follows:

(1) The rapid oscillation term exp(ikoz) for a pulse becomes exp[iko(z — ct)] if we sit at one place and
measure the electric field in time, so ckg is the frequency (in radian/s) of the oscillation in time.

(2) The spectrum of the pulse as a function of w (frequency in radian/s) becomes g(w/c), where we
replace k. by w/c. For example, for the rectangle example in Sec. 3.5.2,

g(k,) o rect (kz — k0> , g(w/c) = rect <w ;:k()) , (6.52)

K

so the center frequency of the spectrum in w domain becomes
wo = cky, (6.53)
and the bandwidth of the spectrum becomes ck.
(3) The pulse width in time domain is now o 1/(ck).
(4) Instead of using Az to describe the distance between adjacent pulses in space, we use At = Az/cto
describe the spacing in time.

To give some typical numbers, if the center spatial frequency is kg = 2w/ \g, where Ay = 1550 nm (typical
wavelength for optical fiber communications), then ckg =~ 27 x 200 THz (1 THz (Tera-Hertz) is 10'2 Hz). If
At = 1 ns, then the pulse repetition rate would be 1/At = 1 GHz.

6.5. Schrodinger picture

Advantages of the Heisenberg picture:
(1) The equations of motion are simple, at least for passive linear optics.
(2) They look exactly like those in classical optics.
Disadvantages:
(1) The precise physical meaning is rather obscure.
(2) Many other subjects in quantum physics, such as quantum information and open quantum system

theory, use the Schrodinger picture almost exclusively, so it’s hard to relate any Heisenberg-picture
result to those subjects.

To adopt the Schrodinger picture, we need to compute U (t) |1). This is often possible for passive linear optics
and special initial states, by leveraging the simple math from the Heisenberg picture.
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6.5.1. Coherent states. For an initial coherent state, we can take advantage of its definition in terms of the
displacement operator to write
U(t) ) = U(t)D(a) [vac) = U(t) D(e)UT (1)U (¢) |vac) (6.54)

A

D(a) is now expressed in terms of the ¢ operators, i.e.,

A

D(a) = exp Zajé; —Hec.|. (6.55)
J
(I could have written it as ﬁ(c : a) but I won’t, for brevity.) For passive linear optics, it can be shown that
U(t) |vac) = |vac) . (6.56)
Then we need to compute U (t)D(c)Ut(t). Using Eq. (B.76), we find that

Ut)D(a)U () = exp Zaj t)elot(t) — He.|. (6.57)

We also know
Ut)=Ut(-t), (6.58)

SO U(t)é; Ut(t) = ﬁT(—t)é;U(—t) is just the Heisenberg picture of é; with negative time. We can then take
advantage of the Heisenberg-picture result given by Eq. (6.25) to find

U)elvt(t) = Ut (—t)elo (- Z (6.59)

Notice that the matrix V() obeys VT (t) = exp(iFt) = V(—t), so

(=) = V(=0 = V()i = Vi(2). (6.60)
Hence
UWetuie) => Vi), 6.61)
l
U(t)D(e)U(t) = exp | Y a;Vij(t)e] — He.|. (6.62)

This is still a displacement operator, but now the complex amplitude in front of each ¢ Cz becomes

PRAGE (6.63)

Hence
Ut)D(a)UT(t) = D(V(t)a), (6.64)
Ut)|a) = [V()e). (6.65)

This is a neat result, because it says that, in the Schrodinger picture, a coherent state remains a coherent state,
and its amplitude c evolves as V' (t)a, just like the equation of motion given by Eq. (6.25) and just like classical
optics. This result is a lot more intuitive than the Heisenberg picture, although it is specific to a coherent state.

EXERCISE 6.7. Verify Eq. (6.56).

EXERCISE 6.8. Assume that {a;} are annihilation operators of normal sinusoidal modes with j = (k, s). Let
the amplitude of a coherent state in the (k, s) space at time t = 0 be

Qy X 5515k105ky0g(kz) exp(—ikzzl). (6.66)
In other words, the excited mode of the coherent state is initially an optical pulse centered at z = z;. Assume

that g(k.) = 0 for k. < 0. Find U(t) |c) and show that the excited mode of the coherent state at time ¢ is an
optical pulse centered at 2 = 21 + ct, as illustrated in Fig. 6.4.
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FIGURE 6.4. Schridinger picture of a coherent state when the excited mode is a pulse.

6.5.2. Sudarshan representation. Now we can exploit the simple result for a coherent state to study
the Schrodinger picture of an arbitrary density operator in terms of the Sudarshan representation in Sec. 5.4.
Suppose that the initial state is p, with a Sudarshan representation given by ®(a). Then the Schrédinger-picture
density operator with passive linear optics becomes

) = U000 = [ (@0 lo) (ol U0 o =| [ B(a) V(o) (ViDal e (667

If @ is nonnegative, we can again think of this state as a noisy coherent state, the amplitude o as a classical
random variable, and ®(cx) as the probability density of the random variable at initial time. But bear in mind
that Eq. (6.67) works for any ® in general, and we shall see that the Sudarshan representation is quite handy in
derivations involving passive linear optics.

EXERCISE 6.9. Show that Eq. (6.67) can also be expressed as

o) = [ e(vV1)8)18) (61 p. (6.68)
Hint: you can assume the fact
J
d*'8 = [[(dRe B))(dIm 8;) = d*/ cx (6.69)
j=1

if 3 = Vo and V is a unitary matrix.

6.5.3. Fock representation. For an arbitrary pure state, we can still make some progress if we use the
Fock representation. For a discrete set of modes, the Fock representation of any state is given by Eq. (5.82).
The Schrodinger picture of the state becomes

Ut)[)=>" > [Fock: j) (Fock : j|U(t)[v). (6.70)

The N-boson wavefunction can be expressed as

S 1 . JRN
(Fock : | U(t) |¢) = il (vac|¢j, ... ¢ U(t) ) . (6.71)
If we insert U (¢)UT(¢) in front of each ¢j,, we find
(Fock : 51 D(0) 1) = —— (vael U() 07 (02, 0 U102 0(0) .. D02 DW@)0). 672

(vac| ¢, (1) Cjy (1) iy (®)
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It can be shown that (vac| U/ (t) = (vac|. We can also exploit the Heisenberg-picture result given by Eq. (6.25)
once again to find that UT(t)¢;U (t) = ¢;(t) = 3, Vii(t)&, leading to

1
<FOCk -7‘ Z ‘/3111 ]NlN (t)i <VaC’ éll T éjl W) (6.73)
L VNI
= D" Vi () Viguy () (Fock : 145) (6.74)
l1,-0lN

(Fock : 1]y is the N-photon wavefunction at ¢ = 0 (unnormalized). We may think of Vj;, ... Vi, as a
Green’s function G(j,t|l,0), also called a propagator:

(Fock : §| U () ZG ,t|1,0) (Fock : I[¢) (6.75)

G(7,t]1,0) = lezl(t) o Vinin (0. (6.76)
In particular, when there is only one boson (N = 1),
G(],t‘l,O) = ‘Glll (t)v (677)

so we can call V' the one-particle propagator. For /N bosons in passive linear optics, the total propagator is
simply a product of one-particle propagators.
For example, suppose that the initial wavefunction is a product of one-particle functions:

(Fock : 1|1 o ¢(11) ... d(Iw). (6.78)

We may interpret this as a wavefunction of independent bosons, since the probability density o< |¢(1) . .. ¢(In)|?
is that of independent random variables. In particular, a coherent state gives such wavefunctions for all N (Ex-
ercise 5.7). Then

(Fock : 3| U (t) va . Z in (DN | - (6.79)

Each one-particle function ¢(l,,) simply evolves on its own, the wavefunction remains a product of one-particle
functions, and the bosons at any time remain independent from one another.

Passive linear optics in the Fock representation resembles a model of bosons that do not interact with one
another. But it is important that we do not confuse this particle picture with the oscillator picture, where the
oscillators are coupled by passive linear optics.

6.6. Example: lossless beam splitter

A beam splitter is a basic workhorse in passive linear optics (https://en.wikipedia.org/wiki/
Beam_splitter). Itis used typically with two input optical beams aligned carefully so that they meet at the
beam splitter and produce two output optical beams, as depicted in Fig. 6.5.

Suppose that we measure a pulse mode at time 7" in each of the two output beams. Let the Heisenberg-
picture annihilation operators be d3(7") and a4(T), respectively. The interaction between all the EM modes and
the matter modes in the beam splitter is in general quite complicated, and the two operators would depend on
all the other modes:

€L3(T) = V3 (T)dl (0) + V32(T>d2(0) + ..., (6.80)
a4(T) = Vi (T)&l (0) + V42(T)d2(0) +.... (6.81)

Instead of deriving the V' matrix from first principles, we cheat a little bit by peeking at classical optics and ask
how we can make our equations of motion consistent with it.

Let a3(T") and a4 (T) be the c-number amplitudes of those output pulse modes in classical optics. For a
beam splitter, they can be expressed in terms of the c-number amplitudes for two input pulse modes, denoted


https://en.wikipedia.org/wiki/Beam_splitter
https://en.wikipedia.org/wiki/Beam_splitter
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PN /2

FIGURE 6.5. An illustration of a beam splitter.
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as a1(0) and a2(0), like this:

where 7,7/ are the transmission coefficients of the beam splitter and 7,7’ are the reflection coefficients (all
complex numbers). This relation is called an input-output relation and the S matrix is called the scattering
matrix. There may be many modes in the problem, but at a certain time 7" and for the output pulse modes we
are looking at, the two output amplitudes a3 4(7") depend on only two input amplitudes o 2(0):

(1) a3(T) = 7a1(0) + ra2(0) means that the output is a superposition of two contributions: the first
input o (0) multiplied by a transmission coefficient 7, and the second input a2 (0) multiplied by a
reflection coefficient 7.

(2) a4(T) = r'a1(0)+7'a2(0) means that the output is a superposition of the first input a1 (0) multiplied
by a reflection coefficient ' and the second input c2(0) multiplied by a transmission coefficient 7.

For our quantum equations to be consistent with the classical ones, they should obey

(¥]a;(T) ) = a;(T). (6.83)
Egs. (6.80) and (6.81) can be made to give the classical Eq. (6.82) if we set
Vai(T) Vso(T)\ _ o _ (7 7

<V4l (T) ‘/42 (T) - S - T, 7_/ ) (684)
Vs;(T) = 0and Vi (T) =0 forj=3.4,..., (6.85)

so that a3(7") and a4(7") depend only on @;(0) and G2(0) and not the other @;(0)’s. We obtain

as(7T) a1(0)

N =5 . ) 6.86
<a4<T>> <a2<0> (050

the averages of which agree with the classical Eq. (6.82).

This method seems quick and dirty, so we should double-check that everything remains legal in the quantum
case. Remember that, in the quantum case, the big V' matrix must be unitary. Then Eq. (6.85) holds and we
have only two inputs and two outputs if and only if the scattering matrix S is unitary (see Exercise 6.10).
This is called the lossless assumption. To reassure ourselves, we can double-check that, given a unitary S, the
usual commutation relations

[a;(T), a(T)] =0, [ag(T),ag(T)} _ [@(T),&L(T)} —1, [ag(T),aL(T)] —0  (6.87)

all hold.
The lossless assumption is an approximation because any optical component in practice is a little lossy, and
S is not exactly unitary. The approximation may be acceptable, however, if the material of the beam splitter has
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very low loss (e.g., dielectrics, glasses, crystals) given the spectrum of the pulses, the bulk and the surfaces are
very uniform so that there’s little scattering into other modes, and your alignment of the optical beams is very
good, etc.

There are also stringent requirements on the electric fields of the pulse modes so that the two input modes
couple exactly into two output modes and not more. A detailed study of the requirements would require a
deeper dive into classical optics that we won’t attempt here; it suffices to say that the pulses should have
identical pulse shapes (e.g., identical center frequency wy = cky, identical spectrum g(w/c)), their spectrum
should fall on the transparent frequency band of the beam splitter where there is negligible loss and dispersion,
and the pulses arrive at beam splitter at the right time, at the right spots, and at the correct angles. The timing
issue is less of a problem if we have continuous-wave (CW) laser beams, which can be regarded as sequences
of pulses.

At the end of the day, the main reason we make the assumption is simplicity: the input-output relation
involves only two inputs and two outputs. We can worry about more complicated models later.

EXERCISE 6.10. Assume that V' is unitary.

(1) Prove that Eq. (6.85) holds if and only if the scattering matrix .S given by Eq. (6.84) is unitary.
(2) Prove that the scattering matrix S given by Eq. (6.84) is unitary if and only if

Vj1(T) = 0and Vjo(T') = 0 for j # 3 and j # 4. (6.88)
(These exercises imply that, assuming that V' is unitary, S'is unitary if and only if V' looks like this:
0 0
0 0
Va1 Via 0 ... O

V=|Va Vo 0 ... 0Of (6.89)
0 0
0 0

s0 a3(7") and a4(T") depend on a1 (0) and a2(0) only (V3;(T") = Vi;(T) = 0 for j # 1 and j # 2) and also no
other output modes depend on @ (0) and a2(0) (V;1(T') = Vjo(T') = 0 for j # 3 and j # 4.)

EXERCISE 6.11. Show that, given a unitary S, we have
las(T)]* + laa(T)|* = |a1 (0)* + [az(0) (6.90)
in the classical case and
al(T)as(T) + al(T)aa(T) = al(0)a1(0) + ab(0)az(0) (6.91)

in the quantum case. Eq. (6.91) means that the total photon number is conserved (i.e., a measurement of the
total output photon number at time ¢ is equivalent to a measurement of the total input photon number at time
0).

(This is why we call a unitary S the lossless assumption.)

EXERCISE 6.12. A beam splitter is called 50-50 if

o2 = It = 7 = 1 = 5, ©92)
since
as(T) = lau(T)? = 2o (0) (6.93)
if a2(0) is zero and
as(T)? = as(T) = Sl (0)]? (6.94

if a1 (0) is zero. Find the relations among Z7, Zr, Z7’, and Zr’ if the scattering matrix is unitary.
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EXERCISE 6.13. Prove that, if V' is unitary and S is given by Eq. (6.84) in terms of V31, V39, Vi1, Vya, then
Eq. (6.82) implies
|as(T)]? + laa(T)? < |1 (0)]* + [az(0) [, (6.95)

so the beam splitter is in general lossy in the context of classical optics.

EXERCISE 6.14. If the initial state for a lossless beam splitter is a coherent state for mode 1 and 2 and vacuum
for all the other modes in a tensor product like this:

[¥) = l1(0)) ® |a(0)) ® |vac) ® - - @ |vac) . (6.96)
What is the state at time 7" in the Schrédinger picture?



CHAPTER 7

Loss

7.1. Heisenberg picture

The standard way of modeling optical loss in a material is to assume passive linear optics, where some of
the modes are inaccessible to our experimenter. Those inaccessible modes can be matter modes, such as energy
excitations in electrons or vibrations of the crystal, or EM modes, such as scattered light in directions we can’t
collect. For simplicity, let’s consider loss in one optical mode, e.g., one pulse in an optical fiber. Let a;(0) be
the annihilation operator for a pulse mode at the input end of the fiber and a3(7") be the operator for a pulse
mode at the output end. If we peek at the classical equation

a3(T) = Ta1(0), (7.1
where 7 is the transmission coefficient with |7|? < 1, and just mindlessly write
(T = 711 (0), (1.2)
then
a(T), a}(T)] = v 2[ax (0), 4} (0)] = |72 < 1, 1.3)

and we would have committed a cardinal sin in quantum mechanics: violating the commutation relation for an
annihilation operator. Recall that [a3(7T), &;(T)] = 1 must hold for any ¢ in the Heisenberg picture a3(7") =
UtasU for any unitary U; if U is not unitary, all hell breaks loose in quantum mechanics (e.g., probability is
not conserved, Heisenberg uncertainty relations no longer hold.)

We are not so brave to break quantum mechanics in this book, so we correct our model. The minimal
model that works is the two-input-two-output relation given by Eq. (6.86), just like that for a beam splitter, with
a unitary S, as illustrated in Fig. 7.1. Now we have

(7.4)

as3(T) = 1a1(0) + raz(0),

including ay(0) for an inaccessible input mode. Since S is unitary, S.S t=1, meaning that
* Ix
f_ (T T T 7r (1 0
SS - (,,,,l 7_/) (7,,* 7_/*) - (0 1 . (75)

|12+ |r]* = 1. (7.6)

In particular,

Most importantly, this relation allows |7|? to go below 1, so we can use it to model loss. With [a;(0), &lT(O)] =

9,1 for the two input modes, we obtain

las(T), al (1)) = |7|> + |r* = 1, (7.7)
which restores the fundamental commutation relation.

SIDE NOTE. |7|? must remain below 1 in this model. If you want to model an amplifier by making |T|> > 1,
you’ll have to go beyond passive linear optics (another topic for another day).

Eq. (7.4) is the simplest example of a quantum dissipation-fluctuation relation: it says that, if there
is dissipation (i.e., loss, with |7|?> < 1), we need to include an additional input a2 (0), the mode of which is
inaccessible and acts like a noise source.

62
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FIGURE 7.1. A beam-splitter model for optical loss.

Our output now depends on the initial state of the two input modes 1 and 2. Remember that mode 1 is
something we can control, and mode 2 is inaccessible. A common assumption of the initial state is that mode
1 and 2 are initially independent, i.e., the density operator is given by

p=p1® pa, (7.8)
and ps is a thermal state. The output mean amplitude becomes
tr[az(T)p] = 7tr[ai(0)p1] + rtr[a2(0)p2] . (7.9

We obtain the classical Eq. (7.1) if tr[a2(0)p2] = 0, which is indeed the case for a thermal ps.
More interestingly, suppose we measure the quadrature

(7)== [6a(T) + a(7) .
= \}5 [7&1(0) + T*&I(O)] - \}ﬁ [rem(o) + r*ag(o)} . (7.11)

then it can be shown that the variance is

(AG(T)) = 7 (AC3(0)) + | (ACR(0)) 7.12)
O1(0) = \/illﬂ [Tal(O) n T*dJ{(O)} , (7.13)
Os(0) = \/§1|r\ [T’&Q(O) + r*ag(o)} . (7.14)

where O1(0) and O3(0) are quadrature operators of mode 1 and 2, (AO?(0)) is in terms of p1, and (AO3(0))
is in terms of p2. We see that, in the quantum case, an additional variance <AO%(O)> due to mode 2 must
contribute to the output variance—this is why I said earlier that mode 2 acts like a noise source and why we
call Eq. (7.4) a dissipation-fluctuation relation. For a thermal po with mean number (n9) in particular,

1

(AO3(0)) = (na) + 5 (7.15)

Even if py is vacuum ((n2) = 0), this term is still nonzero.
EXERCISE 7.1. Verify Eq. (7.12).

EXERCISE 7.2. An optical pulse passes through two lossy optical components. For the first component, the
input-output relation is

a3(T) = 11a1(0) + r1a2(0), I+ r? =1, (7.16)
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and for the second component, the input-output relation is
as(t +1') = ma3(T) + r2a6(0), |To|2 4 |mo)? =1, (7.17)
where mode 6 is another inaccessible mode. Show that the net input-output relation can be expressed as
as(t +t') = 7a1(0) + rb(0), (7.18)

where 7 and 7 also satisfy Eq. (7.6) and b(0) is the annihilation operator for a new mode in terms of a2(0) and
ag(0).

(The point of this exercise is to show that Egs. (7.4) and (7.6) can model cascaded losses, so they are quite
general.)

EXERCISE 7.3. Suppose that g1 = |«) (| is a coherent state and p9 is vacuum.

(1) Find (Ag3(T)).
(2) The signal-to-noise ratio (SNR) of the measurement is defined as

_ {gs(D))?
SNR = AET (7.19)
(q3(T)) = tr [G3(T) ] - (7.20)

Find the SNR and call it SNR|,).
(3) Suppose now that p; is a “squeezed” state with the same initial mean

(u1(0)) = tr[a1(0)p1] (7.21)
as that of the coherent state, but its initial variance of 4, is given by

(Au3(0)) = g (7.22)
where s < 1 is a squeezing parameter. Find the SNR when |7]* = 1. Find SNR/SNR|,, i.e., how
much the SNR is enhanced relative to a coherent state when there is no loss. Find SNR/SNR|,,, for a
given |7|? and s.

(4) Assume a fixed s. If |7|? is reduced, does SNR/SNR |,y increase or decrease? What is SNR/SNR |4
as |7]? — 0?

(5) If s = 0.1, plot SNR/SNR| as a function of 0 < |7|> < 1. Find the minimum |7|? so that
SNR/ SNR|a> > 2, 1.e., find the minimum transmission so that there remains a 3dB enhancement.

(This exercise shows how loss affects the SNR in a simple sensing problem.)

7.2. Schrodinger picture

The way we model loss by passive linear optics is an example of a more general strategy of modeling an
open quantum system that interacts with an environment: Assume unitary evolution that couples the system
with some inaccessible degrees of freedom. The inaccessible part is also called a bath or a reservoir sometimes
(I’ call it a bath in the following because it is easier to type). The Schrodinger picture is more popular in open
quantum system theory, and it boils down to the computation of the density operator of the system:

A A

p(t) = trp {0 [(0) © pp()] U'(1)} (7.23)

where p(t) is the density operator of the system, /g is the initial density operator of the bath, trp is the partial
trace over the bath Hilbert space, and the unitary U (t) models any dynamics that may couple the system and
the bath. Decoherence of a system, in particular, is modeled this way.

In the context of optical loss, the system would be some EM modes we care about, while the bath would
be some bosonic modes that we can’t access. U (t) models the passive linear optics that couple all the modes.
Eq. (7.23) is not simple to solve for an arbitrary initial state, but once again, if the initial state is a coherent
state, a thermal state, or a classical state with nonnegative Sudarshan ®, then the problem is a bit easier.
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Let’s consider just one system mode and one bath mode for simplicity (mode 1 and 2 for both input and
output, no extra modes like mode 3 and 4 earlier). Let the bath state be the vacuum state p(0) = |0) (0| and
the system state be a coherent state 5(0) = |«) («|. Then the initial state

p(0) @ pp(0) = |a) (o] ©0) (O] = (Ja) @ 10)) ({a] ® (0]) (7.24)
is also a coherent state for the two modes with amplitude
8= (g‘) (7.25)
With passive linear optics for the two modes, Eq. (6.65) gives
0(1) [50) © p(0)] 0 (1) = V) (V). ve=v(s)=(1aa). 0

which is still a coherent state. Recall from Sec. 5.1.2 that a multimode coherent state is a tensor product of
coherent states for any set of modes, so after the partial trace, we still have a coherent state for the system,
albeit with an attenuated amplitude:

tr {0(1) [5(0) @ pu(0)] U7 (1)} = [Vira) (Viral]. (7.27)

All the steps are simple thanks to the magical properties of the coherent state under tensor product, passive
linear optics, and partial trace. For any pg(0) with a Sudarshan representation ®(«), we obtain

// ) |a) (o] da, (7.28)
// trB U(t) (|a) (ol @10) () U (¢ )} o= // ) IViia) (Vire| da, (7.29)

which is similar to Eq. (6.67), except that we’ve traced out the bath degree of freedom here. Generalization
for an arbitrary number of modes is straightforward. The essential idea is that a coherent state would simply
become a coherent state with an attenuated amplitude after the passive linear optics and partial trace, and then
we take an average of the attenuated coherent state using ®(«).

Since ®(«) exists for any density operator, at least in principle, Eq. (7.29) is valid for any initial system
state p(0).

EXERCISE 7.4. Suppose that there are .J optical modes in the system and K bosonic modes in the bath. Let
the initial system state be

p(0) = /@(a) la) (o] d* (7.30)

for a certain Sudarshan representation ®, and let the initial bath state be the vacuum. Under passive linear
optics, suppose that the V' matrix can be partitioned as

v (A4A)  (AB)
V= (V(BA) V<BB>>’ (7.31)

where V(44 is a J x J submatrix, VA5) is a J x K submatrix, VB4 is a K x J submatrix, and V(BB) is
a K x K submatrix. Show that

pt) = / B(a) ‘V(AA)a> <V(AA)a‘d2‘]a. (7.32)

(This result is just a minor variation of Eq. (6.67), after we throw away the bath.)

EXERCISE 7.5. Let the initial bath state be
50) = [ (9)18) (8B, (733)
Find p(¢) in terms of V, ®, and ®’. Answer:

p(t) = / o(a)®(8) ‘V(A"Da n V(AB)ﬂ> <V<AA>a +VABgl g2 0d?k 3. (7.34)
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EXERCISE 7.6. Suppose that there are just one system mode and one bath mode, and the initial states are given
by

p(0) = |n) (n], p5(0) = [0) (0], (1.35)
so the initial system state is a number state. Find p(t) in the Schrodinger picture, given the optical loss model
in this section.



CHAPTER 8

Measurements

8.1. Simple and generalized measurements

The simplest kind of quantum measurement can be modeled by assuming an orthonormal basis of the
Hilbert space {|e,,) : n = 1,2, ...}, such that the probability of an outcome n € {1,2,...} is given by

Po = (en| plen) - (8.1)

The jargons “von Neumann measurements” and “projective measurements” in the literature are all essentially
this simple kind. We’ve already encountered some examples in quantum optics, such as photon counting. If
the outcome is a continuous variable, we use Dirac’s trick to write down a probability density, as reviewed in
Appendix D.

The most general model of quantum measurement assumes that we can enlist an ancilla system for help
(ancilla is a fancy word for an aid). The density operator of the system + the ancilla would be p ® pp, and then
we model the measurement on the system + the ancilla using an orthonormal basis {|f,,) } on the larger Hilbert
space:

P, = <fn‘ﬁ®ﬁ3|fn> (8.2)

All quantum measurements can be modeled this way.

The variety of quantum measurements allowed by these rules is huge in theory, but in practice we can only
perform some of them in optics. This chapter discusses some basic types of measurements in quantum optics
and how they can be implemented experimentally.

The discussion will be simple and idealistic, even though real devices will have all sorts of technical imper-
fections. To model those technical imperfections mathematically, we would have to use a lot more probability
theory, so we won’t go there.

8.2. Photon counting

We use the usual number basis to model ideal photon counting. For one mode, the outcome would have a
probability distribution given by

P, = {(n|pn). (8.3)
For J modes, the probability distribution is now a function of J photon numbers:

Pnl’m,m:<n1,...,nJ],6|n1,...,nJ>. (84)

These are ideal assumptions. In current technology, even the best photodetectors, e.g., avalanche photodiodes
and transition-edge detectors, have a lot of technical problems, such as

(1) Poor photon-number resolution: they can’t tell exactly the number of photons, e.g., they can only tell
if it’s zero or nonzero, or they can give only a rough range of the photon numbers, not the precise
number.

(2) Inefficiency: only a fraction of the photons can be detected.

(3) Dark counts: Even when there is no photon, there are false-positive counts.

(4) Thermal noise: the electronics in the detector may add thermal noise to the signal. Similar to dark
counts. This is why a lot of photodetectors need to be cooled for optimal performance.

(5) Dead time: After a detection event, certain detectors would take some time to reset before it can detect
photons again.

Because of these problems, one needs to make a lot of measurements and do a lot of calibration and data
processing in quantum optics experiments, or buy very expensive detectors that have better specs. If the detector
is bad, experimental results can still be consistent with quantum calculations for the expected values, such as

67
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tr(fp), since one can take many measurements and compute the sample average to reduce the noise, but we
shouldn’t expect the variance of the experimental outcome or the probability distribution to agree well with
Born’s rule, unless the experiment is amazingly good.

Technical problems notwithstanding, all photodetectors at optical frequencies (infrared, visible, etc.) per-
form some version of photon counting, i.e., they measure the optical energy or power. Since energy and power
are the square of the EM fields, they are also called square-law detectors.

SIDE NOTE. Sometimes people reserve the name “photon counting” for detectors that can have very good
photon-number resolution, but let’s not be pedantic here.

8.3. Homodyne detection

Since we only have square-law detectors in optics, we’d need a more complicated setup if we want to
measure other observables, e.g., the quadratures. A standard approach to measure a quadrature is homodyne
detection: Combine an optical beam with another much stronger beam called the local oscillator, typically a
laser beam, using a beam splitter, and then measure the photon numbers of the two output ports, as depicted in
Fig. 8.1.

SIDE NOTE. “Homo” in the word homodyne means “same” and refers to the fact that, in the limit of infin-
itely long pulses (called continuous wave or CW in optics), the local oscillator and the signal have the same
frequency wg = ckg. For the pulses considered here, their electric fields need to match very well for the two-
input-two-output relation to hold, as discussed earlier, not just the center frequency. “Dyne” means “power”
in Greek; presumably it refers to the local oscillator.

photon
i (1) P counting

A\
R R /7
a1 (0) as(T)
signal photon
counting

local oscillator
&2 (U) ~ Q9

FIGURE 8.1. Homodyne detection using a 50-50 beam splitter, a local oscillator, and photon
counting in the two output modes.

For simplicity, we follow Sec. 6.6 and assume for now that there is just one optical pulse we’d like to
measure, called the signal. Let input 1 be the signal pulse and input 2 be the strong local oscillator. We also
assume that the beam splitter is lossless and 50-50, i.e.,

1
\7]2 = ]r\2 = \T/\Q = \7”\2 =3 (8.5)
Since the scattering matrix is unitary, S.S t = 819 = I, we also have
™ +r*r’ =0, ™ r+ 7" =0. (8.6)

In the Heisenberg picture, the output photon numbers for the output pulse modes become (omitting the depen-
dence of the operators on time for brevity)
&gdg = (T*CAL]; + r*dg) (tay + rag) = \T|2a1&1 + Traas + Triaja, + \r|2d£&2, (8.7)

alas = (T’*a} + w*a;) (Fay +1'ag) = |7/ Palay + 7 r'alas + 7" aal + )%k, (8.8)
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For a 50-50 beam splitter, these can be rewritten as

1 . .
s = 5 (alar +e®alay + e Paal + afa, ), (8.9)
1 . .
afia = 5 (alar - ealas — e Paraf + afas ), (8.10)
where
0= £(r) 8.11)

is the phase of the complex number 7*r. Now let’s focus on the observable

O = alas — atay = e’alag + e ayal, (8.12)
which can be measured by measuring the two output photon numbers and then subtract one from the other.
When the local oscillator is much stronger than the signal, we can model it as classical. In quantum mechanics,
we model a classical degree of freedom by replacing its operators by their means as classical numbers. Here
we replace ag by the complex amplitude ap of the local-oscillator pulse. Then

O ~ e abay + e asal. (8.13)

This is now a quadrature operator (see Exercise 4.25), i.e., a Hermitian linear combination of a; and &1{. We
can write

O = || (e—w—il%l n H.c.) , (8.14)

which shows that, by changing the phase Z«» of the local-oscillator amplitude aio, one can measure a different
quadrature. For example, if we set

Lag = —0, (8.15)
then
O = |as| (a1 + a{) : (8.16)
which is proportional to the position operator §; = (a1 + &J{) /V/2. If we set
P g (8.17)
then
O:'O;?’ (al—a{), (8.18)

which is proportional to the momentum operator p; = (a; — &D /(v/2i). With a measurement of O, we can just
divide the outcome by some constant and it’d be equivalent to the usual measurement of a quadrature studied
in Exercise 4.25.

It is remarkable that homodyne detection with photodiodes in practice can be quite close to ideal (> 99%
efficiency, meaning that 99% of the noise variance comes from quantum) [9], unlike photon counting. It has
something to do with the fact that photodiodes work much better at high optical energy, and photon-number
resolution is not really required with homodyne.

SIDE NOTE. We have taken the classical approximation of the local oscillator as given and replaced a2 with
ao without justification, but its validity can be studied more carefully by assuming that the local oscillator is in
a coherent state |ap), and then take the limit of |oa| — oo [10, 11]. The probability distribution of the exact O
given by Eq. (8.12) can be shown to approach that of the approximate O given by Eq. (8.13). Exercise 8.2 asks
you to check this approximation for the mean and the variance.

EXERCISE 8.1. Suppose that the position operator §; = (a1 + &I) /+/2 has the diagonal form

G — / rlg =) (g = 2 de, (8.19)

—0o0
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where 1 |¢1 = ) = z|q = ) and (¢ = x|q = 2') = §(z — 2'). Let the diagonal form of the O given by
Eq. (8.16) be

O:/ MO = A) (O = Al d), (8.20)

where O[O = X) = A|O = A) and (O = A|O = X) = §(A — N).
(1) Find |O = A) in terms of |q = ).
(2) Find the probability density of O if the state is
(a) a number state |n),
(b) a coherent state |«).

EXERCISE 8.2. Let the exact O given by Eq. (8.12) be O and the approximation given by Eq. (8.13) be O’ Let
the second input mode be a coherent state |2), so that the total state for the two input modes is [¢) ® |a2).

(1) Show that the means (O) and (O’) are equal.
(2) Show that the variances are related by

(A0%) = (AO%) + (| afar [¥). (821)

(3) If the first input is a coherent state |¢)) = |«), show that the difference between the two variances in
part (2) is negligible if

o2 > |af? (8.22)

8.4. Dual-homodyne detection

What if we want to measure both quadratures of the same pulse mode? One way is to use a beam splitter to
split the signal beam into two, and then measure the two quadratures of the two outputs using two homodyne
setups discussed in Sec. 8.3, as illustrated in Fig. 8.2.

homodyne:

. measure py
a4 (T) >

N
R 7
as (T)

homodyne:

4

a1(0)
signal

measure g3

az(0) 1 0)
FIGURE 8.2. Dual-homodyne detection.

To compute the probability density of this dual-homodyne setup, we again have to bear in mind that there
are always two inputs and two outputs for a beam splitter in the quantum case. Assume that the second input is
in a vacuum state |0). Let’s study what happens when the signal is in a coherent state |«) first, and then use the
Sudarshan trick to generalize the result.

With mode 1 in a coherent state |«) and mode 2 in vacuum |0), the multimode state |cr); ® |0), is also a
coherent state. For simplicity, we’ll assume that the beam splitter has the scattering matrix

1
S = NG G _11) (8.23)

so it’s lossless and 50-50. At the output, the state in the Schrédinger picture is also a coherent state, but now
the amplitudes for mode 3 and 4 become o/ V2 and o / V2, respectively, i.e., the output state for mode 3 and 4
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can be expressed as

. (8.24)
4

o1v3) o3

Then we perform measurements of §s = (as + &g) /V2and py = (G4 — djl) /(v/2i) via two homodyne detectors.
The probability density becomes

Flyl) = |(tas = 21 @ =) ([o/v2) @ [a/va) )| (8.25)

L o T (r — Rea)? — (1 — Im a)?
—ﬂ_exp[ (z —Rea)” — (y —Ima)?], (8.26)

where I've used Egs. (4.7) and (4.8) back in Chapter 4 and I've inserted the symbol « into f(z, y|«) to empha-
size that the probability density is conditioned on the amplitude « of the coherent state.

There is actually a more elegant expression of this probability density. Recall that two coherent states |c)
and (3| have the inner product

[(Bla)|? = exp (-8 - oz|2) =exp [-(Re — Re @)? — (Im g — Ima)Q] . (8.27)

This looks like Eq. (8.26) if we take
29

Then Eq. (8.26) can be rewritten in terms of the complex 3 as

1
U

f(a,yla) = F(Re B, Bla) = —| (Bla) [ = — (5la) {al5) (829)

In other words, instead of taking the two real numbers (z,y) as the outcomes of the dual-homodyne setup, we
can equally well assume that the outcome is one complex number 5 = x + iy, and the probability density
has a simple expression given by Eq. (8.29). It says that we can simply sandwich the density operator |a) (|
between the coherent-state bra (/3| and ket |3) and then divide the result by 7.

Now if the initial state p of mode 2 is arbitrary, the probability density for dual-homodyne looks like

f(x,y) = (g3 = x,ps = y| U (p @ |vac) (vac|) U' g3 = z,ps = v) (8.30)

where |vac) denotes that all the other modes are in vacuum state, U models the dynamics due to the beam
splitter, and |g3 = =, p4 = y) models the homodyne measurements at the two outputs. The expression looks
scary, but if we write /) in terms of the Sudarshan representation p = [ ®(«) |a) (| d*cv, then we obtain

fla,y) = /CD(Oz) (g5 = z,ps = y| U (|} (& @ |vac) (vac|) UT |g3 = z, ps = y) d°v. (8.31)
f(z,yla)

Lo and behold, the underbraced expression is simply the probability density f(x, y|a) for dual-homodyne given
an initial coherent state |«v) («|. Hence

faw) = [ @) f@yla)ia (8.32)
= % / ®(a) (Bla) (o] ) d*a (using Eq. (8.29)) (8.33)
=261 [ @)l tal ol 19 =| L 315160, (539

This is the general expression for the probability density for the dual-homodyne detection—simply sandwich p
between the coherent-state bra (/3| and ket |3), and then divide by 7. The outcome is a complex number J3; one
homodyne detector gives its real part, and the other homodyne detector gives its imaginary part.

Dual-homodyne detection is an example of generalized measurements. The ancilla in this case is the second
input mode shown in Fig. 8.2. With this generalized measurement, we are able to measure both quadratures of
an optical mode, which would not be possible with one simple homodyne measurement.

There is a price to pay with this generalized measurement, however. Imagine a communication scenario:
the sender prepares a pulse in a coherent state |«) with one complex parameter . The receiver measures it by
homodyne or dual-homodyne, and the receiver’s goal is to estimate the unknown complex parameter « given



8.5. A LONG PULSE IS A SUPERPOSITION OF SHORT PULSES 72

its measurement outcomes. First, let’s assume that the receiver uses simple homodyne to measure §. Recall
from Chapter 4 that a simple quadrature measurement has the statistics
1
(¢) = V2Reaq, <Aq2> =5 (8.35)

This homodyne detection is sensitive to Re a only, not Im ¢, as the probability density doesn’t depend on Im o
at all. The signal-to-noise ratio would be

A <Q>2 2
SNR(§) = =4(Rea)”. (8.36)
(@) = 7oy = 4(Rea)
With homodyne, the receiver could also have chosen to measure another quadrature, say, p, giving
SNR(p) = -  _ 4(Ima)? (8.37)
(Ap?) ’

but the homodyne detector must pick one quadrature to measure, never both in one measurement.
Dual homodyne, on the other hand, is sensitive to both Re az and Im «, since Eq. (8.26) implies that

1
(g3) = Rea, (pg) = Ima, <Aq§> = <Ap?1> =5 (8.38)

The variances remain the same, because the outputs 3 and 4 are still in a coherent state, but the means are
reduced by a factor of v/2, because of the beam splitter. The SNR’s become

SNR(g3) = (a5 = 2(Rea)?, SNR(py) = (ps)’ = 2(Im)?, (8.39)

(Ag5) (Api)
each of which is a factor of 2 lower than that of a simple homodyne measurement. This reduction in the
SNR’s is the penalty we have to pay for measuring both quadratures in one generalized measurement.

EXERCISE 8.3. Prove that [ 1 (3] p|B) d?3 = 1, i.e., the probability density is normalized.

EXERCISE 8.4. Compute the probability density of the outcome from dual-homodyne detection if

(1) pis acoherent state |«).
(2) pis a number state |n) (n|.

EXERCISE 8.5. If we care about the means and the variances only, it is easier to look at the Heisenberg picture:
. . . L. . . . " Lo
Gs =T +1g = 7 (414 G2) , pa=7'P1+7"Pa= 7 (P1 — D2) - (8.40)
Use these equations to verify Eqgs. (8.38) for an initial coherent state |v); ® |0), for mode 1 and 2.

8.5. A long pulse is a superposition of short pulses

Dual-homodyne is a complicated setup, requiring two homodyne detectors and one more beam splitter.
There is a simpler setup to achieve the same measurement called heterodyne detection, but its principle is a bit
more complicated to explain. It involves one long signal pulse and a sequence of quick measurements of the
long pulse, and we’ll have to go beyond the simple scenario of only two input pulses and two output pulses.

Forget about any beam splitter for now and just think about pulses in free space. Think of a long pulse,
the envelope of which is plotted in the top-left figure of Fig. 8.3. Let f be the annihilation operator for this
long-pulse mode. So far we’ve been studying one measurement of one mode, but what if we have a fast detector
that can do multiple measurements for the duration of this one long pulse?

The way forward is to think of the long pulse as a superposition of M short pulses, and then we can
assume that the fast detector measures the short pulses one-by-one.

First define a set of M short-pulse modes with annihilation operators {Z;l} in the way described in Sec. 3.5.2.
We assume the usual commutation relations

(b, bym] = 0, (b, b5 ] = 61 (8.41)
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FIGURE 8.3. Top-left: electric-field envelope of a long pulse. Think of the long pulse as a
superposition of short pulses at different locations (bottom-left). Right column: variation of
the same idea, except that the short pulses are sinc functions. Note that these are envelopes of
the pulses; the electric fields of optical pulses are obtained by multiplying the envelopes by the
rapid oscillations exp(ikoz) (not shown in these plots), or exp(—ickot) = exp(—iwpt) if we
adopt the time-domain formalism in Sec. 6.4.

Each mode is assumed to have a (k, s)-space amplitude given by W;;. Suppose that the electric field of each
short pulse (recall Eq. (3.91)) looks like

vi(r) = ijl-/QWﬂuj(r) x rect (2;
J

zZ

l) exp(ikoz). (8.42)
z
This rectangle function for various centers z; is plotted in the bottom-left figure of Fig. 8.3, without the
exp(ikoz) factor. (We don’t have to use the rect function; it’s just clearer to assume something specific here;
a variaton of the same idea is shown on the right column.) In classical optics, if we excite these short-pulse
modes with the same amplitude, say, «/+/ M, then we expect to see a long pulse with electric field

; \/%vl(r) x \/0]4\7 exp(ikoz) Zrect <Z;Zzl> . (8.43)

l

The envelope ﬁ > rect [(z — 2;) /Az] is plotted in the top-left figure of Fig. 8.3, confirming that it indeed

looks like a long pulse. In quantum optics, we can construct a coherent state with these properties by assuming
the displacement operator

A o A
D =exp (Z ——b - H.c.> , (8.44)
~ VM

which excites each short-pulse mode by the same amplitude «/v/ M. We expect D |vac) to be the coherent
state with a long-pulse mode as its excited mode. To confirm this intuition, we stare at Eq. (8.44) and ask what
the excited-mode annihilation operator is. After staring for a while, you should see that it can be rewritten as

(8.45)

ﬁ:exp<afT—H.C.>, fz

1 ~
mzl:bl.
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We can check that f obeys the standard commutation relation | f , fT] = 1, so it is a bona-fide annihilation
operator for the excited mode of the coherent state D |vac). Eq. (8.45) also shows that the amplitude of the
excited mode is c.

We now work backwards to double-check the electric field of the mode defined by f . Write f in terms of
the original {a;} for the sinusoidal modes as

1 :
sz WZZ jiay = Z(m; ﬁ)aj- (8.46)

J

= W;‘

This expression shows that the (k, s)-space amplitude of the excited mode is

~ 1
i= NaTi ; Wii. (8.47)

Recall from Eq. (3.91) that the electric field given a (k, s)-space amplitude Wj for a mode is proportional to
YW 1/ W, “u;(r). For our W;, the electric field becomes

1/2.5 2 1 L2y
3 W) e (7 3 ) = S 3 ) = i B
J I J J J g%
J J M l
(8.48)
This is a sum of the electric fields v;(7) of the short-pulse modes given by Eq. (8.42). It is given by

1 . z— 2z
T ;vl(r) o exp(ikoz) Zrec‘c ( s ) , (8.49)

l

which is indeed the long pulse we want.
To summarize, a coherent state with a long-pulse mode as its excited mode and « as its amplitude can be
rewritten as

D |vac) = exp (afT — H.C.> |vac) = exp( TbT ) |vac) , (8.50)
!

where

1 f is the annihilation operator of the long-pulse mode.

(2) « is the amplitude of the long-pulse mode.

3) { Bl} are the annihilation operators of the short-pulse modes.
(4) The amplitudes of the short-pulse modes are given by

a/vVM
: (8.51)
a/vVM

The derivation is a bit long-winded but hopefully this end result makes sense to you. In classical optics, it
is obvious that a long pulse is a superposition of short pulses. In quantum optics, we need to be a bit more

specific about the mode operators and the state. It’s easier if we can assume a coherent state and work with the
displacement operator.

EXERCISE 8.6. Suppose that we transform the M short-pulse modes to M new modes, and the long-pulse
mode is one of the latter, i.e., let

A A 1
fn =" Coibr, Cii=Cip==Cu=—F1= (8.52)

where fl is the f defined earlier and C' is a unitary matrix. Use the formalism in Sec. 5.1.2 to rederive Eq. (8.50).
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8.6. Heterodyne detection

Now that we know how to rewrite a long-pulse coherent state as a coherent state with M short pulses, it
becomes clear how we can measure both quadratures of a: perform a sequence of homodyne measurements of
the short-pulse modes, with varying local-oscillator phases to measure different quadratures of the different
short pulses in the signal. This is precisely what heterodyne detection does; see Fig. 8.4 for the experimental
setup.

photon
/A counting

WV

signal

N
4

photon

counting
local oscillator

FIGURE 8.4. Setup of heterodyne detection. It’s the same as homodyne, except that the local
oscillator has a slightly different center frequency wqg + 2. (The difference in the frequencies
is greatly exaggerated in the figure.)

We will adopt the time-domain convention for pulses in Sec. 6.4 from now on. In heterodyne detection, the
local oscillator is also a long optical pulse, but now its phase varies across the multiple short-pulse modes. Let

tm=mAt, m=0,...,M —1, (8.53)
be the center positions of the M short pulses in the local oscillator. Suppose that the electric field of the local
oscillator looks like

. . t—t
—iwot —iQtm t m 8.54
ape ; e rec < AL ) , ( )

where o is a complex constant, so that the phases of the short-pulse modes vary as Zag — 2t,,,. The amplitudes
of the short pulse modes for the local oscillator are then given by

ag(ty) o< agexp(—iQt,,). (8.55)

This time-varying phase is typically imposed by shifting the center frequency of the local oscillator slightly
from wy to wy + €2, so that the electric field would look like

. , t—t : . t—t
o~ iwot—iQdt Z rect < Atm> ~ o iwot Z e~ m Loct < Atm) . (8.56)
m m

Q is usually a radio frequency (MHz to GHz) in practice.

SIDE NOTE. “Hetero” in the word heterodyne means “different” and refers to the center frequency wg + €2 of
the local oscillator being different from wq of the signal.

The short-pulse modes of the local oscillator interfere with the short-pulse modes of the signal one by one
at the beam splitter. The input-output relation should now be expressed as

a3(T +tm)\ _ (UT(tm)as(D)U(tm)\ _ o(UT(tm)a1(0)U (tm)\ _ o @1(tm) B
<&4(T+tm)) N <UT<tm)d4(T)U<tm)> S<UT(tm)&z(0>U(tm>> B S<&z(tm))’ m=0hz

(8.57)

The meaning of this equation is that the input-output relation remains the same for sequences of pulses; a1 (t,)
and asg(t,,) should now be regarded as the annihilation operators for short-pulse modes in the input arms in
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the sense of Sec. 6.4. We measure the photon numbers d; (T + tym)as(T + ty,) and dZ(T + tm)aa(T + t,,) at
each ¢,, and subtract one from the other to obtain a quadrature operator in terms of a; (¢,,). For a signal in the
coherent state, we know the probability density of each outcome x,,, from Sec. 8.3. With the outcome suitably
scaled, the probability density is the same as that for a quadrature measurement given by Eq. (4.7). Let the
observable being measured be Eq. (8.14) divided by some constant C, so that it can be expressed as

Ot) = % [A5(T + tm)as (T + ) — A5(T + t)aa (T + )| (8.58)
— \2 [e‘id’m&l(tm) + H.c.} , ‘qu =0+ Lag — U, \ (8.59)

coinciding with the usual definition of a quadrature operator in this book. The phase ¢;, depends on the local-
oscillator phase Zagy — Qt,, and also the 6 defined by Eq. (8.11), which comes from the optics. Since each
short-pulse mode of the signal has amplitude o/v/ M, as we derived in Sec. 8.5, the mean of O(¢,,) is given by

(O(tm)) = \2 <e—i¢>m\/oj‘\7 + C.c.) - \/E Re <ae—i¢m) . (8.60)

The M outcomes are independent random variables, since the coherent state is a tensor product of coherent
states in terms of the short-pulse modes and we are measuring those modes independently one by one. The
probability density for all the outcomes is hence

2
1 2 .
flxy,..,xp|a) = Wexp —Z [xm— “MRE (ae—wm)] . (8.61)

The outcomes form a noisy time series:

(1) their averages o< Re (ae_i¢m) oscillate at the frequency 2 with respect to discrete time ¢,, because

Gm = Qo — QU
(2) there’s also noise because each outcome is an independent Gaussian random variable with variance
1/2.
Let’s come back to the communication scenario discussed in Sec. 8.4. We have M real numbers (z1, ..., zas)

coming out of the measurements, but there are, after all, only two real parameters Re o and Im « that we want to
estimate. Is there any way of simplifying the outcomes? A bit of statistics is necessary to derive the best proce-
dure, but I'll skip the derivation and just tell you the end result: Given the measurement outcomes (1, ..., Zy),
we should compute

2 2 .
Y1 = \/; ; Tym COS Py, Yo = \/; %: Ty SIN Py - (8.62)

This procedure is called demodulation. With some benign assumptions (see Exercise 8.7), it can be shown that
the probability density of (y1,y2) is

1
I (y1, y2|a) = — exp [—(yl —Rea)? — (y — Im a)Q]. (8.63)

This is exactly the same as Eq. (8.26) from dual-homodyne! At the end of the day, heterodyne together with
demodulation gives exactly the same probability density as that from dual-homodyne for a coherent state, and
by the Sudarshan trick, the probability densities from the two methods are also the same and given by Eq. (8.34)
for an arbitrary signal state.

The theory of heterodyne detection is complicated, but the experimental setup is significantly simpler than
dual-homodyne—it’s the same as one homodyne, except that the local oscillator has a slightly different center
frequency. Shifting the laser frequency is easy with an optical modulator (acousto-optic or electro-optic).
In quantum optics, it’s extremely important to minimize loss in your setup (because of quantum dissipation-
fluctuation relations), so it’s always good to use fewer optical components. Demodulation is trivial with an
oscilloscope or a computer.

Another practical advantage of heterodyne is that the outcomes form a time series oscillating at the fre-
quency {2, typically a radio frequency. The time series is carried as an electric signal in the detector and the
electronics before it is recorded permanently in data storage, so additional electronic noise may still be added



8.6. HETERODYNE DETECTION 77

to it before it’s recorded. Electronic noise often falls off like 1/ f in the frequency domain, so a high-frequency
electric signal will suffer less from the 1/ f noise.

One small shortcoming of heterodyne is that, for a signal pulse mode of the same duration, it requires a
faster detector to perform the sequence of quick measurements to capture information about both quadratures.
A minimum of M = 2 is necessary, so the detector is required to be at least twice as fast as the detectors for
dual-homodyne.

EXERCISE 8.7. An alternative way of writing Eq. (8.61) is to assume that each outcome is a random variable

given by
_ _ 2 .
X0 = Xou + Zom, X = /= Re (ae_zd’m) : (8.64)

where {Z,,,} are independent zero-mean Gaussian random variables, each with variance 1/2.
(1) Show that

Xm =1/ % [(Re @) cos ¢, + (Im ) sin ¢y, | - (8.65)
(2) Assume
L

where L is a nonzero integer and |L| < M. (This assumption simplifies the math a bit. It means that,
over the duration M At of the long pulse, the phase of the local oscillator covers the range from ¢
to ¢po — Qtpr = ¢o — wL (Fig. 8.5), while |L| < M ensures that |QQAt| = 7| L|/M # m, so that the
local-oscillator phase doesn’t vary in increments of 7 and the measurements don’t end up measuring
one quadrature only.)

x x ovYo X
X X (o) O %
_17 * x | X o XO
x 0.5¢
-2 * 1 x o x o
$-3¢ * ] 00 x ) x
-4 x x o x o x
51 ] 051 x 0 x | XCOS G|
X o o x x OSin¢m
-6 : : ‘ " -1 060 Xy X ‘
0 5 10 15 20 0 5 10 15 20
tm/At tm/At

FIGURE 8.5. Left: a plot of the local-oscillator phase ¢,,, versus t,, (normalized by the dura-
tion of the short pulse At), assuming ¢g = 0, L = 2, M = 20. The phase goes from 0 to —27
in this example. Right: a plot of cos ¢y, and sin ¢,,, versus t,,.

Show that
M-1 M-1 M

i cos? Gy, = M sin? ¢y, = %, : (sin ¢y, ) (cos ¢p,) = 0. (8.67)
m=0

—

2 )

9 M-—1 9 M-—1
,/Mmzoxmcosqu YQE,/MmZOXmsmqu (8.68)

are Gaussian random variables, with statistics

(3) Show that

Y

E(Y1) = Rea, E(Yz) = Ima, V(Y1) =V(Y¥z) = %7 COV(Y1,Ys) =0, (8.69)

so that their probability density is given by Eq. (8.63).
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(4) Prove that the outcomes Y7, Y5 from the demodulation are sufficient statistics about Re o and Im «
(https://en.wikipedia.org/wiki/Sufficient_statistic). (This means that we
haven’t lost any information about « through the demodulation.)

SIDE NOTE. A lot of the concepts we use to study heterodyne detection, such as demodulation, noisy time
series, and sufficient statistics, come from electrical engineering and statistics. There is a long history of
electrical engineers and statisticians studying quantum optics, and they have brought those techniques to the

field.

EXERCISE 8.8. We mentioned earlier that dual-homodyne is a generalized measurement and an ancilla is
involved. What is the ancilla in heterodyne detection?


https://en.wikipedia.org/wiki/Sufficient_statistic

CHAPTER 9

Michelson and Mach-Zehnder Interferometers

9.1. Introduction

The detection of gravitational waves by optical interferometers at LIGO (Laser Interferometer Gravitational-
Wave Observatory, https://www.youtube.com/watch?v=z7pKXVkcDzs, https://www.ligo
.caltech.edu/page/ligo-gw-interferometer) is the most useful application of quantum optics,
and arguably the only useful application of quantum optics so far. LIGO scientists have been able to remove
so many other noise sources, such as seismic noise and thermal vibrations of the mirrors, that the quantum shot
noise has emerged as a significant problem. A quantum treatment becomes necessary to study it and deal with
it.

The type of interferometer they use is called a Michelson interferometer. Here we will study a simple
version of it. Its physics turns out to be the same as another type called the Mach-Zehnder interferometer so
we will study them together.

laser in i1 (0) as(t1)
bright port &
g p » &7(t3) &5(t2) ) N

as(ts) Ne 1az(0)
dark port a2(0)

FIGURE 9.1. Left: A Michelson interterometer. Right: A Mach-Zehnder interferometer.

Figure 9.1 shows the two types of interferometers. The input-output relations are the same for both, even
though the experimental setups differ. We will study them using the Heisenberg picture, since everything
consists of passive linear optics and we usually care about the expected values and variances of the outputs
only, both of which are pretty easy to compute with the Heisenberg picture.

9.2. Input-output relations

Assume that there are two pulse modes going into the first beam splitter and their annihilation operators
are d1(0) and a2(0), respectively. As we learned in Chapter 6, if the beam splitter is lossless, we can write the

input-output relation as
az(t1) a1(0)
N =51. , 9.1
<a4(t1)> <a2(0) ©-D
where S is the scattering matrix.

The two output pulses then go their separate ways in the two arms of the interferometer. The impor-
tant feature of an interferometer is that the two pulses may experience two different phase shifts in the two
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arms. For example, the arm lengths may be different, or there may be phase modulators in the two arms.
In a gravitational-wave detector, a gravitational wave acts as a classical force that moves the mirrors in the
Michelson interferometer, so that the arm lengths differ slightly, on the order of 10~% m.

First, let us assume that there is no phase shift in either arm, the arm lengths are identical and given by L.
Let

to —t1 = L/C (9.2)

be the time it takes for the pulses to propagate through the arms. Let G5(t2) be the annihilation operator for the
pulse mode at the end of the first arm, and dg(t2) be the annihilation operator for the pulse mode at the end of
the second arm. From Sec. 6.3, we learned that the input-output relation for pulse propagation looks like

A A A

f(Zl,tQ) :f(zl_c(tQ_tl)atl) :f(Z[—L,tl) (93)

for a propagation distance of L = ¢(ty — t1). If we assume that f(z; — L, t;) is a3(¢,) at the entrance of the
first arm and f(z;, t2) is a5(t2) at the exit of the first arm, then we’d have

as(te) = as(ty). 9.4)
Similarly, in the second arm, we’d have
ag(t2) = aq(tr). 9.5)

There are mirrors in the arms in practice and the pulses don’t travel in only one direction, but it turns out that
the relations above still hold as long as we treat L as the total distance each pulse has to propagate from the
entrance to the exit.

Suppose now that there is a change A L; to the length of the first arm. Let’s assume that input operator

a3(t) = f(z1— L, 1) 9.6)
is the same as before, but now the output pulse mode is at a different position, and we put
a5(t2) = f(z1+ ALy, 1), 9.7)

so the exit of the arm is at a different place, because of the length change. The difference between the two
positions is now (z; + ALy) — (z; — L) = L + ALy, which is the new length of the arm. When AL is much
shorter than the length of the pulse, it turns out that the input-output relation can be approximated as

a5 (to) = MR (2 1y) = 0B 1ga(y). 9.8)

This phase shift due to length change is a well known result in classical optics, but in case you are not familiar
with it, Sec. 9.2.1 offers a derivation using our formalism. By the same argument, if there is a change A L5 to
the length of the second arm, we have

ag(ta) ~ e®oBl2q, (1)), 9.9)

In matrix form,

as(t2)\ _ (e 0 (as(t1) — —
(aa) = (5 o) (). 010

where ¢1 and ¢9 are the phase shifts in the first and second arms, respectively.
Finally, the pulses go through a beam splitter again. Assume that the second beam splitter has a scattering

matrix .S, such that
ar(ts) = (a5 (t2)
A =5 . ) 9.11
<a8(753)) (aﬁ(tQ) ©-1D)
Putting Egs. (9.1), (9.10) and (9.11) together, the final result is

(Z;Eg;) =5 <e§’ e%> o @Eg;) 9.12)
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9.2.1. Side note: Derivation of Eq. (9.8). Recall from Sec. 6.3 that f (z1,0) for a pulse mode depends on
z; through the phase exp(—ik,z;) in the (k, s)-space amplitude:

k., —k .
zl, Z W aj, Wji o< rect ( - 0) exp(—ik,zp). (9.13)

If z; is displaced to z; + AL, we have a new (k, s)-space amplitude given by

. k, —k . .
f(zi+ AL,0) Z W i, Wi o< rect ( - 0) exp[—ik.(z + AL)] = Wjexp(—ik.AL). (9.14)

Now we make the assumption

©.15)

Recall that the pulse width is o< 1/x, so this assumption means that the displacement AL is much smaller than
the pulse width. The function rect[(k, — ko)/x] implies that we care about k, € [kg — k/2, ko + /2] only.
Write

exp(—ik,AL) = exp(—ikoAL) exp|—i(k, — ko) AL, (9.16)

and notice that the phase (k, — ko)AL in the second exponential changes from —kAL/2 to kAL/2. When
. |(ky — ko)AL|] < kAL/2 is close to zero for the whole range of k., so exp[—i(k, — ko)AL] ~ 1,
and we can assume

rect < - 0) exp(—ik,AL) ~ rect < - 0) exp(—ikoAL). 9.17)

In other words, the rectangle function rect[(k, — ko) /k] is so sharp around k, = k¢ and exp(—ik,AL) varies so
slowly that the rectangle behaves like a Dirac delta function and we can assume k, = kg in the exponential; see
Fig. 9.2 for an illustration. For example, if a pulse is around 1 us long in time, then it’d be around 270 /k = 300 m
long in space. The displacement AL, on the other hand, is typically much shorter than the wavelength, which
is around 1 pm usually, so our approximation is excellent.

rect(kz%ko)

N

2k 4
N

exp(—ik,AL)

FIGURE 9.2. If kAL < 1, then the rectangle function is so sharp relative to exp(—ik,AL)
that the latter can be approximated as exp(—ikoAL).

Putting this approximation in Eq. (9.14), we obtain
W =~ Wj exp(—ikoAL), (9.18)
flar+ AL0) = Y WhethoAla; = ¢hoAL () 0), (9.19)
J
Now we apply this approximation on Egs. (9.6) and (9.7) to obtain
a5(t2) = f(z1+ ALy, to) = e®0ALLf (2 1y) = eFAL f(5 — L)) = eFoBl1az(t). (9.20)

As before, we don’t have to use the rectangle function; any function that has a center at kg and a width of « can
work.
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9.3. Output dependence on phase shift
To be concrete, let’s assume

1 1 1 = 1 /1 -1

The input-output relation becomes

<d7(t3)> _ cos(czn ¢z) zsm(¢ 2@)

as(ts) isin(m ¢2) COS(¢15¢2>

If 1 = @2,
ar(t3) = €a1(0), ag(ts) = eay(0), (9.23)

meaning that the first input goes to the first output, and the second input goes to the second output.
Now assume that a laser beam goes into the first input and nothing (i.e., vacuum) goes into the second
input. We also make the classical approximation

(61 + ¢2). (9.22)

N
>
N =
N N
o O
SN—
~
-
1l
N =

a1(0) ~ a (9.24)

for a strong laser beam. If ¢ = ¢2, the laser beam will come out of the first output, and nothing (vacuum)
comes out of the second output. This is why the first input and output (with operators a1 (0) and a7(t3)) are
called the bright ports, while the second input and output (with operators a2 (0) and ag(t3)) are called the dark
ports. To put it another way, the laser beam is split evenly into the two arms, and when the two beams come
back to a beam splitter, they constructively interfere at the bright output port, and destructively interfere at the

dark output port.
@1 # ¢ is, of course, the interesting case. We have
ar(ts) = e'® [a cos <¢1 5 ¢2> + ia2(0) sin(gj}1 ; ¢2>] , (9.25)
as(ts) = ei? [z’a s.in<¢1 ¢2> a2(0) cos<¢1 g ¢2>] . (9.26)

Notice that the dark port now has a nonzero mean field given by
(is(t2)) = ¥ia sm<¢1 - ¢2>.

Because of the relative phase shift in the two arms, there is incomplete destructive interference at the dark
port, and some light leaks out. By measuring the dark port, one can estimate the relative phase shift ¢; — ¢2.
This is the basic principle of optical interferometry for phase estimation.

The relative phase shift is typically miniscule, so we can assume

9.27)

|61 — b2 < 1, (9.28)
which allows us to make the first-order Taylor approximation
o (¢1 2¢2> ~1, Sin(¢1;¢2> ~ ¢1;¢2’ 9.29)
leading to
ar(ts) ~ €'® [a + i (0) o1 ; (ﬂ : (9.30)
ag(ts) ~ e [ 91— 92 5 o2 + aQ(O)} . (9.31)
Notice that the mean outputs are given by
(a7(ts)) ~ o, (as(ts)) ~ ePia =22 ¢2 (9.32)

so the bright port isn’t sensitive to the relative phase shift in the first order and it doesn t hurt if we don’t measure
it. Eq. (9.31) for the dark-port output, on the other hand, is the key result of this chapter. We should interpret it



9.4. HOMODYNE DETECTION 83

as a quantum dissipation-fluctuation relation and d»(0) as a quantum noise term. This dependence on a2 (0)
shows that the noise ultimately comes from the dark input port, as first discovered by Caves [12].

Beware that we’ve ignored any loss in the input-output relation. A more careful analysis including loss can
be performed using the model in Chapter 7. There will be an attenuation of the signal as well as additional
noise terms.

EXERCISE 9.1. Verify Eq. (9.22).

EXERCISE 9.2. Another use of a Mach-Zehnder interferometer is as an optical switch. Suppose that ¢; and ¢9
can be controlled by optical phase modulators in the two arms. Find the minimum |¢1 — ¢3| such that the laser
beam comes out completely in the second output, rather than the first output.

9.4. Homodyne detection

Suppose that we measure the dark port by homodyne detection, which measures the observable

o= 54 (t3) + H.c.} : (9.33)

1 [ .
V2
where 6 is the local-oscillator phase. Given Eq. (9.31), the mean of the output becomes

1 1 — @2 1 —i0_id;

0) = — |e¥eidjq L — 22 —i—c.c} = —(¢1 — ¢2) Re(e ?e?iar). 9.34

To maximize the sensitivity of the mean to ¢1 — ¢2, we should set the local-oscillator phase ¢ such that
| Re(e""e*®ia)| is maximized. This can be accomplished if

0=¢+ g + Za+ 2mm, mis any integer. (9.35)

Then
|af

\[

On the other hand, Eq. (9.31) shows that the variance of O is equal to the variance of a quadrature of ay(0).
Use Eq. (9.31) to write

Re(e™ e ia) = |al, (0) = "= (61 — ¢2). (9.36)

(61 — ¢2) + Oa, 0, = [e*wei%g(()) Y Hel. (9.37)

i
SIE
Sl -

Then

(AO?) = (AO03) = ; (9.38)

because the dark-port input is in a vacuum state, which has a variance equal to 1/2 for a quadrature operator O
for any 0 (see Exercise 4.25). This variance is called the shot-noise limit in interferometry. The SNR becomes

2

We can increase the SNR if we increase the average photon number |a|? of the laser in each pulse mode, but
there would be other issues when the laser power is too high. For example, the mirrors are not perfect in practice
and may absorb a tiny fraction of the light. When the laser power is too high, the absorbed energy can turn into
random mechanical fluctuations on the mirror surface.

LIGO has the problem that they cannot increase the laser power any higher without running into those
issues. The solution, first conceived by Caves in 1981 [12] and eventually implemented in LIGO in the 2010s, is
to inject into the dark port a different quantum state called a squeezed state, which we will study in Chapter 10.

SIDE NOTE. In practice, the relative phase shift 1 — ¢2 varies in time, so one should perform a sequence of
measurements to measure the phase shift as a function of time. The properties of the detectors determine the
pulse modes being measured, and the rate R of the measurements is related to the duration At between two
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pulse modes via R = 1/At, which is in the range of MHz-GHz in practice. The average photon number |c|?
of the laser is related to the average power P through the relation

1
—PAt 9.40
mf’, (9.40)

where PAt is the average energy in each pulse mode and the 1/hwy factor converts the energy to the average
photon number. The input-output relation can now be expressed in terms of the discrete time t,, = m/At as
|al

O(tm) 7 [61(tm) — d2(tm)] + Oa(tm), (9.41)

where Og(tm) is the quadrature operator of an input pulse mode at t,, in the sense of Sec. 6.4. The outputs
(xo,x1,...,T)r) hence form a noisy time series. A standard approach to noise analysis is to perform a Fourier
transform of the time series and look at the spectrum in the frequency domain. 1 won’t go into details as it’d
require too much background knowledge for an undergraduate course; this is simply a disclaimer that the
analysis in this book is elementary, and one must be proficient with more advanced time-series and frequency-
domain analysis to study statistics seriously for real interferometers.

jaf* =

EXERCISE 9.3. Prove that Eq. (9.35) maximizes Re(e_wei‘lgia).
EXERCISE 9.4. Assume Eq. (9.31) and the vacuum state for the dark-port input. Find the probability distribu-
tion of @ (t3)as(t3).

EXERCISE 9.5. Let O be the outcome from a von Neumann measurement of O given by Eqgs. (9.37). Assume
that the dark-port input is a vacuum state.

(1) Show that O is a Gaussian random variable. Find its mean and its variance.

(2) Let
Y =mO+b (9.42)
be an unbiased estimator of ¢; — ¢2, meaning that its expected value E(Y) is
E(Y) = ¢1 — ¢2. (9.43)

Find the real constants m and b.
(3) The SNR is more properly defined in terms of an unbiased estimator as
[EY)]”
v(y) -
where V(Y') is the variance of Y. Show that it agrees with Eq. (9.39).

(4) Repeat the above exercises if the dark-port input is a coherent state with amplitude 5. Does the SNR
improve?

SNR =

(9.44)

EXERCISE 9.6. Suppose that the relative arm-length change [AL; — ALy | is 107 m. Assume a wavelength
of 1 pum for the input laser beam and At = 1 ms (millisecond). Find the average optical power needed to
achieve an SNR of 1.

EXERCISE 9.7. Assume a classical single-mode state
p= / ®(a) |a) (o] da, (9.45)

where the Sudarshan representation @ is a nonnegative probability density. Prove that the variance <AO2> ofa
quadrature operator

Sl

O (e*”a n H.c.) (9.46)

cannot go below 1/2.
(This exercise shows that all classical states must obey the shot-noise limit for the variance of a quadrature.)



CHAPTER 10
Squeezing

We learned in Chapter 9 that, to overcome the shot-noise limit in interferometry, we need to lower the
variance of a quadrature below 1/2. Exercise 9.7 shows that such a sub-shot-noise variance is impossible for
classical states (those with a nonnegative Sudarshan representation). This chapter shows how a nonclassical
state called a squeezed state can achieve this goal. For simplicity, we focus on one mode, and we study the
Heisenberg picture first.

10.1. Heisenberg picture

Assume the Hamiltonian

ji g g (i{de _ ig*fﬂ) - % (5@” - H.c.) , (10.1)

where ¢ is a complex number. Notice that it contains @2 and a2 terms, so it is no longer the passive linear
optics we studied in Chapter 6. Physically, this Hamiltonian can occur in some nonlinear optical material, but
we will defer a study of its physical origin until Sec. 10.2. Let’s look at the Heisenberg equation of motion for

A

a:

da(t) iy, R S N
= [a(t),H] = —=0') [aH} O(t) = al(1). (10.2)
We can solve it if we also consider the adjoint
dat(t)
— & alt 10.3
2 =€t (103)
so that
d%a(t)  _daf(t) )
= = |&]*a(t). 10.4
= = [ePa( (104)
We know the solution to this differential equation is
a(t) = Cexp([&lt) + D exp(~glt). (10.5)
Matching the initial conditions
A A da(t A .
a(0) = C + D "0~ eat(o) = fele - D) (10.6)
t=0
we find
~ 1. & . A 17, & .
C==1a(0 +aTO}, D:[aO—aTO}, (10.7)
5 |00+ 50 3 o0~ Sato
SO
a(t) = (0) cosh([€[t) + |éaf(O) sinh([¢]#), (10.8)
1 ) 1
cosh X = 3 [exp(X) + exp(—X)], sinhX = 5 [exp(X) —exp(—X)]. (10.9)

Since cosh and sinh grow rapidly for increasing ¢ (and exponentially for ||t > 1; see Fig. 10.1 for plots),
the average amplitude (a(t)) (under the right initial conditions) can grow as the pulse propagates inside the
material. This suggests that the process can amplify the light, and indeed it turns out to happen in a device
called an optical parametric amplifier (OPA).
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FIGURE 10.1. Plots of hyperbolic functions. eX /2 in-between the two graphs is for comparison.

For our purpose of reducing the shot noise, a more illuminating way of writing the solution is to define two
quadrature operators as

R 1 4 .
= —idy 7'¢AT
Q) =7 [e a(t) + e%a (t)} , (10.10)
1
¢ =548, (10.11)
Pl = - [e*i%(t) _ eiat (t)] , (10.12)
V2i
so that
Q(t) = Q(0)ell, (10.13)
P(t) = P(0)e” I, (10.14)
One quadrature grows exponentially, and the other quadrature decays exponentially. The variances become
(AQ% (1)) = (AQ*(0)) eI, (10.15)
(AP?(t)) = (AP*(0)) e 28I, (10.16)

Equation (10.16), in particular, is precisely what we want for interferometry. If a pulse in a vacuum state goes
into a nonlinear material with the Hamiltonian given by Eq. (10.1), then the variance of P when the pulse comes
out would be reduced below the shot-noise limit (AP?(0)) = 1/2. This procedure is called optical squeezing.
On the other hand, (AQ?(t)) for the other quadrature would grow, and this variance growth is called anti-
squeezing. The quadrature to be squeezed can be chosen by picking the right phase for the £ parameter in the
Hamiltonian through Eq. (10.11).

SIDE NOTE. For a historical account of the application of optical squeezing to gravitational-wave detectors,
see Ref. [9].

EXERCISE 10.1. Verify Eqgs. (10.2), (10.13), and (10.14).
EXERCISE 10.2. Check that Eq. (10.8) obeys the commutation relation [a(t), af(¢)] = 1.

EXERCISE 10.3. Find [Q(t), P(t)] from Eqgs. (10.13) and (10.14). Show that Egs. (10.15) and (10.16) still
obey the Heisenberg uncertainty relation as long as (AQ?*(0)) and (AP?(0)) obey the relation initially.

EXERCISE 10.4. Compute the average output photon number (af(¢)a(t)) if the initial state is vacuum.

(Because of this nonzero photon number, the output light is sometimes called spontaneous parametric down
conversion (SPDC) or parametric fluorescence. People used to think of it as just amplified spontaneous emission
from an amplifier, before realizing in the 1970s that it also leads to squeezing of a quadrature [13, 14].)
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EXERCISE 10.5. If the initial state is vacuum, show that the output state in the Schrédinger picture |1(t)) =
exp <—%ﬁt> |0) =Yo7 ¥n(t) |n) contains only number states with even n, i.e., ¢, (t) = 0 if n is odd.

EXERCISE 10.6. Let (AP?(0)) = 1/2. Suppose that, after squeezing, the optical mode experiences loss
according to Chapter 7, so that the annihilation operator of the optical mode to be measured is given by

as(T) = Ta(t) + ras, (10.17)
where a(t) is given by Eq. (10.8) and |7|? + |r|? = 1. Assume that 7 is real and the bath (the inaccessible mode
2 in Chapter 7) is in the vacuum state.

(1) Find the variance (AP3) if one measures the squeezed quadrature
Py=— [e7%ay(T) — He| 10.18
\fz 3(T) ( )
after the loss.
(2) The squeezing level in decibel (dB) is defined as
(APF)
(AP?) B

shot noise

R = —10logy, —101logy (2({AP3)). (10.19)
If 7|2 = 1, find R as a function of |£|¢. If |7|? < 1, find an upper bound on R for any squeezing in
terms of |7|2.

(This exercise shows that loss reduces and limits the amount of squeezing.)

10.2. Optical parametric amplification (OPA)

The Hamiltonian given by Eq. (10.1) is what we need to squeeze a quadrature, but to learn how we can
implement it in practice, first we have to discuss a little bit of nonlinear optics here.

10.2.1. Origin of nonlinearity. To model passive linear optics, Chapter 6 assumes that the matter modes
are harmonic oscillators coupled to the EM modes, while Exercise 6.2 says that the resulting normal modes
are hybrid EM-matter modes called polaritons. Optical nonlinearity comes from the fact that, if we have some
special material, e.g., lithium niobate (LiNbQO3) or potassium titanyl phosphate (KTP), and the mode amplitudes
are strong, e.g., when strong laser beams are used, the matter modes no longer behave as harmonic oscillators
exactly and are more accurately modeled as anharmonic oscillators.

To correct for the anharmonicity, we add to the Hamiltonian a term f (3) that is cubic with respect to the
matter-mode operators {b;}, i.e.,

H=hYy Féle+ f(b), (10.20)
75l

b) = " Ciimbjbibm + Djimbibibs, + He., (10.21)
J,lm

where {C,,, } and {Djy,,, } are constants, the specific values of which are unimportant to our discussion. (We
could add higher-than-cubic terms as well, but it’s sufficient to stick with cubic here to model an OPA.) Rewrite
the Hamiltonian in terms of the polariton-mode operators {d } as per Exercise 6.2 by assuming ¢; = Y, W. il qdy.
Then {b;} can be expressed as linear functions of {d;}, and f(b) would become cubic with respect to {d;},
i.e., the Hamiltonian would look like

0= hzch?;cij +g(d), (10.22)
Z Ol djdydy, + Dl dididi, + Hee., (10.23)
Jlm

where g(d) is cubic with respect to the d operators and {C%y,} and {D’;, } are some other constants. In other
words, the polariton modes no longer behave exactly as harmonic oscillators; they become anharmonic because
they are partly matter modes.



10.2. OPTICAL PARAMETRIC AMPLIFICATION (OPA) 88

For the sake of discussion, suppose that there are only two polariton modes: the first mode has a natural
frequency w; = w and the second mode has a natural frequency wy = 2w that is twice the frequency of the

A

first mode (called second harmonic). The cubic term g(d) becomes
g(d) = Ciyydi + Cliodidy + -+ + +Djyydbd} + Hee., (10.24)
Now go to the interaction picture, assuming

ﬁeasy = hzchzj(ip n= g(&) (10.25)
J

Then we can replace ch by czj exp(—iw;t) in g(d) to compute the interaction-picture Hamiltonian Teasy (t)-
Eq. (10.24) becomes

Reasy (t) = C 1y die ! 4 O odidye™ ™! 4 ... + Dby dbd? + Hec.. (10.26)

N

Of all the terms in g(d), notice that the last term o< d}ff and its Hermitian conjugate cigd? in Eq. (10.26) are
special—they stay constant in time while everything else oscillates at multiples of w. In the rotating-wave
approximation (see Sec. D.5), we throw away all the terms in the Hamiltonian that oscillate quickly in time,
because they average to zero over time and their net effect is negligible. We are left with

Reasy (t) ~= Dlyy1dbd? + H.c.. (10.27)

If we assume that the second mode has a strong amplitude and can be approximated as classical, then we can
replace dy by the complex amplitude o, and we are left with

feasy (t) = Diy asd? + Hec., (10.28)

which explains the physical origin of the a2 and a2 terms in Eq. (10.1).
It’s helpful to think about what a Hamiltonian given by Eq. (10.27) does to a state for a tiny time step:

exp (—;ﬁeasym> ) ~ (f = ;ﬁeaSyAt> ). (10.29)

The term o Jgd? in 7)easy converts one second-harmonic polariton at 2w to two polaritons at w, while the term

agaff converts two polaritons at w to one second-harmonic polariton at 2.

When light goes from free space into a crystal, the photons are converted to polaritons as they enter and
polaritons are converted back to photons as they leave. The net effect of the crystal is to convert one second-
harmonic photon to two lower-frequency photons (down conversion) or convert two photons into a second-
harmonic photon (second-harmonic generation). The efficiency of each process depends on the experimental
setup; please consult nonlinear optics textbooks, such as Refs. [15, 16, 17], for further details.

In practice, it’d be too tedious to go any further with this quantum approach. There are many other ways of
deriving a quantum model of OPA and there’s a lot more physics in OPA and nonlinear optics in general, but
the most common approach, similar to how we dealt with passive linear optics in Chapter 6, is this:

(1) Derive the classical equations of motion using classical optics.

(2) Replace the c-number amplitudes by operators of some modes.

(3) Guess a Hermitian Hamiltonian such that the quantum equations of motion can be shown to arise from
the Heisenberg picture. The Hermitian Hamiltonian ensures that we don’t violate any fundamental
principle of quantum mechanics.

(4) If we can’t find a Hermitian Hamiltonian or something is wrong with the quantum equations of motion
(e.g., it doesn’t preserve the commutation relations), we’ll have to fix it somehow; Chapter 7 is an
example regarding loss.

10.2.2. Nonlinear optics. We now consult classical nonlinear optics to see how an OPA works in practice.
Recall the usual model of EM fields in matter reviewed in Appendix F. When the polarization field P(r,t) is
a function of the electric field E(r,t), the matter is called a dielectric. In most dielectrics we use in optics
(crystals, glasses, plastics, semiconductors, etc.), the polarization field P(r,t) at each position r reacts only
to the electric field E(r,t) at the same position r (we call this a local response). The time-domain behavior
is slightly more complicated, but for our purpose in this section we can also assume that P (7, t) at each time



10.2. OPTICAL PARAMETRIC AMPLIFICATION (OPA) 89

reacts to the electric field at the same time ¢ (we call this an instantaneous response). The precise dependence
of P on FE may still be complicated, but it is often sufficient to consider the Taylor expansion

Pir)=co > XV E(rt)+e Y xi Eilr, ) En(rt)+..., j=xy, 2 (10.30)

l=z,y,z l,m

(1) (2)
Pj Pj

and keep the first few orders. ¥ and x@ are called optical susceptibility tensors: y(!) is a tensor that maps a
vector to a vector, while x(?) is a higher-order tensor that maps two vectors to one vector. The nice thing about
this expression is that we no longer need to care about the matter degrees of freedom, as everything depends
only on the electric field, and the role of the matter is modeled simply by the susceptibility tensors (1), y(2),
etc., that one can measure experimentally. For reasons that come from solid-state physics, x(?) is nonzero only
for special crystals, such as lithium niobate (LiNbO3) and potassium titanyl phosphate (KTP).

It can be shown that this classical picture is consistent with a quantum approach if we add a new term to

the EM Hamiltonian [18]:

H= HEM+eo/// “E E ZX;zm E(rE, (r)+... | dr, (1031

J,l,m

where E is expressed in terms of annihilation {@;} and creation operators {d}} just as before.

Unlike the discussion in Sec. 10.2.1 based on the true physical origin of nonlinearity, Eq. (10.31) is derived
by peeking at classical optics and guessing a Hamiltonian that is consistent with it [18]. To my knowledge, no
one has bothered to explicitly derive Eq. (10.31) from first principles, although we can see that both approaches
produce the same form of Hamiltonian, with quadratic and cubic terms with respect to the annihilation and
creation operators.

If we keep only the x(!) term, the model is called a linear dielectric. We need the x(?) term as well to model

an OPA. Suppose
2 2 €0 1) 4 2
Heasy = Hpm + 5 /// Z Xéz)Ej("“)El("“)dgr, (10.32)

0= QGO/ﬂij,m Ey(r) B (r)dr. (10.33)

Ji\bm

Then we can regard ﬁeasy as the simple Hamiltonian for the polaritons discussed in Chapter 6. We know from
classical optics that the polaritons in a crystal are also sinusoidal plane waves, although the frequency w(k, s)
and the polarization é(k, s) of each mode is a bit different from the free-space case.

Let’s go to the interaction picture. ﬁeasy(t) would become a linear combination of many cubic terms with
respect to {a; } and {dT} although many of them can be thrown away through the rotating-wave approximation.
More terms can be thrown away if they turn out to be negligible after the [[[(.. )d3r integral is performed.
To understand how, recall that the electric field is a linear combination of exp(izk 7’) terms for the sinusoidal

plane-wave modes. If we expand X( lr)nE (r)E;(r)E,,(r), we find a lot of terms that oscillate in space, and
they would become relatively small after the integration, while terms that stay constant in space become rela-
tively large. For example, consider one “fundamental” mode with frequency w and polarization é; = 9y and
one “second-harmonic” mode with frequency 2w and polarization és = Z. Assume that both propagate in the

Z direction, as depicted in Fig. 10.2. The term in fjeasy (¢) that is relevant to the two modes looks like

/// X2 asal? expli(ks — 2k1)z)d®r + Hec., (10.34)

where kq is the wavenumber of the fundamental mode and ks is the wavenumber of the second-harmonic mode.
The integration along the length L of the crystal would yield

L ko — 2Ky = 0,

L2 ;
/ expli(ke — 2k1)x]dx = sin[(ke — 2k1)L /2] (10.35)
—L/2 (s — le)/2 , ko —2k1 #0.
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If ko — 2k; = 0, then we say that the phase-matching condition is satisfied and the integral would grow with
L, but if ky — 2k; # 0, then the integral does not grow with L and is inversely proportional to the mismatch
ko — 2k;.

Pump laser beam

at 2wg >
>
Signal at
wo x@ crystal

FIGURE 10.2. An optical parametric amplifier. (The pump beam and the signal beam are
actually overlapping optical beams in practice, and a dichroic mirror (https://www.rp-p
hotonics.com/dichroic_mirrors.html) is used to combine or separate the two
beams.)

SIDE NOTE. [ have assumed a Cartesian coordinate system that is aligned with the principal axes of a KTP
(2)

crystal, the most commonly used crystal in optical squeezing. Xyy. happens to be nonzero in a KTP crystal, so
the propagation direction is chosen to be the & axis.

In a crystal, usually ks — 2k # 0, but a technique called quasi-phase matching can be used to compensate
for the mismatch (https://en.wikipedia.org/wiki/Quasi-phase—-matching). The idea is to
apply “periodic polling” to the crystal through high voltages, so that the domains of the crystal are periodically
switched and () (x) switches sign periodically along . Now we can write x@ as the Fourier series

2
P (2) = Cexp <z§x> fee At (10.36)
where C is the Fourier coefficient and A is the period of the polling. If
2
XW = |ko — 2k1], (10.37)

the exp(£i27x/A) terms in x(® can cancel the exp|+i(ko — 2k )z] terms, x® (z) exp[i(ky — 2k;)x] then
. L/2
contains a constant term, and after the f

—L/2
with the crystal length L.
With phase matching and a strong “pump” laser beam at 2w with da ~ aw, it is possible to simplify fjeasy (t)

(...)dz integration, the constant term becomes o< L that grows

to
Reasy () o apétl? + Hee., (10.38)

where all other terms are thrown away because of either the rotating-wave approximation or phase mismatch.
This result now agrees with Eq. (10.1) that we assumed earlier.

Notice that the ¢ parameter in Eq. (10.1) is proportional to the amplitude cs of the pump, so we can choose
the squeezed and antisqueezed quadratures by changing the phase of the pump.

SIDE NOTE. To enhance the squeezing, the crystal is often put inside an optical cavity so that the signal optical
beam passes through the crystal many times [9]. While a more complicated model is needed [19] to model the
setup and the multimode squeezing that comes out of it, the single-mode model here captures the essential
physics and is good enough for an undergraduate corse.

SIDE NOTE. The word “parametric” comes from the fact that, when there is a strong laser pump beam
at frequency 2wy, we can also model the OPA by assuming that the “parameter” of the system X(l) oscil-
lates at frequency 2wq. Historically, parametric interactions have been studied since Faraday and Rayleigh
(https://en.wikipedia.org/wiki/Parametric_oscillator). A textbook example is a child
“pumping” a swing at twice the natural frequency of the swing, where the moment of inertia is the “param-
eter” to be modulated in time. With radio/microwave circuits, it’s also possible to see the same parametric
amplification behavior by modulating the capacitance or inductance at twice the frequency of a signal to be
amplified.


https://www.rp-photonics.com/dichroic_mirrors.html
https://www.rp-photonics.com/dichroic_mirrors.html
https://en.wikipedia.org/wiki/Quasi-phase-matching
https://en.wikipedia.org/wiki/Parametric_oscillator
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10.3. Squeezed vacuum state

Let’s return to the formalism in Sec. 10.1 and study more general properties of squeezing. Define a squeeze
operator as

A 1
S(z) = exp<2z*€f[2 - Hc> z e C. (10.39)
Convince yourself that this is the unitary operator resulting from the Hamiltonian given by Eq. (10.1), with
z =&t (10.40)
It follows from Sec. 10.1 that the Heisenberg picture of & under this unitary is given by
ST(2)aS(z) = acosh|z| + ¢'“*al sinh |2|. (10.41)
Now imagine that we measure a quadrature
1
§(0) = —= (e "a+ el 10.42
q(0) 7 (10.42)

after squeezing the vacuum (see Exercise 4.25 for basic properties of §(#)). The probability density of the
outcome is given by

f(@) = [(a(0) = 2| S(2) |0) |, (10.43)

where S(z) |0) is called a squeezed vacuum state. To compute this, we take the following steps:
(1) Define the Heisenberg picture of (6) as

0 = 587(2)4(9)5(=), (10.44)
and use Eq. (10.41) to obtain
~ 1 - o
= — *5 AT — 0 —i0 i/z _:
) 7 (g a+ ga ) , g =e" cosh|z| + e "Ye““sinh|z|. (10.45)

(2) Rewrite O in terms of another quadrature operator:

A 1 . )
= lgl—z5 (700 + e“0al) = [gla(Zg). (10.46)

q(4g) = \}5 (6

|g| determines how much the quadrature is amplified or squeezed. The eigenstates of O can be ex-
pressed in terms of the eigenstates of §(Zg) as

0=\ 10.48
| ) = \F’ \g|> (1049

so that they obey the usual orthonormal and completeness conditions:

~i94 4 (14957 ) . (10.47)

N 1 A A
010 =\ =——lgla(« Zg) = = Zg) = = 10.49
0= = = blitZs) \q< 9 |g|> m\m = Jatzo |g|> (10.49)
— A0 =), (10.50)

1 A N 1 /X N
O=MNo=X\=—{q(£g)= Z\gLg)= 2NV = —s( 2 - 2 10.51
< | ) lg| <q< 9) lg] ‘q( 9) |g|> lg| (!9! !9!) ( .
=5(A—X), (10.52)
o0 o0 )\

0=\ O:)\d)\:/ ‘ / :>< 29) ‘ 10.53
/_oo A | —oo |9l a<9) lg| (<9) 4l ( )
= / lg(Zg) = ) (q(Lg) = x| dx = 1. (10.54)
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(3) Note that Eq. (10.44) also allows us to write

O — /°° MO =) (0 = Ad\ = 51(2)§(0)S(z) = /oo ST (2) [q(0) = M) (q(0) = A| $(2)dA, (10.55)

SO

10 =\) = 5T(2) |q(0) = \). (10.56)

(4) Now we can rewrite Eq. (10.43) as
f(x) = (0]57(2) [a(8) = =) (a(9) = x| (=) |0) (10.57)
= (0|0 = z) (O = z|0) (using Eq. (10.56)) (10.58)
=[(0 = z|0)* (10.59)

2
| | ’< ’ | ‘ > (using Eq. (10.48)) (10.60)
= f\g\ ( |g|2) (using Exercise 4.25) (10.61)

This is a new result, showing that any quadrature of a squeezed vacuum state is Gaussian with zero mean
and a variance given by |g|?/2, where the g parameter is given by Eq. (10.45). The variance depends on the
quadrature being measured through the 6 parameter and the phase of the pump through the £z parameter. For
example, if we set

2
o-1,. g = ei€2)/2 . ] (10.62)
2 2 2

then the variance of §(6) is |g|?/2 = 2?1 /2, which agrees with Eq. (10.15) that we derived earlier for the
antisqueezed quadrature using the Heisenberg picture. On the other hand, if we set

2|z

Tl i) ) lg* _ 1
0= 2—}—242, g =1te e *l, 5 —26 , (10.63)

then the variance agrees with Eq. (10.16) for the squeezed quadrature.

We have found so far that both the coherent states and the squeezed vacuum states have Gaussian probability
densities for any of their quadratures. It turns out that they are special examples of a general class of states called
Gaussian states, defined by the property that any quadrature of such a state has a Gaussian probability density.
Gaussian states are important states for quantum optics and quantum information, because Gaussian states are
relatively easy to generate, it can be shown that they remain Gaussian states after going through passive linear
optics and squeezing, and they give Gaussian probability densities for homodyne and heterodyne detection.
Chapter 11 will introduce a theoretical concept called the Wigner representation that will be very handy for
studying and visualizing Gaussian states.

EXERCISE 10.7. Derive the probability density
N 2
(q(0) = x[ 5(2) |a) (10.64)

of a quadrature for a squeezed coherent state 5(z) |a).



CHAPTER 11

Wigner Representation

11.1. Definition

The Wigner representation of a quantum state is similar to the Sudarshan representation and useful for a lot
of calculations, as well as visualization of a quantum state. To introduce it, we first focus on just one optical
mode and introduce a preliminary concept called the quantum characteristic function. It is defined as

[ X(&m) = tr [pexp(i€d + inp)] | (¢m) € R, (11.1)

where (&, 7n) are two real variables. This is a generalization of the characteristic function in probability theory
(https://en.wikipedia.org/wiki/Characteristic_function_ (probability_th
eory)). If fxy(x,y) is the joint probability density for two real random variables X and Y, the classical
characteristic function is defined as

Xclassical(gy 77) = / / fXY(*% y) exp(ifx + iny)dxdy =E [eXp(ZfX + ZUY)] ’ (1 1-2)

except that the quantum version replaces the random variables X and Y by the quadrature operators § and
p. In the classical case, the probability density fxy (x,y) can be obtained from yjassica (€, 77) because of the
Fourier-transform relations:

fXY (.le y / / Xclassical (év ) exp(—zf:r - Zny)dfdﬂ (1 1-3)

27r

In the quantum case, the Wigner representation is defined similarly in terms of the quantum :

W(x,y) 27r / / n) exp(—ix — iny)d&dn. (11.4)

The Wigner representation is a function of two real variables (z,y) called the phase-space variables and it
often behaves like a joint probability density of the two quadratures ¢ and p, but do note that it can go negative
for some (x,y) for certain states. Since it may go negative, the Wigner representation is also sometimes called
the Wigner quasiprobability distribution.

EXERCISE 11.1. An alternative definition of the Wigner representation is

W)= [ (4=

Show that this definition is equivalent to Eq. (11.4).

P4 B

:x+A>dX (11.5)

11.2. Probability densities of quadratures

The Wigner representation is useful mainly because it is easy to compute the probability density of any
quadrature from it. In particular, it can be shown that, for any state,

( =$|ﬁ\q=$>=/ W(z,y)dy, <p=y|ﬁ|p=y>=/ W(z,y)dz, (11.6)

so the marginal densities computed from the Wigner representation are the probability densities of the § and
p quadratures. In this way W (z, y) behaves like the joint probability density of the two quadratures.
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More generally, if we define rotated quadratures

G(0) = GcosO + psinh = \2 (e*”a + ewaT) , (11.7)
P(0) = —Gsinf + peosf = ( —i05 _ ew&T> : (11.8)
f 2i
then the Wigner representation can also give their probability distributions as follows:
(1) Define
u(z,y) = xcosh + ysinb, v(x,y) = —xsinf + ycos b, (11.9)

which are the phase-space coordinates for the new quadratures given by Eqs. (11.7) and (11.8). The
new phase-space coordinate system is shown in Fig. 11.1. The inverse relations are

x(u,v) = ucosf —vsinb, y(u,v) = usinf + v cos . (11.10)
(2) Define a new Wigner representation W' (u,v) as
W (u,v) = W(z(u,v), y(u,v)). (11.11)

(3) The marginal distributions with respect to the new W’ turn out to be the probability distributions of
4(0) and p(6):

(a(8) = ul p1q(0) / W (w,0)do, | | (p(6) = 0] p |p(6) / W, v)du. | (11.12)

(This property for any quadrature is why the Wigner representation is much more useful than just multiplying
(¢ =1z[plg==)and (p=y|p|p=y) together)

FIGURE 11.1. The new phase-space coordinate system defined by Egs. (11.9).

This procedure of computing the new Wigner representation is exactly the same as the procedure of com-
puting a new probability density fyv (u,v) from fxy (x,y) if the new random variables are related to the old
ones by

U= Xcosf+ Y siné, V=—-Xsinf +Y cosb. (11.13)

The Wigner representation behaves like a joint probability density of quadratures in this way. Do note, however,
the following key caveats:

(1) For certain states, W (z,y) may go negative for some phase-space coordinates (x,y), so it cannot
always be regarded as a probability density.

(2) W (z,y) by itself is not the probability density of any measurement. It gives the probability density
of a quadrature measurement only after we compute the marginal as per Eqgs. (11.6) or Egs. (11.12).
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(3) It is not so easy to compute from W (x,y) the probability distributions for measurements other than
quadrature measurements, so it’s not nearly as useful for other measurements.

EXERCISE 11.2. Derive Eqgs. (11.6).

EXERCISE 11.3. Prove that the Wigner representation is normalized as

/00 /OO W(x,y)dxdy = 1. (11.14)

EXERCISE 11.4. Derive Eqs. (11.12).

EXERCISE 11.5. Let W (x, y) be the Wigner representation of p. Find the Wigner representations of the fol-
lowing density operators in terms of W (z,y):

(1) D(«)pD1(c), where D(a) is the displacement operator.

(2) R(9)pR'(0), where R(f) is the “rotation” operator defined by Eq. (4.52).

(3) S(2)pST(z), where S(z) is the squeeze operator defined by Eq. (10.39).

(This exercise shows that, if the unitary operator for the dynamics can be decomposed into a product of
these three operators, then the Wigner representation in the Schrodinger picture is easy to find.)

11.3. Examples

11.3.1. Coherent state. It is easy to show that, for a coherent state,

p=la){a): W(x,y) = %exp [— (:E - \/iReoz)2 - (y - \/ilma)Q} . (11.15)

A plot of this Wigner representation in phase space is shown in Fig. 11.2. It coincides with a Gaussian
probability density for two independent Gaussian random variables, each with variance 1/2. This result agrees
with the distributions | (¢ = z|) |? and | (p = y|a) | given by Egs. (4.7) and (4.8). It also agrees with the
distribution | (¢(f) = u|c) |? that we computed in Exercise 4.25.

Y

(p) =V2Ima

FIGURE 11.2. The Wigner representation of a coherent state in phase space.

EXERCISE 11.6. Derive Eq. (11.15).

11.3.2. Squeezed vacuum. For a squeezed vacuum state discussed in Chapter 10, it is easier to write the
Wigner representation in terms of the new variables

Z Z Z Z
u(x,y):xcos?z—kysin{, v(a:,y):—xsin{—i—ycosg, (11.16)
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so that

~ N 1 ’LL2 1)2
p=25(2)10)(0]ST(z): W(z,y)=W(u,v) = —exp ( > . (11.17)

62|Z| e_2|z‘

This result coincides with the probability density of two independent zero-mean Gaussian random variables
U and V, where U has a variance €2|Z|/2 and V' has a variance e_2|z‘/2, as depicted in Fig. 11.3. The new
quadratures ¢ (%) and ﬁ(%) coincide with the antisqueezed quadrature and squeezed quadrature, respectively,
and it can be shown that this Wigner representation leads to a Gaussian probability density for any quadrature,
in agreement with Sec. 10.3.

FIGURE 11.3. The Wigner representation of a squeezed vacuum state in phase space. This
picture shows why we call it a squeezed state.

Notice that the Wigner representation remains nonnegative for the squeezed vacuum. The Sudarshan rep-
resentation, on the other hand, cannot stay nonnegative for this state, as implied by Exercise 9.7.

EXERCISE 11.7. Derive Eq. (11.17).

11.3.3. Gaussian states. The coherent state and the squeezed vacuum state are examples of a larger class
of states called the Gaussian states, which are defined as states with Gaussian Wigner representations:

1 1 Tl _(x
QWMGXP 2(3: m) ¥ (x—m)|, T = (y) (11.18)
While the mean vector m can be arbitrary, the covariance matrix > must satisfy the Heisenberg uncertainty
relations for any two quadratures for W (x, y) to be the Wigner representation of a legal quantum state.

The general theory of Gaussian states for multiple modes goes very deep; it is an active research topic in
quantum information theory [20].

W($7y) =

11.3.4. Number states. For p = |n) (n

W(z,y) ! /oo ﬂ[—[ (x —A\/2)exp [_(x—)\/2)2} H,(x+ \/2)exp [—W—W} dA

, it’s easier to use Eq. (11.5). Using also Eq. (4.1), we obtain

T om oo 2l 2 9
(11.19)

6—3132 o0 N )\2

- IAY . N

= Yol / e Hp(x — A2)Hp(z + A/2) eXp< 1 )dA (11.20)

(_1)“ 2 o2\ —x2—y?

= Ly2(z® +y?)]e ™ v, (11.21)

™

where L, (u) is the nth Laguerre polynomial (https://en.wikipedia.org/wiki/Laguerre_pol
ynomials). (I have to admit that I just copied the result from https://en.wikipedia.org/wiki/


https://en.wikipedia.org/wiki/Laguerre_polynomials
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Wigner_ quasiprobability_distribution#Examples.) For n =1 in particular,

Hi(z —)\/2) =22 — ), (11.22)
—x2 ) 2
__ e Y42 A2 AT
Wiz, y) = @n )12 /_ooe (4z% — X )exp< 1 )dA (11.23)
1
=—(22% + 27 — 1)e &Y. (11.24)
T

This function is plotted in Fig. 11.4. Notice that it goes negative in the middle of phase space, so we can’t treat
the Wigner representation here as a probability density. In general, W (z, y) always goes negative somewhere
in phase space for a number state with n > 1.

3,
0.1 0.2
2 0.05
1 0 0
0.05
0
1
. 0 0.2
-1 0.15
0.2
-0.4
2 N
0.25 5
0 2
3 s > . 0
3 2 0 1 2 3 -

FIGURE 11.4. Wigner representation of the number state [n) ,n = 1.

The negativity of the Wigner representation is often regarded as another signature of nonclassicality for a
quantum state. This criterion is a bit more stringent than the negativity of the Sudarshan representation, since
there exist states with positive W (x,y) for all (x,y), such as the squeezed vacuum state, but their Sudarshan
representations can go negative.

11.4. Relations with other phase-space distributions

We have encountered three phase-space distributions so far:

(1) The Sudarshan representation ®(«) (Sec. 4.5).
(2) The Wigner representation W (z, y).
(3) The so-called Husimi representation, also called the @) function:

(al play, (11.25)

3=

Qo) =

which is precisely the probability density from dual-homodyne detection or heterodyne detection, as
we found in Chapter 8.

It turns out that the three representations have a cute relationship. To show it, we first rewrite W (z, y) in terms
of a complex variable a:

W(a) = 2W(V2Rea, V2Ima), W(z,y) = %W <x+\/§zy> . (11.26)

The factor of 2 ensures that W () is normalized as

//W(a)d2a =1, (11.27)
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just like ®(a) and Q(«). The relations among the three are

// —exp (—2la — B[%) d*8, (11.28)
// *eXp “la—pP) &5 = //W *GXP( 2o — BI*) dp. (11.29)

Another way of writing these relations is in terms of the convolution * between two functions (https:
//en.wikipedia.org/wiki/Convolution):

*g—//f B)d*B, (11.30)

W =% <2e_2|°‘2> : (11.31)
Vs

Q=% <1e—a|2> =W « <26—2al2> . (11.32)
T s

The effect of convolution with a Gaussian function is like diffusion: it blurs the function in phase space. The
simplest example is a coherent state |3):

d(a) = 0%(a — ) = 6(Rear — Re 8)d(Imaw — Im 3), (11.33)
W(a) = %exp (—2|a— B%) (11.34)
Qa) = %exp (—|a— B|2) . (11.35)

The first column of Figure 11.5 plots W (a) and Q(«) for a coherent state, the second column plots those of
a squeezed vacuum state, while the third column plots W (a) and Q(«) for a number state [n = 1). It’s a lot
more difficult to plot the Sudarshan representations for these common states, and the Wigner representation is
the default phase-space distribution for plotting.

EXERCISE 11.8. Derive Egs. (11.28) and (11.29).

EXERCISE 11.9. Consider a squeezed vacuum state with Z/z = 0. Compute the Husimi representation Q(«).
Find the variances of the two quadratures in dual-homodyne detection. Using this result, explain why dual-
homodyne detection is not used in interferometry with a squeezed state.

11.5. Multimode Wigner representation

Assume J modes. The quantum characteristic function and the Wigner representation are now defined as

[ X(&m) = tr[pexp(i€ - g + in - D)), (11.36)
E-qt+m-p=>_ (& +nbi), (11.37)
J
1
W(z,y) = W/X(E,n) exp(—i§ - @ — in - y)d’&d’n, (11.38)
Extny=) (&z+ny). (11.39)

J

EXERCISE 11.10. Find W (z, y) for a multimode coherent state |c).
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FIGURE 11.5. First column: Wigner W («) and Husimi Q(«) for a coherent state |1 + ).
Second column: W and @ for a squeezed vacuum state. Third column: W and () for a number
state |n = 1).



CHAPTER 12

Spontaneous Parametric Down Conversion (SPDC)

12.1. Entangled photons

We now discuss another application of optical parametric amplifiers (OPA): generation of entangled pho-
tons. Entangled photons are useful for experiments in quantum foundations and quantum information.

I will give a quick overview of the optics involved, focusing on the experimental setup reported in Ref. [21];
see Fig. 12.1. This setup has been adopted in many other experiments; see, e.g., Refs. [22, 23].

PPKTP

APDs

Peltier

HWP2

L
405nm l_ﬂ

FIGURE 12.1. Experimental setup for generating entangled photons reported in Ref. [21] (Fig-
ure copied from Fig. 3 of the paper). PPKTP means “periodically poled KTP.”

In the setup depicted in Fig. 12.1, there are two pump beams going into the crystal in counter-propagating
directions, but let’s focus on the physics with just one pump beam for now. Recall our discussion in Sec. 10.2.2,
but now assume that there are three modes all propagating in the +& direction, with annihilation operators a1,
as, a3, respectively. Suppose that

(1) a; is the annihilation operator of a signal mode with center frequency wg and polarization vector
e =y.

(2) as is the annihilation operator of a so-called idler mode, which has the same properties as the signal
mode except that the polarization vector is &3 = 2.

(3) as is the second-harmonic mode with frequency 2w and polarization vector €3 = y.

Then the term in ﬁeasy(t) relevant to the three modes would look like

///Xyzy Yasalal expli(ks — ki — ko)z]d®r + Hee,, (12.1)

where k; is the wavenumber for mode j. If the crystal is periodically poled such that x? (z) compensates for
the phase mismatch k3 — k1 — ko, then this term would be enhanced over all other terms. Further, assume that
the second-harmonic mode comes from a strong pump laser beam, such that ad; ~ as. The interaction-picture
Hamiltonian becomes

Reasy () ~ gagalal + H., (12.2)

where ¢ is a constant depending on x? and the length of the crystal.

100
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Unlike the squeezing setup in Chapter 10, where we have just one signal mode at the fundamental frequency
wo and the Hamiltonian is proportional to a2 and a!2, here we have two modes at wy called the signal and the
idler with two different polarizations. The former case is called degenerate OPA and the latter case, with two
different modes at the fundamental frequency, is called nondegenerate OPA. Since ki # ko, ks — k1 — ko is
different from k3 — 2k, and the efficiency of each process can be controlled by choosing the period of the
poling to achieve quasi-phase matching for the desired process.

We now proceed with the first-order perturbation theory to obtain the interaction-picture quantum state:

i [t i [t igos i .
[Wr(t)) = T exp [_h/o neasy(r)dv'} ~ |vac) — /0 Teasy (T)dT |vac) = |vac) — %a{ag |vac) (12.3)

h
V2igas
h

= |vac) — |Fock : (k12,1), (k2,2)) . (12.4)
|Fock : (k1&, 1), (ke®,2)) is a two-photon Fock state that we discussed in Sec. 5.6, with one ¢-polarized
photon and one Z-polarized photon. We see that the process creates two photons at half the frequency of the
pump, hence the name spontaneous parametric down conversion (SPDC).

In the setup depicted by Fig. 12.1, there is another pump beam propagating in the —& direction. Let aze’
be its amplitude, by be the annihilation operator for another signal mode with polarization vector g, and by be
another idler mode with polarization vector z. These three modes have the same properties as the three modes
discussed earlier, except that they propagate in the opposite direction. The total Hamiltonian becomes

0

feasy (£) = geus (@l + 5[0} ) + He. (12.5)
and the quantum state becomes
1 (8)) ~ |vac) — i9§3 (afaf + <518} ) Jvac) (12.6)
Let’s focus on the two-photon component:
‘¢§2)> o (alad + BB} ) [vac) . (12.7)

This equation says that the two-photon state is a superposition of two possibilities:

(1) Two photons, one y-polarized and one Z-polarized, are propagating in the +& direction.
(2) Two photons, one y-polarized and one Z-polarized, are propagating in the —& direction.

The two counter-propagating beams then meet at a polarizing beam splitter (PBS). Let’s say the optical beam
propagating in the +a direction is directed to the first input of the PBS, and the other beam is direct to the
second input of the PBS. A PBS fully transmits one polarization, say, ¥, and fully reflects the other polarization
z, as depicted in Fig. 12.2. Consider the following two cases:

(1) If two photons come into the first input:
(a) The gy photon is transmitted into the first output.
(b) The z photon is reflected into the second output.
(2) If two photons come into the second input:
(a) The gy photon is transmitted into the second output.
(b) The z photon is reflected into the first output.

In either case, there is always one photon in the first output and one photon in the second output. The polariza-
tion of each photon is unknown because we don’t know whether the photon comes from the first input or the
second input, but we know that, if the polarization of the first output is ¢, then the polarization of the second
output must be 2z, and vice versa, because the photons, regardless of their origin, are created in a pair with
orthogonal polarizations.
We say that the polarizations of the two photons are entangled.
To model the physics mathematically, define the following:
(1) For the first output with wavevector k1, let ¢; and ¢ be the operators for two polarization modes
é; = y and é; = Z, respectively.
(2) For the second output with wavevector ko, let dl and cig be the operators for two polarization modes
é; = ¥y and e; = Zz, respectively.
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FIGURE 12.2. A polarizing beam splitter (PBS) fully transmits one polarization and fully
reflects the other polarization.

The input-output relation for the PBS can be taken as

A

& = ay, &y = by, di = by, dy = Go. (12.8)
The two-photon component of the state hence becomes
)¢§2>> x (eid“; + ewa;d”{) Ivac) o [Fock : (k1,1), (k2,2)) + € [Fock : (k1,2), (k2,1)).|  (12.9)

As advertised, this result shows that, given that there are two photons, there is always one photon going in the
k1 direction in the first output and one photon going in the ko direction in the second output. Moreover, their
polarizations are entangled: If the first photon has polarization vector é; = 9, then the second photon has
polarization vector €5 = Z, and vice versa. The relative phase 6 between the two possibilities can be controlled
by optical components.

There are a variety of other methods and configurations to produce entangled photons, although most of
them are based on SPDC in a x(?) crystal.

12.2. Bell’s theorem

A lot of people, including Einstein, are not happy with quantum mechanics and they suggest that there
may be a deeper classical “hidden-variable” theory underlying quantum mechanics. Inspired by Einstein, Bell
and others proposed experiments that can test those classical theories. They showed that, according to those
classical theories, the experimental result must obey certain inequalities, while quantum mechanics can violate
them. An experiment violating any of those inequalities can rule out a large class of classical hidden-variable
theories in one go. Those inequalities are now commonly called Bell’s theorem. See, for example, https:
//www.nobelprize.org/prizes/physics/2022/summary/ and Ref. [24] for an introduction.
Here I focus less on the philosophy and more on the logistics of an optics experiment testing a version of Bell’s
theorem.

Imagine two experimenters at two different locations, commonly called Alice and Bob. Each experimenter
receives a photon from a photon-pair source and measures the polarization of their photon. Alice measures the
polarization with respect to the two possible polarization vectors

€4 (a) = (cosa)y + (sina)z, é_(a) = (—sina)y + (cosa)z, (12.10)
so that,
(1) if the photon is found to have polarization €4 (a), the measurement outcome, denoted as A, is taken
to be +1,

(2) if the photon is found to have polarization é_(a), A is taken to be —1.

Similarly, Bob measures the polarization with respect to the polarization vectors

e+ (b) = (cosb)y + (sinb)z, e_(b) = (—sinb)y + (cosb)z. (12.11)


https://www.nobelprize.org/prizes/physics/2022/summary/
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His measurement outcome, denoted as B, is again taken to be +1 if the photon is found to have polarization
€. (b) and —1 otherwise. We call a and b the settings of their measurements.

Assume that the source produces many identical copies of the photon pair. Alice and Bob measure their
polarizations repeatedly. Alice has two different settings a = a; and a = ay for her measurement, and Bob
also has two different settings b = b; and b = bs for his measurement. In total, there are four different settings:

(a1,b1), (a1,b2), (a2,b1), (a2,b2). (12.12)

Suppose that J (a1, b;) photon pairs are measured under the first setting, .J(a1, b2) photon pairs are measured
under the second setting, etc. Let A;(a,b) be Alice’s measurement outcome for the jth photon pair measured
under the setting (a,b) and Bj(a,b) be Bob’s measurement outcome for the same photon pair. After many
measurements over each of the settings, Alice and Bob come together. For each of the four settings, they
compute the sample average

J(a,b)
C@m_ﬂ%w;;&@@@@@. (12.13)

In other words, they compute the correlation between their measurement outcomes for each of the four settings.
They obtain four numbers

C(alabl)a C((Il,bQ), C(GQ,bl), C((IQ,bQ), (1214)
and then combine them into one number:
S = C(al, bl) — C(al, bg) + C(CLQ, bl) + C(OLQ, bg). (12.15)

In the limit of J(a,b) — oo, C(a,b) is the expected value of the product AB of the measurement outcomes
given a setting (a,b). We can obviously compute S from quantum mechanics, which would give the correct
result, as confirmed by many experiments.

To construct a classical hidden-variable theory to predict the S quantity, assume that the measurement
outcome for Alice is a function A(a, A) of both her setting a and a hidden random variable \. Similarly, let
the measurement outcome for Bob be B(b, \), which is a function of both his setting b and the same hidden
variable A. Then, in the limit of infinitely repeated measurements, each correlation given the setting (a,b)
should become the expected value

C(a,b) — E[A(a, \)B(b,\)] . (12.16)

In this limit, it is possible to prove the inequality

i

for any random variable )\; see Sec. 12.2.1. This is called the CHSH (Clauser-Horne-Shimony-Holt) in-
equality (https://en.wikipedia.org/wiki/CHSH_inequality), which is a special case of
Bell’s theorem.

The assumptions that go into Bell’s theorem are the following:

(1) Alice’s outcome A is a function of Alice’s local setting a only and Bob’s outcome B is a function of
Bob’s local setting b only.

(2) (a,b), chosen in secret by Alice and Bob, are not allowed to depend on the hidden variable A.

(3) A is assumed to govern the properties of the entangled photons. The probability distribution of X is
not allowed to depend on (a, b), but otherwise it can be any probability measure that comes from any
known or unknown physics.

Such assumptions are called local realism [24].
The classical approach sounds reasonable and general, but it turns out that the CHSH inequality can be
violated by quantum mechanics. Assume the observables

A<a’) = ‘A = +17CL> <A = —|—1,CL| - ‘A = _17a> <A
B(b) = |B = +1,b) (B = +1,b| - |B = —1,b) (B

~1,a|, (12.18)
~1,b], (12.19)
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where

|A=+1,a) = &l |vac), |A=—1,a) = ¢ |vac), (12.20)
|B = +1,b) = d, |vac), |B=—1,b) = d' |vac), (12.21)

¢+ and ¢_ are the operators for the modes received by Alice with polarization &, (a) and é_(a), respectively,
while d and d_ are similarly defined. These measurements can be performed by sending each photon through
a modulator, a PBS, and two photodetectors (see Exercise 12.4). The correlation is then given by

C(a,b) = (| A(a) ® B() |¢) , (12.22)

where |1) is the quantum state of the two photons, assumed to be pure for simplicity. With entangled photons,
it is possible for S to violate the CHSH inequality given by Eq. (12.17); see Sec. 12.2.2.

Of course, the two outcomes can still be regarded as random variables under quantum mechanics. The joint
probability distribution is given by

Pag(z,yla,b) = |((A = z,a| @ (B =y,b|]) |4)]?, (12.23)

which must be computed using both of the settings (a, b).
How would we change the classical theory to fit with the quantum prediction?

(1) We could make A(a, \) depend on b and B(b, \) depend on a. But a and b depend on the whims of
Alice and Bob. If they are far apart and choose the settings at about the same time, relativity would
forbid their choices to be known to each other.

(2) We could make the probability distribution of A depend on (a,b) and |¢)). But X is supposed to
describe the fundamental properties of the photon pairs; how can it depend on the choices (a, b) made
by Alice and Bob?

For a lot of people, these philosophical arguments are deeply profound and a conclusive experiment that violates
local realism is a big deal [24], so much so that they managed to convince the Nobel committee to award the
key experimentalists Clauser, Aspect, and Zeilinger a Nobel Prize in Physics (https://www.nobelpri
ze.org/prizes/physics/2022/summary/).

EXERCISE 12.1. Using quantum theory, compute the marginal probability distribution of Alice’s outcome:

ZPAB(QJ‘,y|CL, b) (12.24)
y

and show that it does not depend on b. Do the same for Bob’s outcome.

(This exercise shows that Alice cannot know anything about b if she’s alone; same for Bob about a, so the
entangled photons do not allow them to communicate via their settings. The violation of Bell’s theorem can be
revealed only after they come together and combine their results.)

12.2.1. Proof of CHSH inequality (12.17). I follow Wikipedia https://en.wikipedia.org/w
iki/CHSH_inequality#Bell’s_1971_ derivation. For brevity, let

ALQ = A(al,g, /\), BLQ = B(bLQ, )\), (12.25)
Cl = C’(al, bl) = ]E(AlBl), CQ = C’(al, bg) = E(AlBg), (12.26)
03 = C(ag, bl) = ]E(AQBl), 04 = C(ag, bg) = E(AQBQ). (12.27)
First consider
Cl — Cg =E (AlBl — AlBg) =E (AlBl — A1B2 + AlBlAQBQ + A1B1A232> (1228)

= E[A,B)(1+ AyBy)] — E[A1By(1 + A3B))]. (12.29)
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Take absolute values of both sides, and use triangle inequality |z + y| < |z| + |y| and Jensen’s inequality
E(|X|) < |E(X)| (https://en.wikipedia.org/wiki/Jensen%27s_inequality):

|C1 — O < |[E[A1B1(1 £ A2Bo)]| + |E[A1B2(1 £ A2B1)]| (triangle ineq.) (12.30)
<E[A1Bi(1+ A3Bs)|| + E[|A1Ba(1 + A2 By)|] (Jensen) (12.31)
=E (|A1B1|[1 £ A2Bs|) + E (| A1 Ba|[1 £ A2 By ) (12.32)
<E(|1+ A3Bs|) + E(|1 £ A2B1]) (|A4;B)| < 1) (12.33)
=E(1+ AsBy) + E(1 £ ABy) (1+ A;B, > 0) (12.34)
=2+ Oyt Cy =2+ (Cs+Cy). (12.35)
It follows that
|C1 — Ca| <2 —[C5+ Cy, (12.36)
10y — C| + |C3 + Cy| < 2, (12.37)
|C1 — Ca+ C3+C4| <|C1 — Co| 4+ |Cs+ Cy| <2. (triangle ineq.) (12.38)

12.2.2. Quantum. We now consider a specific quantum scenario that can violate the CHSH inequality.
Let the quantum state be

) = VI —¢ |vac) + /e ¢<2>> , (12.39)
1
v = 75 (el - bl Ivac), (12.40)
where € is the probability of having two photons and I've assumed e = —1, so that |1/} is the so-called

singlet state (https://en.wikipedia.org/wiki/Singlet_state). With the new polarization
vectors given by Eqgs. (12.10) and (12.11), the operators for the new polarization modes should be defined as

¢+ = (cosa)éy + (sina)ée, é_ = (—sina)é; + (cosa)és, (12.41)
d; = (cosb)d; + (sinb)da, d_ = (—sinb)d; + (cosb)da, (12.42)

according to Sec. 3.5.1. Now the probabilities of detecting two photons in certain pairs of polarizations are
given by

2
Pag(1,1]a,b) = €| {vac| mﬁ\% (awg - e;d”{) Ivac) (12.43)
- g[(cos a)(sinb) — (sina)(cosb)]? = gsin2(a —b), (12.44)

2
Pagn(1,—1]a,b) = €|(vac| &j\}i (e{@ - a;d”{) |vac) (12.45)
= % [(cosa)(cosb) — (sina)(—sinb)]* = %cosz(a —b), (12.46)

1 2
Pap(—1,1|a,b) = €|(vac| é,dJrﬁ <éidﬁ2 - é;ﬂ) |vac) (12.47)
= % [—(sina)(sin b) — (cos a)(cos b)]* = %cos%a —b), (12.48)

L1 2
Pap(=1,~1la,8) = e| (vacl ¢-d_— (é{d”; - é;di) Ivac) (12.49)
= % [(—sina)(cosb) — (cosa)(—sina)]? = %sinQ(a —b). (12.50)

The rest of the outcomes occur with probability €, when no photon (the vacuum state) comes in. Let’s condition
our probabilities on the event that two photons are coming in, so that we can divide each probability above by


https://en.wikipedia.org/wiki/Jensen%27s_inequality
https://en.wikipedia.org/wiki/Singlet_state
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the two-photon probability €. The correlation, conditioned on two photons coming in, is then given by
1
C(a,b) = = [Pap(1,1|a,b) — Pap(1,—1la,b) — Pap(—1,1|a,b) + Pap(—1, —1|a,b)] (12.51)
€

= sin(a — b) — cos?(a — b) = — cos[2(a — b)]. (12.52)

Notice the following special cases:
(1) When a = b, Pap(1,1la,a) =0, Pap(1,—1|a,a)/e = Pap(—1,1la,a)/e = 1,and C(a,a) = —1,
indicating that the polarizations of the photon pair are always orthogonal to each other, regardless of

a. This is a special property of the singlet state.
(2) When a—b = /4, Bob’s polarization vectors are rotated by 45° with respect to Alice’s, and C'(a, b) =

3) \Oxfhen a—b = 7/2, Bob’s polarization vectors are rotated by 90° with respect to Alice’s, and C'(a, b) =
1.
Now set
a; =0, ag = %, by = % by = %” (12.53)
so that
C = —\}5, Co = \}5 Cs = _\}i’ Cy —\}5, S=-2V2. (12.54)

Hence |S| > 2, which violates the CHSH inequality.
There are many other settings that allow one to violate the CHSH inequality, but the key ingredient of the
experiment is the entangled photons.

EXERCISE 12.2. Verify Egs. (12.43)—(12.50).
EXERCISE 12.3. Let

(¢<2>> _ Jli (a{d”* n ezeéTdD Ivac) (12.55)
¢+ = (cos a)cl + (€ sina)éy, (12.56)
é_ = (—e sina)é; + (cosa)éy, (12.57)
dy = (cos b)d1 + (¢ sin b)ds, (12.58)
d_ = (—e " sinb)d; + (cosb)ds. (12.59)

Suppose that experimentalists tell you 6 and ¢ are some real constants that they cannot change. Compute
C(a, b) and give them a set of settings (a1, b1), (a1, b2), (az, b1), (az, ba) such that |S| = 2v/2.

EXERCISE 12.4. To measure a photon in a certain polarization basis, one way is to use an electro-optic modu-
lator (EOM) and a PBS shown in Fig. 12.3.

X

. 7 97 g
1 g _]—
o EOM 2 é+ D
C2 2z
PBS

FIGURE 12.3.

The EOM applies a phase shift ¢; to the g’ polarization and a different phase shift ¢ to the 2’ polarization,
where

L R
y_ﬁ(y_'_z)’ z_\/i(y z). (12.60)
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If ¢4 is the operator for the y-polarized mode at the output and ¢_ is the operator for the zZ-polarized mode at

. . ¢ ¢
the output, find the input-output relation between (f) and <61> .
2



CHAPTER 13

Incoherent Imaging

Our goal in this chapter is to model the quantum state of light in an imaging system with incoherent sources
for astronomy and fluorescence microscopy. The general idea is sketched in Fig. 13.1, which generalizes the
two-input-two-output relations we studied earlier in Chapter 6. Multiple optical pulse modes on an input plane
at z = 21 propagate through passive linear optics. They are transformed to optical pulse modes on an output
plane at z = zy > z| some time later. Let { /;} be the annihilation operators for the input pulse modes and {§;}
be the annihilation operators for the output pulse modes. If the optics is lossless, the input-output relations in
the Heisenberg picture are given by

9 =">_ Vimfm: (13.1)

where V' is a unitary matrix, as we learned in Chapter 6. If there is loss, we assume that some modes are
inaccessible and trace them out, following Chapter 7.

JAN passive \
[ linear A
/7\—> optics —/35\

FIGURE 13.1. An imaging system as a multi-input-multi-output system. Multiple spatiotem-
poral modes with annihilation operators { f;} are prepared at an input plane z = z;, which are
transformed to multiple spatiotemporal modes with operators {§; } in the Heisenberg picture.

13.1. Spatiotemporal modes

13.1.1. Change of variables. The simple pulse modes we studied earlier assume (k,,k,) = (0,0) and
s = 1. The electric fields of the modes look like pulses moving along z but are otherwise uniform along (z, y).
To model imaging, we need to consider modes with more complicated spatial behavior. To define the modes in
a way relatable to classical optics, we perform a change of variables from (k, ky, k.) to (kz, ky,w), similar to
what we did in Sec. 6.4.

Assume that the (k, s)-space amplitude of a mode is nonzero only for k, > 0, so that the mode propagates
in the positive z direction. k, can then be expressed as a function of (k;, ky, w):

2
s (i, oy ) = \/C’) — k2 - k2. (13.2)

Recall the annihilation operator a(k, s) in the continuum case in Sec. 3.4. It satisfies the standard commutation
relation [a(k, s),a'(k',s')] = 63(k — k')dsy. In terms of the new variables, we define a new annihilation
operator as

7 8kz k’xak )
b(ky, by w, ) = (awy“)

108

ik, by, b (ke Koy, w), 5), (13.3)
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so that it satisfies a similar commutation relation

[3(&, s), bl (s, s’)] — 3k — ')y, (13.4)

where we have defined the shorthands
K = (kg, ky,w), 3k — k') = 8(ky — K)o (ky — Ky )o(w — w'). (13.5)

We can now define an optical mode with mode label [ by the annihilation operator

fi= Z// Wi (k,s)a(k,s)d*k = Z// Wi (k, $)b(k,s)dk, (13.6)

&’k = dkydk,dw, /// K _/ / / )dkydkydw, (13.7)

W, (k, s) is the continuum limit (L — c0) of W;;Ak~3/2 with Ak = 27/L, and

where

Wi(k,s) =

% 1k, 5) (13.8)
w

is the (k, s)-space amplitude of the mode, obtained by substituting k. with the function &, (k, ky,w) on the
right-hand side.
For a set of modes, their operators should satisfy the usual commutation relation

[is £1] = G, (13.9)

so the amplitudes should satisfy the orthonormal condition

Z// Wi (k, s)Wp(k, s)d°k = Z// Wi (K, 8) Wi (K, 8)d>k = . (13.10)

We can study the physical meaning of the (k, s)-space amplitude W, by considering the Heisenberg-picture
electric field E(r,t) of the mode. It will be convenient to write the electric field as a sum of two parts:

(+)

Er.t)=E (e, 0) + BT (r,0), (13.11)

where E ) is called the positive-frequency part, given by
(+ 1/2
. o kit
E (rt) L3/2 E (260) ajep eIt (13.12)

and £ (r,t) = [E(+) (r,1)]T, the negative frequency part, is simply the Hermitian conjugate of the former.
Witha; =), ]zfl, we can write E( )

=>_ froi(r,t), (13.13)
l

where the mode function v;(7, t) is given by

1/2 ‘ ‘
() r,t L3/2 Z <2€ > ‘/leék,sezk'r_mjt (13.14)
hw(k) ]2 o
WZ/// [ - )] Wik, s)ep ™ W@ (Lso0)  (1315)
L hw Ok, V2 ~ ik-r—iwt 33
~ (@2npR Z/// (260 &u) Wik, 5)ek,se d°K. (13.16)
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Thus, (kz, ky,w) are frequencies of a plane wave that determine the oscillations of the electric field along
(x,y,t), and the integral represents a superposition of the plane waves over a range of (k,, k,,w). It is custom-
ary in optics to specify a spatiotemporal mode by its mode function v;(z, y, z = 0, t) as a function of (x, y, t)
at a fixed z. Given such a mode function, we can retrieve the (k, s)-space amplitude by Fourier transform:

Vi(k,s) = (27r1)3/2ék’5 . ///vl(af,y, z = 0,t) exp(—ikzx — ikyy + iwt)dzdydt (13.17)
hw Ok, \
— <260 5 ) Wi(k, s), (13.18)
hw Ok, \ /2
Wik, s) = <260 m) VK, s). (13.19)

13.1.2. Narrowband approximations. To proceed further, it will be convenient to make a couple of sim-
plifying approximations that are common in optics:

(1) Quasimonochromatic: W;(k, s) is highly concentrated near a carrier frequency w = €2, and the
bandwidth of W, along w is much smaller than €.

(2) Paraxial: W)(k, s) is highly concentrated near (k, k) = (0, 0), so that the mode consists mostly of
plane waves with wavevectors that have small angles with the Z axis. In other words, we assume

0
NGRS ~. (13.20)

We call these the narrowband approximations. They mean that W (k, s) is highly concentrated near
(kz, ky,w) = (0,0,9) (13.21)

and W;(k, s) in k space is highly concentrated near (k;, ky, k) = (0,0,9Q/c); see Fig. 13.2. We can then
assume
hw Ok, S
260 ow - 2606,

€k, ~ €z,1, €k2 N €Lz 2, (13.22)

so that the cumbersome prefactor in Eq. (13.19) is a constant, we can treat W (k, s) as the Fourier transform
of the mode function v;(r,t), and the polarization vectors do not depend on the wavevector and we can write
€r3z s = €, in the following. One possible choice is

é = &, & =7, (13.23)

but any pair of orthonormal vectors perpendicular to Z will do.

km N

/ '
k

Y

FIGURE 13.2. The narrowband approximations mean that the (k, s)-space amplitude W;(k, s)
is highly concentrated near (k, ky, k.) = (0,0,8/c) in k space.
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13.1.3. Mode amplitude in real space and time. It is often more intuitive to work in real space and time.
Abbreviate the coordinates (x, y, t) as
§=(z,y,1) (13.24)

and define the (&, s)-space amplitude of the mode as the inverse Fourier transform

1 <[ [ - . . . -
wi(€,s) = (271_)3/2/00 /OO /Oo Wi(ks, ky, Q4+ @, s) exp(ikyx + ikyy — iot)dk,dk,do, (13.25)

where we have defined
w=w-—Q, (13.26)

as the frequency relative to the carrier. We can take the integration limits with respect to @ to be (—o0, 00)
because W, =~ 0 outside a narrow band centered at the carrier 2. This definition means that w; (€, s) is the
inverse Fourier transform of a function Wj(k,, k,, Q2 + @, s) that is concentrated near (k;, k,,©) = (0,0,0)
with a small bandwidth, so w is slowly varying in (z,y, t) relative to the frequencies §2/c in space and € in
time.

SIDE NOTE. In optics, another name for wi(&, s) is the envelope function of the mode, and the narrowband
approximation is also called the slowly-varying-envelope approximation.

By Fourier duality,
- 1 . . N 3
Wi(ky, ky, Q4+ @, s) = W /// wy (&, s) exp(—ikzx — ikyy + i0t)d (13.27)
so the annihilation operator for the mode given by Eq. (13.6) can also be expressed as
ii=>" /// wi' (&, 5)é(, 8)d’¢, (13.28)
where
A 1 7 ~ ik aikyy—id ~
¢(§,5) = i /// b(ky, ky, Q4 @, 5)eFe Ty =St qr dk, do, (13.29)
(&,5),¢1(€ )| = 0°(6 — €0 (13.30)

By virtue of Parseval’s theorem, the (£, s)-space amplitudes for a set of modes are orthonormal in the sense of

Z///wi‘(&s)wm(ﬁ,S)d?’ﬁ = Ol (13.31)

Using Egs. (13.16) and (13.25) and making the narrowband approximations, the electric field of the mode can
now be expressed as

BQ 1/2 )
Ul(-T,y,Z = O¢t) ~ <> Zéswl(sas)e_zgta (13.32)

2606

so that the w; (&, s) amplitude is more directly related to the electric field in real space and time. Examples:

(1) A monochromatic point source at position (x,y, z) = (u, v, 0) would excite a mode with an amplitude
wy (€, s) that is highly concentrated near (z,y) = (u,v) at z = 0 and oscillates as exp(—i€2t) in time.

(2) The transverse-electromagnetic (TEM) modes can be obtained by assuming {w; (€, s)} to be a set of
Hermite-Gaussian functions of (z,y).

(3) The diffraction of an optical mode is modeled by the change of the mode function v;(x, y, z, t) along
z according to Eq. (13.16). Fresnel diffraction [25], for example, is obtained if we make the Taylor-
series approximation

w k24 K2

ky(ky, by, w) = o xQQ L

(13.33)

inside the exp(ik,z) factor in Eq. (13.16).
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13.2. Incoherent light

To model incoherent light, such as the radiation from thermal or fluorescent sources, we assume a quantum
state in the form

p= /<I>(o<) la) (] d* a, d(a) = th(lWF) exp (—aTl“*la) , (13.34)

where the Sudarshan representation @ is a zero-mean symmetric Gaussian distribution with a covariance matrix
given by

/@(a)a,a*md”a =T (13.35)
The word “symmetric” refers to the fact
/@(a)alamd”a =0 Vi,m. (13.36)

We call any state in this form a Glauber state. This model is motivated by the following facts:

(1) The thermal state discussed in Sec. 5.3 is a Glauber state.
(2) Under passive linear optics, an initial Glauber state would evolve to

p= [ @@ Va) (Valaa— [6(vig)|) (8¢ (13.37)
for some unitary matrix V, as we learned in Sec. 6.5.2. The Sudarshan representation in terms of 3
becomes
1
D(VI8) = — < exp| - (VTV)! 13.38
V18) = qeiemy L8 VTV, (13.38)

which is still zero-mean symmetric Gaussian, except that the covariance matrix has been transformed
to VI'VT. The output state hence remains a Glauber state.

(3) To model loss, we should assume that some modes are inaccessible and trace them out, as we learned
in Chapter 7. If the bath is also in a Glauber state initially, then it can be shown that the state after
passive linear optics and partial trace is still a Glauber state; see Exercise 13.1.

(4) The evolution of the covariance matrix in passive linear optics is consistent with the basic principles
of statistical optics [26].

(5) With a Glauber state, the quadrature observables of each mode are zero-mean Gaussian random vari-
ables with the same variance. This agrees with the common assumption in statistical optics that the
fields of incoherent light are zero-mean Gaussian random processes with the same variance for the
quadratures of each mode.

(6) The photon-counting statistics with a Glauber state follows Mandel’s formula given by Eq. (5.59),
which has been verified by experiments for many common light sources.

In addition to being a decent model, Glauber states are also mathematically convenient because each is com-
pletely specified by the covariance matrix I', which is a J x J matrix for J modes, a much simpler mathematical
object than the infinite-dimensional p.

A classical-quantum correspondence can now be established by assuming that the mutual coherence func-
tion in statistical optics is given by

A

(&, 5,€,8) = <E§*>(x’,y’, ¢ =0,VEN 2,y 2 = (),t)> , E,=e& - E, (13.39)

which is the covariance between the complex electric fields at two different points & = (z,y,t) and & =
(«',9/,t") on a plane at z = 0. The mutual coherence can be related to the covariance matrix I' in a Glauber
state through the following recipe:

(1) Assuming the spatiotemporal modes in Sec. 13.1 and a coherent state that satisfies

fila) = a;la), (13.40)
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the covariance matrix for a Glauber state becomes
Ty = /@( Yok, d¥ o / B(a)agal,d o = tr / o(a)f)|a) (o] f.d¥ a = tr (ﬁﬁf;) . (1341)
(2) Under the narrowband approximations, the mutual coherence can be related to I' by

V(&5 &) =3 (&8 -vilr,0)] tr (flpr)[ v (r', )] (using Bqs. (13.13) and (13.39)) (13.42)

Ilym
hQ
2600

~
~

eIt Zw, (&, $)Timw (£, ). (using Eqs. (13.32) and (13.41)) (13.43)

(3) Using the orthonormal condition given by Eq. (13.31), we can also express the covariance matrix I' in
terms of the mutual coherence v as

— QGOCZ /// /// wi (€, 5)7(&, 5,&, 8w (€', ) adedde. (13.44)

This recipe allows us to translate any result in statistical optics in terms of the mutual coherence to the quantum
regime by relating it to the covariance matrix of a Glauber state, provided that the problem at hand satisfies all
the assumptions made in this chapter.

EXERCISE 13.1.

(1) Let H 4 be a Hilbert space for J system modes and /5 be a Hilbert space for K bath modes. Let p
be a Glauber state on H 4 with covariance matrix I" and pp be a Glauber state on H g with covariance
matrix ['(®). Show that P ® pp is a Glauber state on H 4 ® H p and find its covariance matrix in terms
of T and I'®). You may assume that |a) = !a(A)> ® ’a(B)> is a coherent state on H 4 ® H g, where

‘oz(A)> is a coherent state in H 4, !a(B)> is a coherent state in H p, and
(4)
a=aPga® = (%), (13.45)
o(B)

where @ is the direct sum (see Sec. B.10).
(2) To model loss, suppose that the system and the bath go through some passive linear optics together,
modeled by a unitary U operator on H 4 ® Hp and a V' matrix, such that

. VAL PABN /o)
Ule) = |Vay), Vo = <V(BA) V(BB)) <a(3)>7 (13.46)

where VA4 isa J x J matrix, VAB) isaJ x K matrix, VB jsa K x J matrix, and V(BB) ig a
K x K matrix. Then we trace out the bath degree of freedom. Show that the resulting system state

6 =trg [U (p®pB) UT] (13.47)

on H 4 remains a Glauber state and find its covariance matrix in terms of T', T'®), and the V matrix
given above.

(3) If pp is the vacuum state, find its covariance matrix 'B) and find the covariance matrix of the final
Glauber state ¢ in terms of ' and the V' matrix given above.

13.3. Spectral modes
Suppose that each (&, s)-space amplitude w;(&, s) is separable as follows:
wi(&,8) = wgm(&,s) = dq(,y, 5)em(t), (13.48)
where the mode label [ is now defined as
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in terms of the label g for the spatial/polarization mode and the label m for the temporal mode. Let the temporal
amplitude ¢,, (t) over a time interval 7" be

1

. T
om(t) = \/Texp(—zwmt), It| < 3 (13.50)
where
2 -1
wm:@1+”(”;), m=1,..., M. (13.51)

The electric field of each mode then oscillates with frequency €2 + @,,. The temporal amplitudes {;(t)} are
orthonormal in the sense of

T/2
/ O () Py (E)dt = S - (13.52)
—T/2
T is assumed to be finite to make the math more tractable, but we also assume that it is very long relative to €2
and often take the limit 7" — oo if appropriate.

With incoherent light, it is often reasonable to assume

Fll’ = F(q,m),(q’,m’) =0 ifm 75 m’, (1353)

meaning that there is no correlation between two modes if they do not have the same frequency. The thermal
state, for example, obeys this condition. Moreover, most linear-optics components are time-invariant systems
that do not couple modes with different frequencies, so the covariance remains zero after the light passes
through such components. Another motivation is that incoherent light is often a stationary process in the sense
that the mutual coherence is a function of ¢ — ¢’ only in terms of its time dependence, so Eq. (13.44) would also

imply I'jy = 0 in the limit of 7" — oo if the two modes do not have the same frequency.
With no covariance between modes with different frequencies, we can partition I' as the direct sum
T
r®
r=TOagr®@qg...grM™ = ) , (13.54)
T (M)
where
L& = T(qm) (pom) (13.55)

is the covariance matrix for J,,, modes with the same frequency @,,,. We also partition the complex amplitudes
accordingly:

where (™ is a column vector of amplitudes for the .J,, modes with the same frequency @,, so that the
Sudarshan representation becomes

M
1
= || R _omipm)—1_(m)
P(a) - det (Wr(m)) eXp( « P « ) ) (1357)

m=1

and the Glauber state becomes
1
A A(m) A(m) — s o (m)tp(m)—1, (m) (m) (m)| 32Jm - (m)
5 ®p b —/det(ﬂ“(m)) exp( a'™IT a ) ’a ><a ’d a'™ . (13.58)

Long story short, the zero covariance between modes with different frequencies allows us to factorize the
Glauber state into a tensor product of states, where each state is a Glauber state for modes with the same
frequency.
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13.4. Poisson approximation

We now focus on p{™) for the spatial/polarization modes with a specific frequency @,,. For brevity, we
write

fa = Fam- (13.59)

For weak sources at optical frequencies, such as astronomical sources or fluorescent particles, it is often the
case that the average photon number in one spectral mode received by an imaging system is much smaller than
1. Mathematically, this means that

e=tlm =3 (f;fqﬁ<m>) < 1. (13.60)
q

We can then make the approximation that ("™ is a linear combination of |vac) (vac|, {|vac) (14|}, {|14) (vac|},
and {|1,) (1,|} only, where

14) = f] |vac) (13.61)

is the state with one photon in spatial/polarization mode g. It can be shown that, for a Glauber state,
(| p™ |ny =0 if Y ng#£ D nl, (13.62)

q q
SO wWe can assume
P = (vac| p™ [vac) [vac) (vac] + 37 (1] 57 [1,) [14) (1, (13.63)
a.p

(vac| p'"™ |vac) = /@(m) (a)e*HO‘HQdea =1—e+O0(e), (13.64)
(1, p"™ 1,) = / & (@)e 1 agard®ma = T 4+ 0(e), (13.65)

where O(€?) denotes terms on the order of €2 or smaller, which we assume to be negligible. All other matrix
entries are O(e?) and can be neglected. Hence,

p™ (1 =€) |vac) (vac| + (™), Lm =31 1) (1], e =tr™M), (13.66)
q,p

This approximation of the density operator is extremely useful in quantum information calculations [27, 28, 29].

An important consequence of Eq. (13.66) is that it gives rise to Poisson statistics for photon counting. To
see this, first consider photon counting in one spectral mode. Let the photon count in mode (g, m) be ng m.
The probability of finding no photon in one spectral mode is

Plngm = 0 for all ] = (vac| ﬁ(m) [vac) =1 — ¢, (13.67)
the probability of finding one photon is

> ngm = 1] = (1]p™ 1g) =€, (13.68)
q

q

P

and given that there is one photon, the probability of finding the photon in spatial/polarization mode q is

P

Ngm = 1

. 1
> o = 1] = — (1o P [1g) = T2, (13.69)
p

If we now assume that all the covariance matrices {I'")} for different frequencies are identical and, for each
spatial/polarization mode g, we integrate the photon counts n ., over all the frequencies to obtain an integrated
photon count

M
ng= Y Ngm, (13.70)
m=1
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the integrated photon counts {n,} in the spatial/polarization modes become Poisson in the limit of
e — 0, M — o, M e held fixed, (13.71)

according to Sec. C.6. This result is consistent with the Poisson model commonly assumed in optical astronomy
[30, 31] and fluorescence microscopy [32], offering another justification of the approximation in Eq. (13.66).

Note that our derivation of the Poisson model works for photon counting with respect to any set of spa-
tial/polarization modes, since we haven’t assumed anything specific about the modes.

SIDE NOTE. The photon-counting distribution for thermal, fluorescent, or atomic sources is often not exactly
Poisson, and any deviation from the Poisson model is called bunching or antibunching [33]. To model bunch-
ing or antibunching, one needs to include the multi-photon components of p\™, i.e., the higher-order terms
> (M P Y |n) (0| with > Mg = D, Mg > 2. Calculations have shown, however, that such terms
are insigificant if ¢ < 1:

(1) In astronomy, Hanbury-Brown-Twiss interferometry, also called intensity interferometry, postselects
the two-photon events in each temporal mode, and one must consider at least the two-photon compo-
nents of p(™ to model it. Unfortunately, it turns out to have a terrible signal-to-noise ratio compared
with ordinary stellar interferometry that relies on one-photon events [30].

(2) Calculations in quantum information theory [34, 35, 36] also find that, when € < 1, the effect of the
higher-order terms on the total amount of information in the light is negligible.

The reason is simple: the probability of having two or more photons in each spectral mode is O(e?), which is
much smaller than the one-photon probability €; such rare events cannot contribute significant information on
average.

13.5. Imaging
13.5.1. Randomly polarized light. First let us be more specific about the polarizations. Assume
wi(&,8) = Wgom(&,5) = g(x,y)0sam(t), (13.72)
where the mode label now consists of
l=(q,0,m), (13.73)

q is the label for the spatial part, 0 = 1, 2 is the label for the polarization part, and m is the label for the spectral
part. If the light is randomly polarized, then

Fll’ = F(q,a’,m),(q’,a’,m’) =0 ifo # O', (1374)

for any two modes with orthogonal polarizations, and we can once again partition the covariance matrix as

r=gpriom), T2 =Ty o m).(poim)- (13.75)

(@) is now a covariance matrix for spatial modes with a given polarization r and frequency @y, .
With all these assumptions and using Eq. (13.44), I'(°™) can be expressed as

L™ = // / &n (@, )V ™ @,y 7y )y o ) dadyda' dy (13.76)
where
(o,m) 2600 iQ(t—t')
~ (x,y,2',9) gpm Yor () (€, 0,8 0)e dtdt (13.77)

is the spatial part of the mutual coherence. Usmg the same Poisson approximation in Sec. 13.4, we can write

b= ®p om) - plem) — (1 — tr D™ vac) (vac| + (™) ZF (1p[. (13.78)

Our remaining task is to find [em),
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13.5.2. Statistical optics. Let us now review the key results in statistical optics [30] with criminal brevity.
A point source excites a spatially localized mode near (u, v) on the object plane. The mode turns into a spherical
wave as it propagates away from the source. A diffraction-limited optical system collects part of it through an
aperture and passes the light to a detection plane. The mutual coherence on the detection plane becomes [30]

YO @y, 2 y') oc T (@, ylu, o)™ (@', ' Ju, v), (13.79)
where [ is the intensity of the source and v is the point-spread function of the system for the optical field.
For example, if the detection plane is an image plane, then v (x,y|u,v) can be modeled as a function of
(x — u,y — v). With multiple incoherent point sources at object-plane positions {(u,, v,)} and with intensities
{I,,}, there is no correlation between the fields due to different sources, and the mutual coherence becomes

,y(a,m) (:II, Y, $/, y/) x Z Ip¢($7 y’“’p’ ’Up)’[/J* ((L‘/, yl|up7 UP)' (1380)
p

More generally, we can regard an arbitrary number of incoherent point sources as one spatially incoherent
extended object with intensity function I (u, v) on the object plane, so that the mutual coherence on the detection
plane becomes

A (2l ) // I, 0 (e, ylu, ) (@ ' Ju, v)dudb. (13.81)

The setup is illustrated in Fig. 13.3.

spatially
incoherent :

. point-spread
object function
I(u,v) w('x’yhj'? U)

object imaging  detection
plane system plane

FIGURE 13.3. A diffraction-limited imaging system.

13.5.3. Classical-quantum correspondence. To relate the mutual coherence v(%™) to the covariance ma-
trix I'(®™) in a Glauber state, use Eq. (13.28) to write the spatial-mode annihilation operator as

fo= / Z / Z 5 (@, y)d(x, y)dwdy, (13.82)
where d(z, ) is related to the & operator in Eq. (13.29) by
)= [ @i o [d(.y).d! (o)) = bz — 2oy — o). (13.83)
Define also h
[0} = { // W,y\u,v)ﬁ(x,y)dmy] [vac) (13.84)

as the state of a detection-plane photon emitted by a point source at object-plane position (u, v), assuming that
the point-spread function is normalized as

(Wl = / o ylu, o) Pdady = 1. (13.85)
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Then
(Wbt} = [[ 0300w, vlu v)dedy, (13:86)
and this inner product can now be combined with Egs. (13.76) and (13.81) to give
r(em) o // T, ) (Lg|thu.0) (tu| L) dudo, (13.87)
pem) o // T(u,0) [P 0) (Puo| dudv. (13.88)

Egs. (13.78) and (13.88) are the starting point of many calculations regarding incoherent imaging in quantum
information theory [27, 28, 29].



APPENDIX A

Blackbody Radiation

A.1. Rayleigh-Jeans

Consider a box with some matter that can both absorb and emit EM radiation, such as the wall of an oven or
atoms inside a star. We call the matter blackbody because it can absorb light at all frequencies, but in practice
anything can absorb and emit light. We focus on the EM fields and assume that the blackbody is the “heat bath.”
According to Gibbs, when the fields and the blackbody are in a thermal equilibrium, each degree of freedom of
the fields should have a probability density of energy given by

exp(—BFE) 1

Iy exp(—BE")dE" b= kT’

f(E) = (A1)

where kp is called the Boltzmann constant (even though it was first proposed by Planck) and T is the temper-
ature. Each degree of freedom is a mode of the EM fields inside the box. The average energy of each mode is
then

E = /OO Ef(E)dE = ; = kgT. (A.2)
0

This result is consistent with the equipartition theorem for harmonic oscillators. Now we define a spectral
density function S(w) as a function of the angular frequency w as follows:

(A.3)

/ @ S(w)d energy in all modes with frequencies up to €2
w)dw = .
0 volume of box

In other words, |, OQ S(w)dw is the EM energy density if we include only modes with frequencies up to €.

For EM fields, that means we need to sum up the energies of all the modes with frequencies up to €2 to
compute this integral.

Since F here is the same for all modes, we just need to count the number of modes and multiply that by E.

Recall
2mn 2mn 2mn
kx: Lz’ ky: Ly7 kz: Lz7

and if we mark each possible value of (k, ky, k.) by a dot in k space, we’d get something like Fig. A.1.

Ng,Ny,n, = 0,£1,£2,..., (A4)

(1) Each dot is separated from an adjacent dot by 27/ L, and we have a lattice of dots in general.

(2) Remember also that, for each value of k, we have two polarizations, so each dot denotes two polar-
ization modes.

(3) Recall that each mode has frequency

w(k) = c|kl, (A.5)
so the modes with w(k) = c|lk| < Q would be the modes inside a sphere in k space with radius
k| < Qfec.

To simplify the counting, we introduce the concept of mode density p(k):

/// p(k)d*k = number of modes inside a k-space region V. (A.6)
1%

Let’s assume that L is very large, so that the dots are very close to each other and there are a large number of
dots inside the sphere. Then we may approximate the density of the dots as a constant, i.e., assume that p(k) is
a constant.
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FIGURE A.1. Possible values of wavevector k for sinusoidal modes in a box. Each dot denotes
two polarization modes.

There is one dot per k-space volume (27/L)?, and there are two modes per dot, so the mode density is

2

p(k) ~ G /L7 (A7)

Now the number of modes with w(k) < € is simply an integration of p(k) over the sphere with radius 2/c in

k space. Since p(k) is a constant, the integral is simple:

2 4m(Q/c)?
(2 /L)3 3

number of modes with w(k) <  ~ p(k) x volume of sphere = (A.8)

SIDE NOTE. The concept of mode density and the formalism here are closely related to the important concept
of density of states in solid-state physics.

Putting everything together,

/Q 5 () = average energy per mode X number of modes with frequencies up to 2 (A.9)
0 volume of box
E 2 4n(Q/c)?
= — . A.10
3" @r/L? 3 (A-10)
Differentiating both sides with respect to €2, we obtain

We could do more physics to derive the power spectral density of the light that comes out if we poke a hole on
the wall, but we wouldn’t bother for now. (It has the same dependence on w as S(w); see Sec. A.3.) Plugging
the classical prediction 2 = kT into the formula, we obtain the Rayleigh-Jeans law

w2

SRayleigh-Jeans (W) = kgT. (A.12)

m2e3

This fits the experimental result for low w only. The discrepancy between Rayleigh-Jeans and experiments at
high frequencies is called the ultraviolet catastrophe.
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A.2. Planck

Planck assumes that the energy in each mode is discrete. According to Gibbs, if the energy is discrete, the
probability mass function of the energy in mode j = (k, s) should be

exp (—BE/hw;) E
P;(E) = —=0,1,2,... A.13
]( ) ZE/ eXp (*ﬁEl/mj)v hwj 07 9 “y ( )
The average energy is then
— hw
E; =) EP/(E)= . . A.14
J Z i(E) exp(hw;/kpT) — 1 ( )

When hw; < kpT, we have Ej ~ kpT, which agrees with the classical case, but when the frequency w; is
high E; becomes very different Since the energy of each mode depends on w;, which depends on k, we have

to modify the formula for fo w)dw a bit:

/oQ Slw)dw = % ///v Ejp(k)d’k. (A.15)

In other words, we think of p(k)d*k as the number of modes in a tiny region near k in k space, Ej as the
energy of those modes, and the integration in k space is just a sum over all the energies in the modes inside
the k-space region V. Since Ej depends only on the magnitude k of k and p(k) is constant, it is convenient to
rewrite the 3D k-space integral in spherical coordinates:

Q/c 2
/ S(w)dw = 73 // E;p(k)d*k / / / k2 sin Odkdfdd (A.16)

Q/c
E;k*dk. (A.17)

=i (27r>

27T 5 5 / Ejw’d (A.18)

Differentiating both sides with respect to €2, we obtain

w? huw
m2c3 exp(hw/kpT) — 1

S(w) = (A.19)

This is the law Planck derived in 1900. If Aiw < kg7, the Rayleigh-Jeans law given by Eq. (A.12) is a
good approximation but otherwise Planck’s law is much more accurate for high w. Moreover, the total energy
Jo° S(w)dw is now finite:

[e's) 2
_ T 4 4
/0 S(w)dw = 15(hc)? (kpT)* o< T". (A.20)

This 7% dependence is called the Stefan-Boltzmann law.

A.3. Spectral radiance

To convert S(w), which is the energy spectral density inside the box, to the power spectral density you
observe outside the box, imagine that there is a hole on the wall of the box where the light leaks out, or consider
the light that leaks out from the surface of a star. This leakage is usually very weak relative to the total energy
of the EM fields and the matter (e.g., the light leaking out an oven or light from a star is very weak relative to
all the energy inside them), so it does little harm to our assumption of a thermal equilibrium between the EM
fields and the matter.

Suppose that the area of the leakage is A (e.g., area of the hole or surface area of the star), and we look
at the energy leaking out in one small time interval A¢. With many modes inside the box and the EM waves
having random phases, it is a good assumption that the EM energy density is going to be quite constant inside
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the box. The speed at which the EM energy leaks out is c. Then we can define a power spectral density R(w)
by

/ @ R(w)dw = power density — energy density x volume of EM energy that leaks out (A21)
0 At
U S(w ]AXCN_A/ S(w (A22)
A
R(w) = AcS(w (A.23)
We could also define an intensity spectral density I (w) by dividing both sides by the leakage area A:
R
I(w) = 1(:)) =cS(w). (A.24)

If we look at the leaked radiation from very far away, it’s going to spread evenly in all angular directions. If
my detector can only detect a certain solid angle, then the detected intensity spectral density normalized by the
solid angle is

n(w )Ezm) ES( w), (A.25)

so that, given a certain solid angle that my detector can cover, the intensity spectral density is 1(w) x solid angle,
and if I can detect the whole 47 solid angle, then I get back n(w)4n = I(w).

To obtain the exact Planck’s law on Wikipedia, we need to do one final thing: convert this spectral density
in terms of angular frequency w to a spectral density 7j(») in terms of frequency v = w/(2) in Hertz. The two
densities are related by

v 2wy
/ A )dy' = / n(w)dw. (A.26)
0 0
Differentiating with respect to v and writing h = 27h, we finally obtain
202 hv

(A.27)

n(v) = 2mn(2nv) = %S(Qm/) =

2 exp(hv/kgT) — 1

f(v) is called the spectral radiance (power (Watt) per frequency (Hertz) per area (m?) per solid angle) on
Wikipedia and we’ve finally arrived at the exact formula.



APPENDIX B

Hilbert Spaces and the Bra-Ket Notation

B.1. Motivation for an abstract formalism

Modern physics has found it simpler and more elegant to describe objects in the physical world using
abstract mathematical concepts beyond numbers, matrices, and functions. The most common example in
classical physics is the use of abstract vectors to describe positions, velocities, forces, fields, etc. A vector in
three dimensions is written as

V=0T + vyY + U2, (B.1)

{&, y, 2} are unit vectors that point in three orthogonal directions, called an orthonormal basis of the vector
space. v, vy, and v, are the components of the vectors along those directions in a Cartesian coordinate system.
Z, Y, z, and v are abstract objects that we call vectors to represent physical concepts; they are not numbers but
something more abstract. We deal with these abstract objects by mathematically defining an algebra on the
vectors, such as addition of two vectors v + w, multiplication of a vector by a scalar cv, the dot product v - w,
the cross product v x w, and some tensors to map one vector to another vector. The algebra is a set of rules
about how to manipulate these abstract objects and it turns out that each operation is useful and meaningful in
physics.

One simple example is the work done by a constant force F' on an object moving along a straight path from
initial position 7 to final position r5:

W=F- (7"2 - ’I"l). (BZ)

F, r9, r1 are all abstract vectors. Writing a physical law this way is obviously simpler; otherwise we’d have
to write out all the components of F', 1, and ro. There’s also a deeper message contained in the abstract
formalism: It tells us that the work done is the same regardless of how we align the basis vectors {Z, ¢, z} in
our physical problem, or where we define the origin of the Cartesian coordinate system for our position vectors
71 and r2. In other words, some symmetry of the physics is built into the abstract formalism.

For another example, consider the vector fields, the divergence V-, and the curl V x in vector calculus.
They allow us to simplify Maxwell’s equations from the original 20-plus equations written down by Maxwell
to just four, and the equations work regardless of how we align the Cartesian coordinate system in our problem.

We have an even higher level of abstraction in advanced quantum mechanics: instead of writing the fun-
damental equations in terms of differential equations or matrix algebra, we write them in terms of abstract
Hilbert-space vectors and operators on those abstract vectors. The main reason is simplicity: the notation
would be a lot more cumbersome if we used anything else. The inherent symmetry built into the abstract
Hilbert-space formalism is a deeper concept that we won’t touch here.

B.2. Vectors

Quantum mechanics is modeled by vectors in complex Hilbert spaces. A complex Hilbert space, commonly
denoted by the caligraphic H, is a set of elements that we call vectors. In the bra-ket notation, we denote each
vector by a ket written as |¢)). The most important example is the state of a quantum system: we use a vector
|1} to model the state at one time, and all the properties of the quantum system at that time can be derived from

[¥).

In mathematics, we say that a set of objects are vectors when we can do the following things with them:

(1) Scalar multiplication: Given a vector |¢)), z|t¢) is also a vector, where z € C is any complex
number.
(A complex number is also called a scalar in physics, to distinguish it from vectors.)
(2) Addition: Given two vectors [¢) and |¢), their addition [¢)) + |¢) is also a vector.
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Moreover, these operations have the following properties: For arbitrary vectors ), |¢) , |£) and arbitrary
complex numbers z,w € C,

) +10) = |9) + |¥) (B.3)
(|¢>+|¢>) €)= [¥) + (Io) +1€)), (B.4)
wly) = (zw) [4) , (B.5)
(Z+w) ) = z[¥) +wly), (B.6)
2([9) +19)) = 2 [¥) + 214, (B.7)
L) = ¢) . (B.8)
When we take a bunch of vectors and apply scalar multiplications and vector additions repeatedly, i.e.,
21 Y1) + 22 [th2) + - (B.9)
we say that this is a linear combination of the vectors {|11) , [1)2), ... }. In physics, we also call it a super-

position. The set of all possible linear combinations of a bunch of vectors is called a vector space. A Hilbert
space is a special example of a vector space, and we call it complex when complex coefficients {z1, 22, ... }
are allowed in a linear combination.

Because we can multiply a vector by any complex number for a complex Hilbert space, unfortunately it is
impossible to draw these vectors in simple pictures, and we have to rely on algebra.

There is a special vector called the zero vector, denoted by 0 (without the |) for brevity). It is defined by

0+ ) =) Vy) eH. (B.10)

Think of it as a vector with zero length.

Almost any Hilbert space that we encounter in physics can be expressed in terms of a special set of vectors
{le1) ,|e2),...,|en)} called a basis of the Hilbert space. This set is called a basis because any element of the
Hilbert space can be expressed as a linear combination of the vectors in the basis, so we can write

V) = 91 |er) + b2 |ea) 4+ - + U |en) (B.11)

for some complex numbers 1,19, ...,y for any 1)) € H. (A basis plays the same role as the unit vectors
{Z,y, z} you learned in high-school physics, except that now we may have a large number of dimensions, not
just three.) We call {t1, 19, ..., ¥} the components of |¢)) with respect to the basis. A basis is also required
to be linearly independent, such that the components {1, } for a given [¢)) € H are unique, i.e., no other set of
complex numbers can satisfy Eq. (B.11) for a given [)).

Note that, given a Hilbert space, there are usually infinitely many bases that we can choose from, so we can
write a vector as

) = 1 ler) + b2 lez) + -+ PN len) (B.12)
= |eh) + 1o [eh) + - + Py |ely) (B.13)
using another basis {|e]) ,...,|e/y)} of the same Hilbert space. For a given vector, the components depend

on the chosen basis. If we choose a different basis, the components change.
In quantum mechanics, if [¢)) is the state of a quantum system, then we say that 1), as a function of n is a
wavefunction of the system. The wavefunction depends on the basis we choose.

B.3. Inner product

At the end of the day, we need to extract numbers from these abstract vectors to compare with experiments,
and the inner product is the main mathematical way of obtaining numbers from the abstract Hilbert-space
vectors.

For vectors in a Hilbert space, we can take the inner product between two vectors |¢) and |¢), denoted
as (¢|v) in the bra-ket notation. (Mathematicians don’t like this notation and prefer to write it as (¢, 1)) or
(¢,1)). The inner product generalizes the dot product in high-school physics. Just like the dot product, the
inner product (1) of a vector |1) with itself is always a nonnegative real number and we say that +/(1|v)
is the norm of [¢) (a fancy word for length). The new feature of the inner product is that (¢|1)) between two
different vectors is a complex number in general.
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An inner product is defined by the following properties: For arbitrary vectors [¢) , |¢) , |n) and arbitrary
complex numbers z,w € C,

(1) (¢[t)) is a complex number.
(2) If we switch the order of the two vectors, the inner product becomes the complex conjugate:

(1) = ((wle)"- (B.14)
(3) The inner product of a vector with itself is always real and nonnegative:
(ly) > 0. (B.15)
(4) Linearity with respect to the second vector:
(8] (2 [9) + wln)) = 2 (Blv) + w (ln) -] (B.16)

(5) (]1p) = 0if and only if 1)) = 0 (the zero vector). In other words, the zero vector is the unique vector

that has zero length +/(¢|1)) = 0.

To compute the inner product in practice, we assume that the Hilbert space has an orthonormal basis
{le1),le2),...,len)}, obeying

1, n=m,

0 wim (B.17)

(enlem) = Onm = {

where d,,,, is called the Kronecker delta and = means “defined as.” In other words, each vector in the basis has

unit norm
Vienlen) =1 (B.18)

and is orthogonal to all the other vectors:

(enlem) = 0if n # m. (B.19)
Given an orthonormal basis, we can express each vector in terms of the components
16) = bnlen) = d1ler) + -+ 6 len) (B.20)
n
) =Dt len) =1 ler) + -+ len) . (B.21)
n

Then their inner product is given by the following recipe:

(Bl) = dhthn = $i1 + dhtha + -+ + SN (B.22)

Two important points to remember about the recipe:

(1) The inner product is like the dot product, except that we must remember to take the complex con-
jugate of the components of the first vector. If the components are all real then the inner product
becomes the same as the dot product.

(2) We must pick the same basis for the two vectors and the basis must be orthonormal, otherwise the
recipe doesn’t work.

SIDE NOTE.

(1) Orthogonal is just a fancy word for perpendicular—two vectors are said to be orthogonal if their inner
product is zero. “Orthonormal” means orthogonal and normalized—a vector is called normalized if
its norm is equal to 1.

(2) The unit vectors {&,y, 2} in high-school physics are an example of an orthonormal basis of a 3D
vector space.

(3) The number of vectors N in an orthonormal basis is called the dimension of the Hilbert space.
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Another way of writing the inner product is to write the components of each vector as a column vector:
(1 b1
Y=\ |, o=\ | (B.23)
YN N
We call ¢ a column-vector representation of |¢)). Again, the representation depends on the chosen basis.
Then the inner product can be written in terms of matrix algebra as

U1
(Blv) = @l = (67 ... )| | (B.24)
YN
where T is the conjugate transpose.
EXERCISE B.1. If
|6) = z|¢1) + wld2), (B.25)
show that
[{glw) = 2" (o1]¥) + v (o)) | (B.26)

We say that the inner product is antilinear with respect to the first vector.

With the inner product, we can finally say what a Hilbert space H is:

(1) It is a vector space—the set of all linear combinations of the vectors in a basis as per Eq. (B.11).
(2) An inner product between any two vectors in the Hilbert space is defined.

The precise mathematical definition is a bit more complicated but not very important in physics. In physics, we
are blessed by the existence of orthonormal bases, so calculations are nothing more than matrix algebra, e.g.,
Eq. (B.24), in a fancy language.
EXERCISE B.2. Let {|0) , |1) } be an orthonormal basis. Compute (¢|1)), (1|1) and (¢|¢) if

(1

1 1
9= == (0) +11), 9) = == (10 = 1). (B.27)
()
1 ) 1 .
) = 5 (0 +il1), 9) = = (0) = i[1). (B.28)
3)
) = —— (0) + 1)), 16) = — (—i[0) +[1)). (B.29)

V2 V2

EXERCISE B.3. Prove that, given an orthonormal basis {|e,,) }, each component v, in the expansion of a vector
|1) given by Eq. (B.11) can be obtained from the formula

Un = {enlh) . (B.30)
EXERCISE B.4. Given one orthonormal basis {|e,) : n = 1,..., N}, show that the basis consisting of
N
len) =D Unmlem) n=1,...,N, (B.31)
m=1

where U is a unitary matrix, is another orthonormal basis. Show that the converse is also true: if {|e,)}
and {|e},)} are orthonormal bases of a Hilbert space, then they must be related by some unitary matrix as per
Eq. (B.31). Find the relations between the components {(e,|1))} with respect to the original basis and the
components { (e}, 1)) } with respect to the new basis.

EXERCISE B.S. Show that the inner product is given by Eq. (B.22) regardless of the orthonormal basis we pick
to define the components.
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EXERCISE B.6. Suppose that there is just one element |e1) in an orthonormal basis of a Hilbert space. How
many vectors in total are there in the Hilbert space? If there are N elements in an orthonormal basis, how many
vectors in total are there in the Hilbert space?

EXERCISE B.7. How would you define a O-dimensional Hilbert space?

B.4. Operators

An operator maps a vector to another vector. In kindergarten quantum mechanics, we usually put a hat on
it (like this: A) to distinguish it from a scalar, but note that research papers and a lot of books often don’t do
that. All operators considered in this book are linear, in the sense that

Az ) +wlg)) = zA[¥) + wA|g), (B.32)

for any |¢) , |¢) € H and any z,w € C. In other words, we can always pull an operator inside a sum, and pull
any scalar outside an operator.

Assume an orthonormal basis {|e,,) }. The most powerful notation in the bra-ket formalism is the ket-bra
form of an operator:

A= Anlen) (em| (B.33)

n,m

where each A, is a complex number, and A is a matrix called a matrix representation of A, or simply a
matrix of A. Note that the matrix depends on the chosen basis. Notice that we write a ket first and a bra second
in this ket-bra form, and it is a double sum. When we apply an operator in this form to a ket |1)), we obtain

Ay =" A len) (emlth) - (B.34)

n,m
This equation involves the following steps:
(1) Take the inner product of |¢)) with |e,,) to obtain the components (e,,|1) of |¢).
(2) Multiply the components with the A matrix to obtain ) A, (em|1), which is a set of complex
numbers.
(3) Use the complex numbers from the previous step to compute the linear combination

The result is a linear combination of kets, so it is also a vector.
The second step above is equivalent to matrix algebra. If we want to compute the components (e,,| A |))
of the output vector directly, we can write

(enl A16) = eal 3 Ajm le5) el (B.36)
J,m
— Z Ajm (enle;) (emlt)) (linearity of inner product) (B.37)
jm
= Z A {em1h) ({|en)} are orthonormal) (B.38)
= g: Apm (em|) . (in the Z sum, only one j = n term is nonzero) (B.39)

Hence, if we once again regard the components {(e,,|¢))} as a column vector, the components of the output
form another column vector produced by a product of the matrix A with the input column vector:
n All A12 oo AlN
el A e
< 1| . |1/}> A21 A22 . AQN < 1W>

(B.40)

(enl Alw) A Aws . Aun) Newl®)
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Some caveats about the ket-bra form:

(1) In rare cases in advanced quantum mechanics, we also need to deal with antilinear operators that are
not linear and cannot be expressed in the ket-bra form, but we don’t need them in this book.

(2) For infinite-dimensional Hilbert spaces, there exist operators that cannot be expressed in the ket-bra
form exactly, such as the position operator of a particle. In physics, we deal with those using a trick
by Dirac: define a continuous version of an orthonormal basis {|x) : * € R™} that obeys

(z|la') = " (x — =), (B.41)

where 0" is the n-dimensional Dirac delta function, and then express an operator as an integral rather
then a sum:

A= // Az, x') |x) (z'| d"zd" ", (B.42)
where A(x, x') is now a function of two variables  and &’ rather than a matrix. Mathematicians hate

this but it works.
There is a unique zero operator denoted by 0 (without the hat for brevity). It is defined by

0) =0 V) eH. (B.43)

In other words, when the zero operator is applied to any vector, the result is always the zero vector. It is slightly
sloppy to use the same symbol 0 to denote the zero number, the zero vector, and the zero operator, but the
notation is standard and harmless in practice; they all behave the same way as the number 0.

Be extremely careful that, like matrix algebra, you cannot interchange the order of two operators in a
product usually:

AB #+ BA usually. (B.44)

In the rare cases that AB = BA, we say that the two operators commute. In general, the fact that operators
often don’t commute is the single most annoying feature of quantum mechanics. Another way of describing
commuting properties is to use the commutator, defined as

AB — BA. (B.45)

A, B]

If [fl, E] = 0 (the zero operator), then we say that A and B commute, and if the commutator is not zero, they
don’t commute.

EXERCISE B.8. Assume an orthonormal basis {|e,,) : n = 1,..., N} in the following.

(1) Show that the matrix representation of Ais given by

Apm = (en] Alem) . (B.46)

In other words, there’s a one-to-one correspondence between an operator A and its matrix representa-
tion A, as long as we fix an orthonormal basis.
(2) An identity operator [ is defined by

L) = lv) (B47)
for any [¢)). Prove that it can be expressed as
=Y len) (en. (B.48)
n

Find the matrix representation of I. Show that I commutes with any operator.
(3) Find the matrix representation of AB in terms of the matrix representations of A and B if

A= Annlen) (em| B =" Bumlen) (eml - (B.49)

n,m n,m
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EXERCISE B.I9. Let {|e,) : n = 1,..., N} be a set of vectors in a Hilbert space that are not necessarily
orthogonal or normalized. Suppose that the identity operator can be expressed as

N
I=Y"len) {enl. (B.50)

Then show that any vector 1)) € H can be expressed as a linear combination of {|e,)}, i.e., {|e,)} is a
complete set of vectors of the Hilbert space, and Eq. (B.50) is called the completeness condition on a set of
vectors.

SIDE NOTE. A complete and linearly independent set of vectors is called a basis of the vector space. Equiv-
alently, a set of vectors {|ey)} is a basis if and only if any |¢)) € H can be uniquely expressed as a linear
combination of the set. In other words, we can write any vector as

N
=3 e B.5)
n=1

and the coefficients {1y, } are unique, such that no other linear combination of {|ey)} gives the same |1)). To
check that a set of vectors is an orthonormal basis, we need to check that they are orthonormal and also they
satisfy the completeness condition given by Eq. (B.50).

B.5. Adjoint

The adjoint of an operator, also called the Hermitian conjugate, is analogous to the conjugate transpose
of a matrix, and we use the same symbol . To define it, it is easier to use mathematicians’ notation of the inner
product. Given an operator A, its adjoint, denoted by At is defined by the property

(0.4v) = (dTo,v) W0 (B.52)
To write this definition in the bra-ket notation, we first define the adjoint of the ket as the bra:
(¢l =19)", (B.53)
so that the inner product can be written as
(Blv) = 10) [v). (B.54)
Then A is defined by the property
N N f
@l Ay = (4716)) [0) V), l6) € H, (B.55)

The adjoint operator is useful because it gives us a new way to compute (¢| A |v):

(1) The usual way: Apply A to |¢)) first, and then compute the inner product between |¢) and A [¢)).
(2) The new way: Apply Af to |¢) first, and then compute the inner product between A' |$) and |1)).
Here are some fundamental properties of the adjoint, similar to those of the conjugate transpose:

(1) Antilinearity: for any complex numbers c;, co and any operators Ay and Ay,

X ~ N\ T o X
(ClAl + CQAQ) = CTAJ{ + C;A; (B.56)

In other words, we can pull { inside a sum, but remember to take the complex conjugate of the
coefficients.
(2) Involution (f is its own inverse):

Aft = A, (B.57)

(3) Contravariance:

(AB)' = BT Al (B.58)

You should go through Exercise B.10 to learn how to compute the adjoint in practice.
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EXERCISE B.10. Let A be the matrix representation of A with respect to an orthonormal basis {|e,,)}. Show
that the matrix representation of A' is given by

(enl Al lem) = ((em| Alen)) (B.59)
so that we can write
AT =3%" <AT) len) (eml (B.60)

where AT is the conjugate transpose of the matrix A. In other words, the matrix of At is the conjugate
transpose of the matrix of A.

EXERCISE B.11. An operator is said to be Hermitian if

B.61)

Show that an operator is Hermitian if and only if its matrix representation is Hermitian.

EXERCISE B.12. The inverse of an operator is defined by A1 A = AA~1 = [. Show that A~ is the inverse
of A if and only if their matrix representations are inverses of each other.

EXERCISE B.13. An operator is said to be unitary if

Ul =0t (B.62)

such that

Ut =00 =1, (B.63)

where 1 is the identity operator. Show that an operator is unitary if and only if its matrix representation is
unitary.

EXERCISE B.14. Let {|e,,)} be an orthonormal basis of a Hilbert space and U/ be a unitary operator. Define
another set of operators as

lep)=Ulen), n=1,...,N. (B.64)

Show that {|e},) } is also an orthonormal basis. Conversely, given two orthonormal bases {|e,,)} {|e},)}, show
that there exists some unitary operator U such that the two bases are related by Eq. (B.64).

EXERCISE B.15. An operator A is said to be normal if

AAT = ATA. (B.65)

In other words, a normal operator is defined by the property that it commutes with its adjoint. Show that an
operator is normal if and only if its matrix representation is normal.

EXERCISE B.16. Show that any Hermitian operator is normal. Show that any unitary operator is normal.

EXERCISE B.17. Prove that, for any |¢) , |¢) € H and any operator A,

(@l A1) = (wl AT1g). (B.66)
EXERCISE B.18. Prove that
(ol Al = (I Bl) = (61016 (B.67)
where
B = AT|g) (4| 4, C=Aly) (| AT. (B.68)

SIDE NOTE. You should notice from the exercises that the Hermitian, unitary, and normal properties of an
operator do not depend on the orthonormal basis you choose to express the operator. To put it another way,
if an operator is Hermitian, its matrix representation is Hermitian regardless of which orthonormal basis you
choose; same with unitarity, normality, etc. In mathematics, these intrinsic properties of an operator are usually
defined using abstract algebra without looking at the matrix representation at all.
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B.6. Eigenvectors and eigenvalues

Given an operator A, a ket |1) is said to be an eigenvector of Aif

Alp) = X|) (B.69)

for some complex number A. A is then called the eigenvalue of A associated with the eigenvector [¢). The
most important example in quantum mechanics is, of course, the eigenvectors of the Hamiltonian operator and
the eigenvalues. You should go through the following important exercise:

EXERCISE B.19. Let A be a normal operator. Show that there exists an orthonormal basis {|e,,)} such that A
can be expressed in the diagonal form

A =" len) (enl, (B.70)

where each |e,,) is an eigenvector of A and \,, is the eigenvalue of A associated with |e,,), i.e.,
Alen) = A len) - (B.71)

Note that Eq. (B.70) is now a single sum, not the double sum in the general ket-bra form. Show that the
eigenvalues of A are the same as the eigenvalues of its matrix representation.

A function of a normal operator f (fl) is defined in terms of its diagonal form given by Eq. (B.70) as

FA) =" F(An) len) (enl - (B.72)

In other words, to compute f (fl), we express Ainits diagonal form first, and then apply the function to each
eigenvalue. The result is another operator. The most important example is probably the exponential:

exp A = Z exp(An) |en) (en] - (B.73)
n
This is equivalent to the following:
LA
expA =" — (B.74)
n=0

which can be used as the general definition of the operator exponential valid for any operator, not just normal
operators. The most important example in quantum mechanics is the unitary operator associated with the
Hamiltonian

U = exp <—;ﬁt> . (B.75)
EXERCISE B.20. Let A be a Hermitian operator. Show that all its eigenvalues are real.

EXERCISE B.21. Show that all the eigenvalues of At A are nonnegative.

EXERCISE B.22. Let U be a unitary operator. Show that all its eigenvalues have magnitude |\, | = 1.

EXERCISE B.23. Let A be a Hermitian operator. Show that exp (zfl) is unitary.

EXERCISE B.24. Find the matrix representation of exp A in terms of the matrix representation of A.

EXERCISE B.25. Let U be a unitary operator. Show that it can always be expressed as exp (zfl) with respect

to some Hermitian operator A.

EXERCISE B.26. Show that for any operator Aand any unitary operator U,

A

U (exp A)UT = exp (U*A(?T) . (B.76)
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EXERCISE B.27. If A is a Hermitian operator, |1) is an eigenvector of A, and X is the eigenvalue associated
with it, show that |¢) is also an eigenvector of exp (zfl) . Show that the eigenvalue associated with [¢)) for the

operator exp (zfl) is exp(iA).

B.7. Miscellaneous concepts

(1) The trace of an operator is defined as

trA=">"(en| Alen) (B.77)

given an orthonormal basis {|e;,) }.
(2) A Hermitian operator with nonnegative eigenvalues is called a positive-semidefinite operator. If all
the eigenvalues are strictly positive, we say that it is positive-definite.
The most important example of a positive-semidefinite operator is the density operator in quantum
mechanics to describe the state of a quantum state that interacts with an environment (an open quantum
system). The density operator is positive-semidefinite and has a trace equal to 1.

EXERCISE B.28. Show that the trace of an operator does not depend on the chosen basis, i.e., if there is another
orthonormal bsis {|e},) } of the Hilbert space, the trace is also given by

trd=> (e[ Ale,). (B.78)

If A is a normal operator with eigenvalues { )\, }, prove that

tr A = Z A (B.79)

EXERCISE B.29. Find tr A in terms of a matrix representation of A.
EXERCISE B.30. Prove the linear property of trace: for any complex numbers c1, c2 and any operators Ay, A,
tr(leil + CQAQ) =1 (tI‘ 141) + (02 tr AQ) (B.80)

EXERCISE B.31. Prove

[t ([v) (g]) = (8lv) .| (B.81)

EXERCISE B.32. Prove the cyclic property of the trace: for any operators A, B,

tr(AB) = tr(BA). (B.82)

EXERCISE B.33. Prove the unitary invariance of the trace: for any unitary operator U and any operator A,
tr(UAUT) = tr(A). (B.83)
EXERCISE B.34. Prove that an operator A is positive-semidefinite if and only if
(WIAlp) 20 V]) €N, (B.84)

B.8. Tensor product

Suppose that we need to describe two degrees of freedom for a system, e.g., the spins of two electrons.
For now, think of them as two classical random variables. Suppose that the first spin s4 € {+1,—1} has two
possible values, and the second spin sp € {+1, —1} also has two possible values. The set of all possible values
(sample space) of the two spins (s4, sp) is the Cartesian product of the two sets

{+1,-1} x {+1,-1} = {(1,1), (1, 1), (=1,1), (=1, -1)}. (B.85)

In quantum mechanics, we generalize the concept of Cartesian product by the concept of tensor product.
Suppose ‘H 4 and Hp are two Hilbert spaces that describe the sets of all possible states for two degrees of
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freedom. If [1)) € H 4 is the state of the first degree of freedom and |¢) € H p is the state of the second degree
of freedom, then we can take the tensor product of the two vectors, denoted by

V) @ |8), (B.86)

and say that this is a possible quantum state of the two degrees of freedom. It is also possible to do a superpo-
sition, i.e., a linear combination of states in the following way:

c1 |CL1> X ‘bl> + c2 ]a2> X |b2> , C1,C2 € C. (B87)

In general, we say that H 4 ® H p is the Hilbert space that contains the set of all linear combinations of all the
tensor products of two vectors, the first vector in 7{ 4 and the second vector in 7/ 3.

To be more specific, suppose that {|e,,)} is an orthonormal basis of H 4 and {|f,,) } is an orthonormal basis
of Hp. Then the tensor product of the two Hilbert spaces H4 ® Hp, which is also a Hilbert space, can be
expressed as

Ha®@Hp = {anm\en>®fm> : each ¥, GC}. (B.88)
In other words,
{len) @ |fm) :n=1,...,Nom=1,...,M} (B.89)

is an orthonormal basis of H4 ® Hp. Notice that there are now N x M vectors in the orthonormal basis.
Notice also that there are far more vectors in the Hilbert space H 4 ® H p: any linear combination of the N x M
vectors in the orthonormal basis is fair game. This is an important property of the tensor product: H 4 QR Hp
contains not only the tensor products of any two vectors in the two Hilbert spaces, but also all their linear
combinations.

Another fundamental property of the tensor product: Given any complex numbers {c,, }, {d,}, and any sets
of vectors {|a,) € Ha} and {|b,) € Hp}, we can always write

(ch |an>> ® (Z dm, |bm>> = cndm |an) @ [bm) (B.90)

In other words, we can always convert the tensor product of two sums into a double sum.

The third important property of the tensor product has to do with how we take the inner product. Let
la1) , |az) € Ha and |bs), |b2) € Hp. Take the tensor product of |a1) € H 4 with [by) € Hp to get|ai)®|by) €
H 4 ® Hp, and take the tensor product of |az) € H 4 with |by) € Hp to get |az) ® |ba) € Ha ® Hp. The inner
product is given by

(1] @ (ba]) (laz) @ [bs) = (arlas) (ba[b2) - (B.91)

In other words, we take the inner product (a;|a2) and (b;|b2) in each Hilbert subspace first to obtain two
complex numbers, and then take the product of the two complex numbers.
To make the notations look nicer, I will write each vector in the orthonormal basis as

[ens fm) = len) @ |fm) - (B.92)
The bra can be written as
(ens finl = lens fn) = {enl ® (ful (B.93)
and the orthonormality of these vectors can be expressed as
(ens fmlents fr') = Onn Ommy - (B.94)
If [¢)) € Ha ® Hp describes the quantum state of two degrees of freedom, then we can always write
V) = tnm lens fm) - (B.95)
n,m

in terms of the orthonormal basis {|e;, f,)} and the components t,,,,,, which are given by

Ynm = (€ns fm|) - (B.96)

Then we say that 1),,,, is the wavefunction of the two degrees of freedom n and m.
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In general, if we write two vectors in H 4 ® Hp as

) = Wnm len, fm) (B.97)
=" bum len, fn) . (B.98)
n,m
Then you should be able to show that their inner product is

(ply) = Z B i (B.99)

With the orthonormal basis, we can also write any operator on H 4 ® H p in the ket-bra form:
Z Anmn’m’ |€n7fm> <en’7fm” . (B]OO)

n,mmn’ m’

The matrix representation now has four indices. If we take a tensor product of multiple Hilbert spaces, the
number of indices will explode! You should begin to see why we prefer to use the abstract bra-ket notation—
we don’t want to write all the indices everytime we specify an operator, and the notations of matrix algebra are
becoming inadequate to fully handle what’s going on.

Another way of making up an operator on H 4 ® Hp is to take an operator A on H 4 and another operator
BonH B and then form the tensor product A® B , which is an operator on H 4 ® H p. It has this fundamental

property:

(Ae B) ) ® |¢) = (A[p) @ (B |9)). (B.101)

In other words, as long as both A ® B and |)) ® |¢) are tensor products, we can apply A to [¢)) and B to |$)
separately and then put them back together All the other properties of A ® B can be derived from this. A
common example is A ® I, where I is the identity operator on H p. It applies Ato the Ha part and leaves the
‘H g part alone.

Some handy identities are as follows:

(Z ann> ® (Z dem> ch o An @ B (B.102)

/\/\

(A® B)(C ® D) = (AC) ® (BD). (B.103)
[ (la1) ® [b1)) ({az] @ (b)) = (Jar) {az]) @ (Jb1) (bal) .| (B.104)

Caution: When we have an operator A on H 4, we often abbreviate A ® I on the big Hilbert space H 4 @ H B
as Just A. Similarly, when we have an operator Aon?H, and an operator B on Hp, we often abbreviate A ® B
as AB. What we really mean by AB in that context is then

AB= (Ao (o B)=A®B. (B.105)

It’s a bit ambiguous but such abbreviation is standard; otherwise we’d have to write really long formulas with
tons of ® and 1.

The math may be a bit dry and tedious, but keep this general meaning in mind: we use the tensor product to
combine multiple degrees of freedom together. The tensor product is in fact how we define degrees of freedom
in quantum mechanics: if a Hilbert space can be decomposed as a tensor product H4 ® Hp ® ..., then each
constituent H; corresponds to a degree of freedom. For example, a 3D particle has a state in the Hilbert space
H, ® H, @ H, that can be expressed as [[[ 1(x,y, 2) |z) @ |y) @ |2) d>r, so the three Hilbert spaces represent
three degrees of freedom; we don’t count the momenta separately. If the particle has spin, we attach another
Hilbert space for the spin via the tensor product.

EXERCISE B.35. Prove
tr(A® B) = (tr A)(tr B). (B.106)
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EXERCISE B.36. Given A = B @ C, write the matrix representation A of Ain Eq. (B.100) in terms of the
matrix representations of B and C, if

B =Y Buwlen) (ewl, C=>" Conlem) (en]. (B.107)

n,n’ m,m/’

B.9. Partial operations

B.9.1. Partial ket and bra. Consider a tensor product H 4 ® H g of Hilbert spaces. Let |b) € Hp. Given
|b), the partial ket |b) : H4 — H 4 ® Hp is an operator defined by

B ]a) = la) @ [b), Vo) € Ha.| (B.108)

In other words, the partial ket just appends |b) via a tensor product. This partial-ket operator is simply written
as |b); it’s slightly sloppy but it works as far as I know. The partial bra (b| : H4 ® Hp — H 4 is then defined
as the adjoint of the partial ket, and it turns out to be given by

(] (|a) @ [e) = ((Ble)) |a),| ¥a) € Ha, |c) € Hop. (B.109)

In other words, given any tensor product |a) ® |c), the partial bra takes the inner product of |b) with |c) and
leaves |a) alone.

B.9.2. Partial trace. Given an operator A:H A®Hp = Ha ® Hp on a tensor-product Hilbert space
H 4 ® Hp, the partial trace of A with respect to H g produces an operator on H 4 and is defined by the funda-
mental property

tr [A(O ® f)} = tr [(trB A) O} , (B.110)

where O is any operator on H 4 and I is the identity operator on H . In quantum mechanics, it is mainly used
on a density operator, such that

fr [ﬁ(@@f)] — tr [(trBﬁ) O}. (B.111)

This expression means that, if p is the state of two degrees of freedom and we want to compute the expected
value of O for the first degree of freedom, then we can “trace out” the second degree of freedom by computing
trp p first. The partial trace is one of the most important operations in open quantum system theory.

Given an orthonormal basis {| f,,) } in Hp, a recipe for the partial trace is

trg A=>"(filAlf), (B.112)
l

where (f;| and | f;) are partial bra and ket operators. With A in the ket-bra form given by Eq. (B.100), the partial
trace becomes

trBA:Z<fl| Z Anmn’m/ |€nafm> <en’>fm’| |fl> (B113)
l n,m,n’ m’
=3 > Awmwr (fil (len) © | fin)) (en| @ (for) |f2) (B.114)
I nmmn' m

=3 Auilen) (en] - (B.115)
[ nmn

If an operator is a tensor product A ® B, the partial trace is especially simple:

trp(A® B) = (tr A)B. (B.116)

This is handy if the density operator is given by p = p4 ® pp withtrps = 1 and tr pp = 1,
trp(pa ® pp) = (trpB)pa = pa. (B.117)
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We say that the state is a product state if the density operator is a tensor product. We use it to model independent
degrees of freedom, since the expected value of any O for one degree of freedom becomes

tr (O@D(ﬁA@ﬁB)} = tr (OﬁA), (B.118)

which does not depend on pp at all.

B.10. Direct sum

Another way of combining two vectors |a) € H 4 and |b) € H g in two different Hilbert spaces is the direct
sum

la) & |b) . (B.119)
It is defined by the property that, given |a1) , |a2) € H 4 and |b1),|b2) € Hp,
((a1] @ (b1]) (laz) © [b2)) = (ar]az) + (b1[b2) , (B.120)

This is similar to Eq. (B.91) for the tensor product, except that we sum the two inner products here. The set of
all such direct sums is also a Hilbert space and denoted as

Ha®Hp = {|a)® ) : |a) € Ha,|b) € Hp}. (B.121)

We don’t use the direct sum as much as the tensor product in quantum mechanics, but it is quite useful in linear
algebra and probability theory. In those areas, we usually consider two special cases:

(1) The direct sum of two column vectors a and b, which is simply the concatenation

a®b= <Z) (B.122)

(2) The direct sum of two square matrices A and B, defined as

(A
A@B:( B), (B.123)

where the rest of the entries are zero.

These definitions agree with the abstract definition if we assume the inner product (y, ) = y'z for column
vectors and (Y, X') = tr(YTX) for square matrices, where f is the conjugate transpose.

One application of the direct sum is in probability theory: if we have two column vector of random variables
X and Y, we can use the direct sum X & Y to form one big column vector of all the random variables. If the
covariance matrix of X is ()| the covariance matrix of Y is ©(¥), and there is no covariance between any
entry of X and any entry of Y, then the covariance matrix of X &Y is () @ (V).

EXERCISE B.37. Let a be a column vector with n entries, b be a column vector with m entries, A, A’ be n x n
matrices, and B, B’ be m x m matrices. Show that

(1
(A® B)(a®b) = (Aa) & (Bb). (B.124)

2)
(Ae B)(A'® B") = (AA") & (BB'). (B.125)

3)

(Ao B) ' =(A"H e (B™). (B.126)



B.11. MESSAGE TO MATHEMATICIANS 137

B.11. Message to mathematicians

If you are a mathematician or going into mathematical physics, you should be cautioned that I have pre-
sented a lot of the concepts backwards and with little rigor or generality, relying a lot on orthonormal bases and
matrix representations.

For finite-dimensional Hilbert spaces (/N < 00), the abstract formalism is isomorphic to matrix algebra, so
my approach is quite safe. When the Hilbert spaces are infinite-dimensional, however, mathematicians worry
a lot more about when and how infinite sums may converge. If that is the way you like your math, please
consult textbooks written by mathematicians instead, such as Refs. [37, 38].



APPENDIX C

Probability

C.1. Axioms

The set of all possible outcomes of an experiment, commonly denoted as €2, is called the sample space,
e.g., 2 =1{1,2,3,4,5,6} for a dice throw.

An event is a set of outcomes and a subset of (2, e.g., an even-number event for a dice throw is the set
{2,4,6}. The set of all events is called the event space F. It also has the fancy name o-algebra in mathematics.

When both A AND B occur, we model the event as the intersection of the two sets, i.e.,

(Aand B) = (AN B). (C.1)
When A OR B occurs, we model the event as the union of the two sets, i.e.,
(Aor B) = (AU B). (C.2)

F'is assumed to include any set that results from such operations on its elements.
If the sample space contains a finite number of outcomes, we usually assume that the event space F' is the
power set of §2, i.e., the set of all subsets of 2. For example, for a coin flip,

Q = {head, tail}, F = {2, {head}, {tail}, Q} . (C.3)

If €2 contains an infinite number of outcomes, e.g., when €2 = R, then a rigorous definition of F' is a lot more
complicated for mathematical reasons. Fortunately, such a rigorous definition of F' is seldom important or
necessary in physics; we can just assume that F' contains all the subsets of {2 that we need in reality.

The probability P[A] is a function that assigns a number to each event A € F. The Kolmogorov axioms
for probability are as follows:

(1) The probability of any event is nonnegative.
(2) The probability of anything happening is 1, i.e., P[] = 1.
(3) Given two mutually exclusive events (A N B = ),

P[AU B] = P|A] + P|B]. (C.4)

Everything in probability theory can be derived from the three axioms, at least in principle.
It is useful to picture P[A] as the amount of stuff in an area, e.g., sand on a beach. Let 2 be the whole
beach and A C () be a subarea of the beach. Then

(1) Axiom (1) says that the amount of sand on any area is always nonnegative.

(2) Axiom (2) says that the total amount P[] on the whole beach is normalized as 100% (such that the
amount on any area is always expressed as a fraction of the total amount).

(3) Axiom (3) says that, if two areas are disjoint (i.e., no overlap), we can count the total amount of sand
P[A U B] on the two areas by counting the amount on each area (P[A] and P[B]) and then summing
the two amounts.

C.2. Random variables

We mostly care about random variables in physics, i.e., experiments where the outcomes are numbers.
There are two ways of modeling random variables:
(1) A random variable is a function X : {2 — R" that maps each outcome w € 2 to a vector of numbers.
(2) Assume that the sample space 2 is a set of numbers, e.g., {2 = R", and the outcome is a random
variable.
The second approach is a lot simpler so we will use that.
We usually use a capital letter such as X to denote a random variable, although we will be a bit sloppier in
other chapters.
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If 2 is a discrete set of numbers, e.g., 2 = Ng = {0, 1,2,... }, then we say that the random variable is a
discrete variable. We can define a probability mass function Px () as the probability that X is equal to a
specific value x € {2:

| Px(z) = P[X =2].| (C.5)
The probability of an event is then the sum of all the probabilities of outcomes in the event:
PIX € A] =) Px(x). (C.6)
€A

To compute the expected value of a random variable, we do

E(X) =) xPx(x). (C.7)

FISY)

More generally, a function of the random variable g(X) is another random variable, and its expected value is
given by

Elg(X)] = g(x)Px(x). (C8)

If Q@ = R", we say that X is a continuous variable, and we use a probability density fx (x) instead.
Think of fx(x)d"x as the probability that X is in a tiny n-dimensional region with center at  and volume
given by d"x. We can convert any formula in terms of Px to the corresponding formula in terms of fy using
the following rules:

(1) Replace Px(z) by fx(x)d" .
(2) Replace >, .4 by [,
The probability that X is in a region A C R™ can then be expressed as the integral

PX € A] = /Afx(:n)d”a:, (C.9)

and the expected value of any function of X can be expressed as

E[g(X)] = / o) fx (@)d"a. (C.10)

Regardless of the type of the random variable, the algebra of the expectation can be summarized in three rules:
(1) The expected value of a constant is the constant itself, i.e.,
E(a) =a, (C.11

because a constant can be considered as a special case of a random variable whose outcome is deter-
ministic, i.e., it always gives the same value.
(2) Given any two random variables X and Y,

[E(X +Y) =E(X) + E(Y).| (C.12)

Note that this formula works regardless of whether they are independent.
(3) We can pull any constant out of the expectation:

[E(aX) = aE(X).| (C.13)

The latter two rules mean that the expectation [ is a linear operation. Note that the result of an expectation is
a constant, i.e., it’s no longer a random variable, so we have

E[E(X)] = E(X). (C.14)

A common measure of the randomness of a random variable is the variance, which is defined as

V(X)=E {[X - E(X)]Q} — E(X2?) — [E(X)]2. (C.15)
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C.3. Conditioning

The probability P[A|B] of an event A given that B has occurred is called a conditional probability. It is
defined by

P[AN B] = P[A|B]P[B]. (C.16)

If P[B] = 0, it can be shown that P[A N B] = 0, and one can set P[A|B] as anything. The two events are said
to be independent if P[A|B] = P[A], or

P[AN B] = P[A]P|B]. (C.17)

Do not confuse independence with mutual exclusivity; there’s no relation between the two concepts.
If we have two random variables X and Y, the sample space becomes the Cartesian product

Q=0x xQy. (C.18)

For discrete random variables, the joint probability mass function is defined as
Pxy(z,y) = P[(X =2) N (Y =y)], (C.19)

and the conditional probability can be expressed as
Pxy(zly) = PIX = z|Y =y, (C.20)
Pxy(z,y) = Px)y (z|y) Pr (y), (C21)
Py(y) =Y Pxy(z,y). (C.22)
€N

The random variables are said to be independent if the joint distribution is separable into a product of two
one-variable functions:

Pxy(z,y) = Px(x)Py (y). (C.23)
For two continuous random variables with 2x = R and {2y = R, we use the joint probability density
fxv(x,y), so that

PI(X,Y) € 4] = /A Fev (@, y)d"zd™y, (C24)

and the conditional density is defined by
fxy(z,y) = fxy(zly) fy (), (C.25)
fr(y) = /ﬂx fxy (z,y)d . (C.26)

The random variables are said to be independent if fxy (z,y) = fx(z)fy(y). It is also possible to consider
hybrid cases, though the rules are similar. For example, if X is discrete and Y is continuous, then we can define
a conditional probability mass function as Px |y (x|Y" = y), such that

P(X =2)N (Y € B)| = /B Py (2]Y = ) fy (w)d™y, €27
Py () = /Q Papy (2]Y = ) fy (9)d™. (C.28)

C.4. Conditional expectation

Given that Y = y has occurred, the conditional expected value of X is written as E(X|Y = y). For
example, if both X and Y are discrete, the conditional expectation is given by

E(X[Y =y) =) aPxy(xy). (C.29)

Notice that this is a function of y, so we can regard E(X|Y") as a function of the random variable Y. For
example, suppose that Y is a binary random variable about whether it rains or not:

norain: Y =0, rain: Y =1, (C.30)

and X is the duration of a bus ride. Then
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(1) E(X|Y = 0) is the expected duration given that there’s no rain (Y = 0).
(2) E(X|Y = 1) is the expected duration given that there’s rain (Y = 1).
E(X|Y) is a function of Y, so it is also a random variable.
Since E(X|Y) is another random variable as a function of Y, we can take its expectation again using the
probability distribution of Y. For example, if both variables are discrete, we have

EE(X[Y)] = Z ZxPXW zly)

Y

Py (y Za:PXy (z,y) = B(X). (C.31)

In general,

[E[E(X]Y)] = E(X)]| (C.32)

is called the law of total expectation, which in fact works for any types of random variables.
The conditional variance is given by

VXY =y) =E(X?]Y =y) - [EX]Y =y)]*, (C33)

which is simply the variance of X given that we know Y = y. Since this is a function of Y = y, we can again
regard V(X|Y') as a random variable that is a function of Y.

A useful law is the law of total variance (https://en.wikipedia.org/wiki/Law_of_total
_variance):

[V(X) = E[V(X|Y)] + VE(X|Y)]. | (C.34)

(1) The first term E[V(X|Y")] is obtained by first computing the variance of X conditioned on Y = y
using Eq. (C.33). Treating V(X|Y") as a function of Y, we then compute its expectation.

(2) The second term is V[E(X|Y')] obtained by first computing E(X|Y = y) conditioned on Y = y.
Treating E(X|Y") as a function of Y, we then compute its variance.

C.5. Gaussian random variables

A multivariate Gaussian random variable (also called normal random variable) with 2 = R"™ has the
probability density

1 1
—Z(@x-m)"' S (®—m)|, x € R", (C.35)

o) = s |

where m is the mean vector and X is the covariance matrix, defined as

E(X) =m, COV(X;, Xi) = E{[X; — E(X;)] [X; — E(X)]} = ¥y (C.36)

We often write a vectoral Gaussian random variable using the shorthand
X ~N(m,¥). (C.37)

Gaussian random variables have the following nice properties:
(1) Any linear combination of Gaussian random variables are also Gaussian random variables. To be
specific, if we define
Yy =Y AuX,+b, (C.38)
l

where {Aj;} and {b;} are real constants, then {Y;} are also Gaussian random variables. The means
and covariances of the new random variables become

E(Y;) =) AgE(X) + b, COV(Y5, Y1) = Y AjmZmnAmn- (C.39)
l

In matrix form, if we write ¥;;(Y) = COV(Y},Y]), then
E(Y)= Am +b, N(Y)=ADA". (C.40)


https://en.wikipedia.org/wiki/Law_of_total_variance
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(2) A corollary is that, if we consider only [ of the random variables, say,
X1
xW=|:1, (C.41)
X

then its marginal probability density is still Gaussian and the means [E(X;) and covariances COV (X, X})
remain unchanged, i.e.,

X~ N(mD, 20y, (C.42)

where m(1) is the first [ entries of m and () is the top-left [ x [ submatrix of .

(3) If X is a diagonal matrix (i.e., the variables are all uncorrelated), then the Gaussian random vari-
ables are all independent from one another (i.e., fx () is separable into a product of n functions
[1; fx;(z;), where each fx,(z;) is Gaussian.)

(In general, independence always implies a diagonal covariance matrix, but the converse need not
be true; Gaussian random variables are just special.)

(4) If X can be partitioned as
(1)
X= < 2(2>>’ (C.43)

where X(1 is 1 x 1, ©®) is (n — 1) x (n — 1), and the rest of the entries are zero, then fx (z) can be
factorized as

fx(@) = fxw @) fxe @), (C.44)
X1 Xy

xW=1:1] x@=] : [ (C.45)
Xi Xn

A fancier way of writing this fact is to use the direct sum & (see Sec. B.10). Instead of Egs. (C.43)
and (C.45), we can write

y=3xU gx®, X=xW0gx® (C.46)

where (1) is the covariance matrix for X 1) and ©(?) is the covariance matrix for X(?. ¥ = () ¢
(2 means that the covariance between any entry of X1 and any entry of X® is zero. Then
Eq. (C.44) holds.

The simplest case is when n = 1, and the probability density of X ~ A (m, 0?) becomes

RY
fx(a) = ¢217m exp {—(“32072”)] (C47)

where o = /211 is the standard deviation.

C.6. Poisson random variables

Let Ng = {0,1,2,...} be the set of natural numbers and assume a sample space 2 = N, where each

outcome (N1, No, ..., Ny) is a set of J nonnegative integers. The Poisson distribution is defined as
J A"
Pn(ni,...,ny) = He_Ajﬁ. (C.48)
=1 !
(N1, Na, ..., Ny) are all independent from one another, and the mean and covariance are given by
E(N;) = Aj, COV(Nj, Ni) = Ajdji. (C.49)

There are a few ways that Poisson random variables arise. One way is the following:
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Perform M independent experiments, and label each experiment by m = 1,..., M. In each experi-
ment, generate a binary random variable X,,, with probability mass function

P[X,, =0]=1—F¢, PX,, =1 =e (C.50)

For a concrete example, let M be the number of time slots over some time interval and X,,, be the
photon number arriving at some detectors during the mth time slot.

If X,,, = 1, generate a discrete random variable Y;,, with probability mass function
PYyn=j4l=p;, j=1,...,J (C.5D)
Continuing the earlier example, suppose that there are .J detectors and {1, ..., J} are the labels of the

detectors. If a photon arrives during the mth time slot (X,,, = 1), it is detected by one of the detectors,
Y, is the label of that detector, and P[Y;, = j] = p; is the probability that the jth detector detects
the photon.

At the end of the M experiments, let L be the number of times X, hits 1:
M
L= Z X, (C.52)
m=1
and NNV; be the number of times Y, hits j:
J
Nj= > by L=) N, (C.53)
m:Xm=1 7j=1

In the earlier example, L is the total number of photons that are detected by all detectors and [V; is the
total photon number detected by the jth detector.
L is binomial:

Pr(l) = @4) (1 —eML, (C.54)

In the limit of ¢ — 0, M — oo, and Me staying fixed, L is a Poisson random variable with mean
(LY = Me (https://en.wikipedia.org/wiki/Poisson_limit_theorem):

(L)

TR (C.55)

Pr(l) = exp(=(L))

(5) Conditioned on L = [, the probability distribution of N is multinomial (https://en.wikiped
ia.org/wiki/Multinomial_distribution):
{!
PN|L(7’L1,...,7’LJ“) :5Zjnjvlmprfl p?'] (C56)
Assuming that L is Poisson, the marginal probability of N becomes Poisson:
- o~y (L)' !
— * 3
PN(nl,...,nJ):ZPN‘L(TLl,...,TLJ“)PL(l): e (D) 7 52]_”].’1”1!“.”{]!]9?1...pJJ (C.57)
=0 =0
DS PPy N
_ _—(L nj 1 - PJ — A9 - .

If each Y, is not restricted to be a discrete random variable, we obtain a Poisson process in general. For each
Yo, let Qy = R”™ be its sample space (generalizing {1, ..., J}), Fy be its event space (a set of subsets of {2y-),
and p : Fy — [0, 1] be its probability measure (generalizing p;). The Poisson process is now defined as a
random measure N (A), where A € Fy is a subset of Q2y. Continuing the photon example, we now assume
= R? is the detector area. Then A € Fy is a subset of {0y, i.e., a smaller area on the detector, and
N (A) is the photon number detected on area A. The total number detected in the whole sample space €2y~ is
now L =

N(Qy), and we write (L) = E(L) as before. The Poisson process obeys the following properties:
N(A) for any A € Fy is a Poisson random variable with mean

E[N(A)] = (L) p(A). (C.59)
N(A) and N (B) are independentif AN B = &.


https://en.wikipedia.org/wiki/Poisson_limit_theorem
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APPENDIX D

Quantum Mechanics

D.1. Schrodinger picture

This chapter will assume a closed quantum system throughout, i.e., a collection of stuff that doesn’t interact
with anything else. The state of the system is modeled by a vector |¢) in a Hilbert space H (see Appendix B
for the math and notation). By convention, the norm of the vector should be equal to 1, viz.,

V(lY) = 1. (D.1)

The dynamics of the system is governed by a Hamiltonian operator H, which is Hermitian (H = HT). Then
we can define a unitary operator as

0(t) = exp(—zflt), (D.2)

where t € R is the time variable and I've redefined the Hamiltonian H so that / is absorbed into the new
definition and doesn’t appear in the formulas, for brevity. In the Schrodinger picture, the state evolves in time
and becomes

[W(t)) = U(t) |¢) (D.3)

after time ¢.

EXERCISE D.1. Prove that the quantum state remains normalized after any time ¢ in the Schrédinger picture,
viz., (¢(t)[¢(t)) = 1 for any ¢.

EXERCISE D.2. Derive the Schrodinger equation

d|y(t))

A (D4)

D.2. Born’s rule

D.2.1. Simple measurement. The simplest kind of quantum measurement is modeled by an orthonormal
basis {|e,,) : n = 1,..., N} of the Hilbert space . The set of possible outcomes are denotedby n = 1,..., N,
and the probability of observing a certain outcome n with this simple measurement at time ¢ is assumed to be
given by

P(n) = | (en|vo(t)) |, (D.5)

where [¢(t)) is the quantum state at time ¢ in the Schrodinger picture. This rule of assigning probabilities to a
quantum measurement is called Born’s rule. It gives an operational meaning to the quantum state [1(t)).

D.2.2. von Neumann measurement. A Hermitian operator A is often called an observable in quantum
mechanics. Any observable A can be expressed in the diagonal form

A= len) (enl, (D.6)

where each |e,, ) is an eigenvector of A with eigenvalue )\, all the eigenvalues are real (because A is Hermitian),
and {|ey,)} is an orthonormal basis of the Hilbert space . We say that a von Neumann measurement of the
observable A is performed when the measurement outcome is a random variable with the set of all possible
outcomes given by the set of eigenvalues {\,}. If the eigenvalues are all different from one another (i.e.,
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nondegenerate), then the probability of observing a certain eigenvalue A, in a von Neumann measurement is
given by Born’s rule

P[A = Xi] = [ {enlv (D) I (D.7)

If there may be multiple eigenvectors with the same eignvalue (degenerate eigenvalues), then we have to be
more careful: the probability of observing a given eigenvalue A is

PlA=X= > [{ealv(t) (D.8)

N:An=A\

i.e., we need to sum all the probabilities for outcomes that give the same eigenvalue A\, = .

SIDE NOTE. In reality, a measurement is performed by a measurement apparatus (your eyes, a cat, a camera,
photodetectors, etc.), and the laws of quantum measurement don’t tell us what exactly counts as a measurement
apparatus, why we have a separate rule for the measurement apparatus, and why we don’t model it using quan-
tum mechanics as well. This ambiguity is called the measurement problem in quantum mechanics. There are
various interpretations of a quantum measurement but we won’t touch that topic—in quantum optics, measure-
ments are usually performed with photodetectors, and it’s quite clear that those are the measurement devices
that obey Born’s rule in principle.

SIDE NOTE. In quantum optics, measurements are usually performed with photodetectors, which absorb the
light and convert it to energy excitations in the matter. Such measurements are called destructive. In this book,
we do not consider nondestructive measurements and what happens to the quantum state post-measurement.

SIDE NOTE. Another thing to note is that the probability distribution of a measurement outcome in an experi-
ment is never exactly given by Born’s rule; there will always be extra noise due to technical imperfections, e.g.,
thermal noise in detectors and circuits. The “quantum noise” due to Born’s rule is often a tiny fraction of the
total noise in a device.

EXERCISE D.3. Prove that a measurement modeled by an orthonormal basis {|e,,) } satisfies the normalization
condition

> P(n) =" enlth(t))]” =1. (D.9)

EXERCISE D.4. Prove that the expected value of the measurement outcome for a von Neumann measurement
of A is given by

(4) = (W) Al()). (D.10)
Prove that the variance of the measurement outcome is given by
(a4%) = (o) (A~ (4) W) = ()] 42 100) - [wol Al (D.11)

These are handy formulas in case we need the mean and variance only, not the full probability distribution.

D.2.3. Projective measurement. A fancier way of writing the diagonal form of a Hermitian operator is
A:Z)mm (D.12)
AEA

where A is the set of distinct eigenvalues of A (each set of degenerate eigenvalues are included only once).
II(\) is a projection operator defined as

I = > len) {enl. (D.13)

n:Ap=A\
Eq. (D.8) for a von Neumann measurement can then be expressed as
PA= A = () TIA) [9(2)) - (D.14)

The set of projection operators
{II(A) : A e A} (D.15)
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has a fancy name called a projection-valued measure, and a measurement modeled by a projection-valued
measure is called a projective measurement. It is equivalent to a von Neumann measurement of an observable;
the difference is just semantics: a von Neumann measurement is defined with respect to an observable and a
projective measurement is defined with respect to a projection-valued measure.

D.2.4. Measurement of compatible observables. Suppose that two Hermitian operators A and B com-
mute, i.e.,

[A,B} —0. (D.16)

We say that the two observables are compatible. Linear algebra says that there exists an orthonormal basis
{len)} such that A and B can both be expressed in the diagonal form

A= Anlen) (enl, B=> X\ len) (enl, (D.17)

using the same basis. {|e,,)} are eigenvectors of both A and B, \,, is the eigenvalue of A associated with |e,, ),
while X/, is the eigenvalue of B associated with |e,,). If we perform a simple measurement with respect to this
basis, we can write a joint probability distribution as

P[A=)Xand B= )] = > | (en]tb(t)) . (D.18)
n:Ap=Xand A}, =\’

Another way of saying this is that compatible observables can be measured simultaneously using one simple
measurement.

D.2.5. Continuous variables. For an infinite-dimensional Hilbert space, sometimes the diagonal form of
an observable is an integral

oo
A:/ MA =\ (A= )\d, (D.19)
where {|A = \) : A € R} are the eigenvectors of A that obey
AlA=)) =)A=, (D.20)
(A=MA=N)=56(1-NX). (D.21)
The completeness relation for {|A = )} can now be expressed as
I= / |A = \) (A =\ d (D.22)

The outcome of a von Neumann measurement of A is then a continuous random variable, the set of all possible
outcomes is R, and the probability density is

Fah) = (A=), (D.23)

which is a variation of Born’s rule. Remember the definition of a probability density: f4(A)dA is the probability
of observing the outcome within the infinitesimal interval [A, A + d\).

DEFINITION D.1. For brevity, I call the distribution P[A = X] or fa(\) that arises from a von Neumann
measurement of A the probability distribution of A.

SIDE NOTE. The fancy way of dealing with an observable for an infinite-dimensional Hilbert space is to note
that a Hermitian operator can always be expressed as

A= / AL(dN), (D.24)

where I is a projection-valued measure associated with A, such that the probability measure for the outcome
A from a von Neumann measurement of A can be expressed as

PIX € 8] = ($()| TL(S) [¢(t)) , (D.25)
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where S is an event (a subset of R) and P\ € S] is the probability that the outcome is in the set S. You’d have
to know rigorous probability theory to understand the formalism; see, e.g., books written by mathematicians

[38, 39].
EXERCISE D.5. Prove the normalization condition
oo
/ fa(N)dr =1 (D.26)
— 0o
if fa(\) is given by Eq. (D.23).
EXERCISE D.6. Suppose that the probability density of Ais f ‘A(A). If another observable is defined as
B=aA+b, (D.27)
where a and b are real c-numbers, find the probability density of B in terms of fa(\).

D.3. Heisenberg picture

Consider a simple measurement with respect to an orthonormal basis {|e,) : n = 1,...,N}. In the
Schrodinger picture, the probability of each outcome n is

P(n) = [(ealo(t))]* = ‘<en! U) 1) = (1T (1) len) (eal U (1) [0) - (D.28)

We can also compute this probability using the Heisenberg picture instead. Define

‘ 2

A, = len) (en] . (D.29)

Then the Heisenberg picture of A, at time ¢ is
A (t) = U AU ) = U (1) |en) (en] U(1). (D.30)

It follows that the probability of observing n is
P(n) = (] UT(1) |en) (enl U(t) [9) = (0] An(t) [4) (D:31)

The Heisenberg picture is convenient if A, (¢) is easier to compute than [1)(t)).

EXERCISE D.7. Given an operator A, the Heisenberg picture of A is defined as

A(t) = UT()AU (1), (D.32)
where U(t) is given by Eq. (D.2). Show that it obeys the Heisenberg equation of motion
dA(t A
0 [aw.a]. (D.33)

EXERCISE D.8. Following Exercise D.4, show that the expected value and variance of the outcome for a von
Neumann measurement of A are given by

(A) = WA [9), (A4%) = @ILA@P ) - [l A )], ©39

where A(t) is the Heisenberg picture of A at time ¢.

D.4. Interaction picture
Suppose that the Hamiltonian is the sum of two terms:
H = Hepsy + 1. (D.35)

It is often the case that the dynamics governed by ﬁeasy is simple to solve. For example, we often assume

that ﬁeasy is the Hamiltonian of free EM fields and free matter, while 7 is the Hamiltonian that models their
interaction. Let

Ueasy (t) = exp (—H:Ieasyt), (D.36)
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which is the unitary with respect to ﬁeasy alone. The central identity of the interaction picture is

t
Ur(t) = ULy (U () = T exp [—i / ﬁeasy(7>d7':|7 (D.37)
0
Neasy (T) = Ugasy(T)ﬁﬁeasy(T); (D.38)

where T exp is called the time-ordered exponential (https://en.wikipedia.org/wiki/Ordered_
exponential), defined as

t
Texp[—i/ ﬁeasy(f)dT]
0

= Allieglo exp [—iﬁeasy(t)At] exp [—iﬁeasy(t — At)At] ...exp [—iﬁeasy(QAt)At] exp [—iﬁeasy(At)At],
(D.39)

and 7jeasy (7) is called the interaction picture of 7 (which is the Heisenberg picture of 7} using Ueasy). Now the
expected value of any observable A can be expressed as

A

W) Ale(t)) = @ UT () AT () [1) = (] U (8) Ueasy (8) Udysy (8) AUeasy (1) Uiy (DT (1) [4) - (D.40)

= | (| U} (£) Acasy 1)U (2) |0) , (D.41)
where
Acasy (t) = Uiy (£) AUcasy (1). (D.42)

The main reason we use the interaction picture is that the interaction-picture operator ﬁjasy(. .. )Ueasy is often
simple to compute, SO 7jeasy (t), Ur(t), and Acasy(t) are often easier to compute.

D.4.1. Derivation of Eq. (D.37). Assume the more general case where H casy () and 7)(t) are time-dependent
and write each unitary as a product of exponentials with tiny time step At:

O(t) = Texp{—i /0 Bl (7) + ﬁ(r)]dr} (D.43)
~ exp[—if(t) At] exp[—iﬁeasy( )At} exp|—in(t — AH)AL] exp[ i Floay (t — At)At}
.. exp[—if(2A8) Ad] exp[ i ey (208 A } —iR(AL) AL exp [fmeasy(m)m], (D.44)
Ueasy (t) = Texp{—i /0 t ﬁeasy(T)dT} (D.45)
A exp [—iﬁeasy(t)At] exp [—z’ﬁeasy(t - At)At} ...exp [—iﬁeasy(QAt)At] exp [—iﬁeasy(At)At} .
(D.46)

Now the trick is to use Eq. (D.46) to write
exp [—iﬁeasy(T)At} — Uy (1) Uy (7 — A1), (D.47)
and then substitute this into Eq. (D.44), so that

Uliey )0 (1) % Uy (1) ex[ =i (¢) At]Ueasy () Udyey (t — At) expl—if)(t — At) At]Ueasy (t — At) Ulyy (¢ — 2A1)

casy casy
exp[—ifjeasy (t) At] exp[—ifjeasy (t—At) At]

- Ueasy (2A1) Ul (At) exp[—if)(At) At)Ueasy (At) (D.48)

= exp[—iﬁeasy( )At] exp[ iMeasy (t — )At] ... exp [—iﬁeasy(At)At] (D.49)

t
— T exp [—z/ ﬁeasy(T)dT:| ) (D.50)
0


https://en.wikipedia.org/wiki/Ordered_exponential
https://en.wikipedia.org/wiki/Ordered_exponential
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D.5. Rotating-wave approximation
When using the interaction picture, we often encounter terms that oscillate in time as exp(—iwt):
Teasy(t) = -+ -+ (...) exp(—iwt) + . .. D.51)

where w is a positive or negative number. In the so-called rotating-wave approximation, we throw away such
terms and keep only terms that remain constant in time. To see the rationale, consider the first-order perturbation
of the interaction-picture unitary U;(t) given by Eq. (D.37):

t
Ur(t) = I — z/ Teasy (T)dT. (D.52)
0
The first-order term is an integral of 7jeasy (7) in time, and the integral of the oscillating term becomes
t t t7 w = 0,
/0 Tleasy (T)dT _/O (...)exp(—iwT)dr e_iwt/2sin(o;tQ/Q)7 w0, (D.53)
w

If w = 0, the term grows with time ¢ after the integration, but if w # 0, the term oscillates with ¢ and is inversely
proportional to w. To put it another way, exp(—iwT) = cos(wT) — isin(wT) consists of a cosine and a sine,
which go positive and negative. In an integral over 7, the positive parts would cancel the negative parts, leaving
only a small value. If w = 0, on the other hand, the integral can grow with ¢.

The argument is admittedly heuristic, but the approximation is very popular and useful. It can sometimes
be checked by comparing results from the full model with those obtained using the approximation (although
the approximation wouldn’t be useful if the full model could be solved.)

D.6. Density operator

Very often we don’t know which state a quantum system is in exactly. We may instead have a set of possible
states

{|¢1>7|¢2>,7\¢M>} (D.54)

Suppose also that we know each state |1/,,,) would occur with probability p,,. To model the state of the system
on average, we use the density operator

M
m=1
Obviously we must have
M
> pm=1, (D.56)
m=1

so that {p,, } is a probability distribution. Note that the number of possible states M here has no relation with
the dimension of the Hilbert space (M can be any number from 1 to o), and the set of possible states need not
be orthogonal, although we still require each possible state |1/,,,) to be normalized, that is,

(Ym|tm) = 1. (D.57)
p 1s convenient because the expected value of any operator A can now be written as
(4) = > (| OV AT (E) [) pn = 0x [AT(1)p0 (1)) (D.58)

m

Instead of evolving each |t),,,) using U (t), we can simply compute the Schrodinger-picture density operator
using one formula

p(t) =T ()pUT (t). (D.59)

When p,,, = d,,,; is a Kronecker delta, the quantum system is definitely in state |¢;). Then we say that the state
in terms of the density operator p = [1;) (] is pure; otherwise we say that the state is mixed.
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More generally, we may assume that the quantum state |1 x) depends on a classical random variable X.
The density operator is then the expected value of |1/ x) (¢ x|, written as

p=E(vx) (¥x]). (D.60)

For example, if the sample space €2 of the random variable is discrete and the probability mass function of X
is Px (z), then the density operator is written as

p=">> Px(@)[ths) (¢l (D.61)

FISY)

If the sample space €2 is R™ and the probability density function is fx (), then the density operator is written
as

p= [ 1x(@)li2) (Wl 2. (D.62)

Note that this randomness about the quantum state is not the same as the randomness in a measurement outcome.
A state is mixed because of technical imperfections, e.g., it depends on a classical random variable. The
randomness due to Born’s rule, on the other hand, is fundamental: even if the state is pure, the measurement
outcome is random (except in very special cases).

One thing to note is that, given a density operator p, we usually can’t tell the set of pure states { |, )} and
the probability distribution {p,, } that give rise to the p. In other words, there may be another set of pure states
{|#1)} and another probability distribution {p;} that give the same p:

p= melwm (| = me ) (¢ - (D.63)

Since p is a Hermitian and positlve-semldeﬁmte operator, we can always write it in the diagonal form

5= Anlen) (enl, (D.64)

where each |e,,) is an eigenvector of p with eigenvalue \,. The eigenvalues, all nonnegative and summing to
1, can be regarded as a probability distribution, but that’s just one way of writing p as a mixture of pure states,
there may be many other ways.

EXERCISE D.9. Prove that p is Hermitian and positive-semidefinite. Prove that tr p = 1.
EXERCISE D.10. If p is pure, prove that only one of its eigenvalues is nonzero. Find this eigenvalue.

EXERCISE D.11. Derive the Schrodinger equation for a density operator
dp(t)
dt

EXERCISE D.12. Following Exercise D.4, prove that the expected value of a measurement outcome is given
by

— i |11, ()] . (D.65)

(A) = tr [Aﬁ(t)} : (D.66)

and the variance is given by

(AA%) = tr [(A -~ @) ﬁ(t)} = e [22(0)] — {ir [Ap00)] ). (D.67)

SIDE NOTE. This chapter assumes a closed quantum system, so that the dynamics is governed by a unitary
operator U (t). The density operator also plays a central role in the theory of open quantum systems, which
are systems that interact with an environment, also called a bath or a reservoir. Open quantum system theory
is crucial for modeling loss in optical systems, friction in mechanics, resistance in electrical circuits, etc., but
will take at least another course to cover.



APPENDIX E

Quantization of EM Fields: Details

Consider the classical Maxwell equations:

B E 1
v.E=", V.-B =0, 9B _ gk, 9B _ 2gup_ Ly, (E.1)
€0 ot ot €0

Our goal is to convert these equations to Heisenberg equations of motion in the form of

do(t)y i [O(t),ﬁ]

(E.2)

dt h
by converting E, B, p, and J to operators.

E.1. Helmholtz decomposition

The equations will look simpler if we perform the Fourier transform of each field. Define the Fourier
transform of a vector field F'(r) as

_ 1 , 3
F(k) = i // F(r)exp(—ik - r)d’r. (E.3)
The inverse Fourier transform is given by
1 . 3

We use the symbol F'(r) — F (k) to denote the Fourier transform. For a given k in k space, any vector field
F (k) is a vector that can be decomposed as

f'(k) = ékylfl(k) + ék,gfg(k) + ék,,gfg(k), .Fs(k) = é;;’s . f'(k), (E.5)
in terms of three orthonormal vectors €y, 1, €x 2, €x 3 that satisfy
é,*c’s €y = Oggl- (E.6)
It will be convenient to assume
. k
€3 = 1 k= |k, (E.7)

so the third unit vector €y, 3 is in the direction of the wavevector k, while €y, ; and ey, » are unit vectors that are
orthogonal to k and to each other. Define

F(k) = érs3F3(k), (E.8)
.'FJ_(’C) = ék71f1(k¢) + ék,gfg(ki) = .'F(k) — .7:”(]{:). (E.9)

In other words, (k) is the component of the vector field that is parallel to k, while | (k) is the component
that is orthogonal to k. | is called a longitudinal field, F ; a transverse field, and

F(k) =.7:J_(k)+.7:“<ki) (E.10)

the Helmholtz decomposition. We can transform these k-space vector fields back to the real space to write the
decomposition as

F(T):FL(T)—I—FH(T), (E.11)

where F' | (r) and F|(r) are the inverse Fourier transforms of | (k) and F (k) respectively.
F(r) is real if and only if

F(k) = F*(—k). (E.12)
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If F'(r) is real, then F')(r) is also real, since
~ . kE |k .
~7'-H (k) = €k3 [ek,s : f("’)] = W W -F(k)| = H(—k’)-
It follows that F' | (1) = F'(r) — F(r) is also real.
The transverse and longitudinal fields obey the properties

k,]:'L:O, k:><.7:||:0,
k-f':k'(f“%-fl):k-]:”Zkfg, kX.’FZkX(.’FH—I-.'FL):kX.'FL.

In particular, k x F = k x F | is orthogonal to k.
Given another vector field G(k) = G, (k) + G| (k), we have

Fi-G,=0, F-G=F-GL+F-G,

and Parseval’s theorem gives

// F*(r)-G(r)d3r:// F*(k)-G(k)d’k.

E.2. Maxwell’s equations with Helmholtz decomposition

Let

E(r,t) — E(k,t), B(r,t) — B(k,t), p(r,t) — o(k,t), J(r,t) = T(k,t).

Maxwell’s equations in k space become

‘ _ 0 , -~ oB 0E 1
ik 8_60’ ik-B =0, T ik x &, (%—zck:xB eoj'
Applying the Helmholtz decomposition to all the fields, the equations become
ik- &) =ik = 2, ik -B = ikBs =0,
€0
0B, , 0E, 4 1
— =—tkx & —— =ic’kx B — —
ot Ik XC, ot & X P . jJJ
og, 1
o e I

Notice the following:
(1) We will ignore the k = 0 case and assume k ## 0 and thus k # 0.

152

(E.13)

(E.14)
(E.15)

(E.16)

(E.17)

(E.18)

(E.19)

(E.20)

(E21)

(E.22)

(2) Gauss’s law for magnetism implies that By = 0, B” = ey ,3B3 = 0, so the magnetic field only has

the transverse component

(E23)

(3) The longitudinal component £ = €, 3&3 of the electric field is determined by the charge density

through the equation

o(k,1)
ikeg

Es(k,t) =

)

(E.24)

which is an algebraic relation and not a differential equation that can be converted to a Heisenberg
equation of motion dO(t)/dt = .... In particular, if o(k,t) = 0, then &3 = 0, and the longitudinal

electric field cannot survive without a charge density.
(4) Given Eq. (E.24), Eq. (E.22) becomes

0E3 1 0o 1 do . do .
— = = — +ikJ3 =0 — +ik- T =0.
3 ket T e g TR =0 o Tk T
This is simply the k-space version of the charge continuity equation
dp
— +V-J =0,
ot "

so Eq. (E.22) is in fact a statement about charge conservation.

(E.25)

(E.26)
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E.3. Normal variables for transverse fields

Only the transverse components of the EM fields £ | and B can survive when there is no source, so they
are also called free fields. Their equations of motion are given by
oB 1 . o€ 1
—— =—ikx &

or U reh ot
To make them look more like Heisenberg equations of motion, we introduce the scalar potential ¢(r, ¢) and the
vector potential A(r,t), which obey

=i’k x B — —jL (E.27)

0A

Going to the k space with
p(r.t) = ¢(k,1), A(r,t) — A(k, 1), (E29)
and decomposing the vector potential as A = A + .4, we obtain
. 0A 0A .
‘SHZ_”‘W—W”’ gl:_TtL, B=B, =ikxA,. (E.30)
Eqgs. (E.27) are then equivalent to
— == = —c°k — . E.31
5 L 5 =€ A+ - JL (E.31)

Recall that each transverse component F | = Fiég 1 + JF2€x 2 of a vector field has two components in two
directions. Egs. (E.31) can then be rewritten as

0A, 0&, 9,9 1
= —&,, — = —ckAs+ —Ts, =1,2. 32
" & r c“k* A + 60] S (E.32)

For each j = (k, s), As(k, t) behaves like a position variable of a harmonic oscillator, —&,(k, t) behaves like a
momentum variable, and Js(k, t) behaves like a force, except that they are all complex. Despite the complexity,
we can turn them into an equation of motion for a harmonic oscillator by defining a complex normal variable

as(k,t) = C |w!/2 Ay (k. t) — iw—l/Qgs(k,t)} : (E.33)

where C is a real constant, so that

860728 = —lwag + ﬁjs, s=1,2. (E.34)

The normal variables fully model the dynamics of the transverse fields, in the sense that we can write A | and
& as functions of the normal variables. To do so, recall that, since A and E in real space are real, A, and
£ | obey the property

Al (kt) = AT (=K, t) =) Ai(-k,t)e*,,, Ei(kt)= Zg —k,t)&" .. (E35)
Now consider
Z as(k,t)eps = C [wl/Q.AL(k:,t) w28 | (k, t)] , (E.36)
Za —k,t)E",, = {wlmAj(—k:,t)+iw’1/2£j(—k:,t)} —C [wl/zAL(k:,t)+iw*1/28L(k:,t) .

(B.37)

The two equations can be combined to give

1 ~ * ~ %
Al (k,t) = SCoiT > sk, t)égs + oi(—k, bty ], (E.38)

1/2
£ (k,t) = ""27 3 [ias(k, t)eg,s — ia’(—k,1)E" ] . (E.39)
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These fields can be transformed back to real space to give

2
_ 1 ~1/2 . . 3
Al (r,t) = @n )20 ;1 ///w [as(k,t)ég sexp(ik - 1) + c.c.|d’k, (E.40)
1 2 /
- 1/2 - ~ . 3
E| (r,t)= 2raC 8521 ///w lias (K, t)eg s exp(ik - ) + c.c.] k. (E.41)

These expressions are consistent with the classical model in Chapter 2 if we take the L — oo limit.

E.4. Gauge invariance of A |

Recall that, given any scalar field v(r, t), a gauge change given by

¢’—¢—§Z, A = A+ Vy (E.42)
has no effect on the E and B fields:
!
E=-V¢ — 8(;;1 , B=VxA. (E.43)

In k space, let y(r,t) — I'(k,t). Since Vv — ikI", which is parallel to k, any gauge change has no effect on
the transverse component A | :

or .
v =e— 5 A = Ay + ik, A=Al (E.44)

Hence, there is no need to worry about gauge ambiguity when we deal with A ; it is unique given E and B.

E.5. Canonical quantization of the transverse fields

Consider a fixed time ¢ = 0. The total EM energy is given by

H= 1/// (eoE -E+ :B . B) d3r (E.45)
0

<60£* £ + B* B> >k (Parseval) (E.46)
<€08| 8” + EogJ_ gL —|— B* BJ_) d*k (Helmholtz) (E.47)

2620/// ﬁ'5||+8i-5L+c2k2Ai-AL)d3k. (B, =ikx A, A 1k) (E.48)

Define
H= H” + Hy, (E.49)

H=2 /// £ dk, (E.50)
620// (81.8L+02k2A’1.AL)d3k:///2€00u;Z| as(k)2dk, (E.51)

where H | is the energy of the free transverse fields. We defer the quantization of H)| in terms of €| to Sec. E.6
later and quantize the transverse EM fields here by setting

H,

Eqw €0
22— hw -,/ 2
202 ’ ¢ 2h

and replacing as(k) with d4(k) on some Hilbert space # | . Assume the commutation relation

(E.52)

[&S(k), ai/(k’)} = 5,083 (k — k). (E.53)
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2
H = ///hwzczg(k)as(k)d?’k, (E.54)
s=1

and the operators for the transverse vector potential and the transverse electric field at ¢ = 0 can be defined as

Then

, 7
_ N ~ VAT
Al (k) = 2es ; [as(k)ek’s +al( k')e,,m} , (E.55)
A fuw 2
Eilk) =[5 3 [i&s(k)éhs —ial(~k)er k] : (E.56)
s=1

which are consistent with Egs. (E.38) and (E.39) at t = 0. The Heisenberg equations of motion for A 1 (k,t)
and £ (k,t) can be derived from

(k. t) = a5 (k) exp(—iwt). | (E.57)
In real space,
~ 1 ~
Aj(r,t)= W // A, (k,t)exp(ik - T)d3k (E.538)
1 o h
_ R 5 kT 3
= e Zl/// V 2e0w [as(k,t)ehse +H.c.} Pk, (E.59)
~ 1 N
EJ_(T', t) = W // Sl(k, t) eXp(Zk . T)dgk (E60)

1 < [ o .
= W Z/// Teo [Z&S(k7t)ek;7362 T + HC:| d k, (E61)
s=1

which are consistent with Eqs (E. 4()) and (E.41) as well as the classical and quantum models in Chapters 2 and
3 for free EM fields, where HEM - H | is assumed.

E.6. Quantization of the longitudinal electric field

The quantization of H| in terms of the longitudinal £ = €y, 33 is quite different. When there is no matter,
&3 = 0, and there is no need to quantize it. When there is matter, we should introduce a new Hilbert space
Hmatter and additional terms to the Hamiltonian that model the matter dynamics and the light-matter interac-
tion. In that case, the simplest way of quantizing &3 is to follow Eq. (E.24) and assume that the longitudinal
component at t = 0 is equal to

A o(k
&(k) = 2B, (E62)
lkeo
where (k) is the charge-density operator on Hmaier- The Heisenberg picture
5 é(ka t)
&k, t) = ——~ E.63

is then consistent with the classical Eq. (E.24). This model means that we do not need to introduce any new
degree of freedom for the longitudinal electric field, and it suffices to stick to the Hilbert spaces ‘H for the
transverse fields and Hyaier for the matter. Sg(k:) is an operator on Hmager, and the quantized H I is also an

operator on Hmatter:
A~ 60 31, 3
H = // E(R)E(k)d, = o /// gl (R)elk)dk (o0
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E.7. Current source

Let H, matter D€ the matter Hamiltonian on a matter Hilbert space Hmauer and let the interaction Hamiltonian

be
= - [7.A¢ ﬂ.Ai (k)d’k, (E.65)

where J (r) is a current-density operator on Hmaer- H I is assumed to be part of Hmatter The Heisenberg
equation of motion for a4(k,t) under the Hamiltonian Hoaver + H, + 7) becomes
das(k,t)
dt
which is consistent with the classical Eq. (E.34). .
To model the current as classical, as discussed in Sec. 5.2, we go to the interaction picture with Heygy =
Hpatter + H 1, leading to

= —iwas(k,t) +i Ts(k,t), (E.66)

1
v 2€ephw

fleasy(t) = — // A (r,t)- J(r, t)dr. (E.67)

Then we approximate J (7, ) by a c-number function J (7, t).

Do note that the model here is just one possible model of light-matter interaction. Although it serves our
purpose in this book, there are many other models that differ in nontrivial ways [40]. For example, when light
is coupled to atoms or charged particles in the nonrelativistic limit, the interaction Hamiltonian is a bit more
complicated.

E.8. Coulomb gauge

So far we have completely avoided the quantization of ¢ and .A|, which may appear in the classical Hamil-
tonian when there is matter. The simplest way is to assume the Coulomb gauge

V-A=0, (E.68)
which is equivalent to
A =0, A=A, . (E.69)
The longitudinal electric field becomes
1 0
E=—ik Es = —ik =——E& = E.70
[| R, 3 Ry, 2 ik k‘2€0 ( )

Then there is no need to quantize A and we just treat ¢ as a function of 9 if needed. The quantized vector
potential becomes

A

A(r,t)= A, (r,t), (E.71)

meaning that we can omit the L.

The gauge issue is both deep and fundamental in quantum field theory, although it is outside the scope of
this book to discuss it. It suffices to point out that the “canonical” Coulomb-gauge treatment here turns out
to be equivalent to other treatments that assume other gauges and fully compatible with special relativity [40],
even though the quantum formalism treats time differently and the Lorentz invariance is not manifest (fancy
word for obvious).
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EM Fields in Matter

Matter responds to EM fields by creating a bound charge density p,(r,t) and a bound current density
Jy(r,t). We model the effect of the bound charges on the EM fields by assuming a polarization field P(r, )
that obeys

oP

Magnetization is negligible at optical frequencies. With these assumptions, (pp, Jp) obey the continuity equa-
tion

V- P =—p,

opp
V- J = F.2
ot b Oa ( )

as expected. Assuming that there is no extra charge or current other than the bound quantities, Gauss’ law
becomes

v.e="_-_ly.p V.-D=0, (F.3)
€0 €0
where
D=¢E+ P (F4)
is called the displacement field. The modified Ampere’s law becomes
VXB:MonJrMoGoaail::MoaaiI;ﬁLHoEo% ZMU%- (F5)

SIDE NOTE. Do not confuse the polarization field with the polarization of a wave; they are completely different
things. Unfortunately both terms are standard.

We can study how the electric field responds to a given P by looking at the equation
10°E _ 9*P
2oz Mg
To fully solve for the EM fields, we also need a model of how P responds to the EM fields by studying the

dynamics of the matter.
A material is called dielectric when P is a function of E only. The simplest model is

P(r,t) = coxWE(r,1), (F.7)

-V x(VxE)-— (F.6)

so the polarization field is assumed to respond instantly to the electric field, and P(r,t) at each position r and
time ¢ depends only on the electric field at that particular position and time. Moreover, P here is assumed to be
linear with respect to E, and we call this a linear dielectric model. As aresult of Eq. (F.7), D = ¢o(1+ x(l) )E,
V - E = 0, and we arrive at the wave equation
) 1°E  xWoE
v E—?W—C—?E. (E.8)
This is a wave equation with speed ¢/n if we assume the refractive index

n= /14 x0. (E9)

The net effect is that the wave travels at a different speed ¢/n in a dielectric, but it is important to keep in mind
the underlying mechanism: the EM fields interact with the matter through the polarization field, and the matter
is an important participant of the wave dynamics.
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To model loss, we assume that the matter consists of damped oscillators. The easiest way is to change
Eq. (E7) to

[e.e]

P(r,t) = e / XVt =) E(r, t)dt (F.10)
—0oQ

where (1) is a Green’s function (also called an impulse-response function) that relates the electric field to the

polarization field. Causality implies that

xPit—-t)y=0, >t (F.11)

so that P(r,t) depends only on the past values of the electric field { E(r,t’) : t' < t} before time t. It’s easier
to study this relation in the frequency domain

P(r,w) = \/127 /_OO P(r,t)etdt = egx"V (w) E(r, w), (F.12)

and then study y*) (w) only within the frequency range of interest. A nonzero imaginary part of b (w) would
correspond to loss or gain. The easiest way to see this is to consider the average power per unit volume lost by
the EM field to the matter for a sinusoidal plane wave (the overline denotes averaging over a long time):

—TJ, E="_. i ()it =
Voome — 70 B = 5 - B o [(Fiw) ¥ W (w)ae! +ce ] (ae! +ec) (E.13)

= —iwx W (w)]a)? + c.c. o Tm YV (w). (F.14)



APPENDIX G

Solutions to Selected Problems

Exercise 3.16.

(D
[bz,bT } _ZZ///// Wi (K, s) Wy (K, s") a(k,s),aT(k:’,s’)] Pld®k (G.1)
= ZZ /// // Wik, $)Win (K, )% (k — k')6yy d>kd®K' (G.2)
= Z// Wi (k, s) Wi (k, s)d°k. (G.3)
(2) Forl =m
Z// \Wi(k,s)|?d*k = 1. (G.4)
Now
Z// Wik, s)|?d°k = 2581/ ko) |*dky /Oo Y (ky)|?dk / C? rect (k ko) dk, (G.5)
k0+l-€/2
. / C2dk, = C2% = 1. (G.6)
ko—k/2
Hence
c-L (G.7)
== .
1 ko+k/2
Z// Wi (k, s)Win(k, s)dk = / exp—ik. (21 — 2m)]dk. (G.8)
ko—k/2

iko(21—2m) exp[—ik(z; — zm) /2] — explik(z; — z2m) /2]
—ik(z; — zm)

=€

(G.9)

= eiko(zzfzm) Sln[li(Zl — Zm)/2] = eikO(zlfz’") sinc [i(zl - Zm)] (G.10)
k(21 — 2m)/2 2m

= e™0=2m) ginc(l — m) = 8p,. (G.11)

(4) Eq. (3.119) is an inverse Fourier transform. The forward Fourier transform is then

a(k, s) o 3/2///exp —ik-7) ( )d (G.12)
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S))

[A(r,s),fﬂ(r’,s’)] - (271T)3//////exp(ik v — ik ) [ak, s),al (K, §)|d*kdK
= (Qi)g / /// exp(ik - r — ik - ') 6% (k — k)65 d°kd’ K’
Oss (21)3 /// explik - (r — r')]|d°k

=040 03 (r — 7).

b = Z//ers (r,s) T_Z//W,rs[%g/z///expzkr (k, s)d’k | dr

- ;/// [(277)3/2// W (r, s) exp(ik - r)d?’r] a(k,s)dk.

Comparing with Eq. (3.113), we should have

Wik, s) = (2;)3/2 // W (r, s) exp(ik - 7)d*r

Wik, 5) = (2;)3/2// Witr, s) exp(—ik - 7)d*r

Wi(r,s) = (273)3/2 // Wi(k, s) exp(ik - r)d>k.

W, and I/T/l are Fourier-transform pairs.
(7) Because W is the Fourier transform of W;, we obtain

Wi(r,s) = X(2)X (y) Z(2),

X(z) = \/127? /_00 exp(ik,z) X (ky)dky,,

- 1 oo )
Y(y) = Wers exp(ikyy)Y (ky)dk,,
_ 1 00 ,
Zi(z) = E exp(zkzz)Zl(kz)dk‘z

k0+.‘£/2

\/27m /kg K2

= ;emo(z_zl) sinc [i(z - zl)] .
21K 27

explik,(z — z;)]dk,

Exercise 3.17.
(1) It’s too tedious to put hats on operators here, so I omit them.
(b:my,...,mylb:ny,...,ny)
B 1
N \/ml'mJ'nl'nJ‘
B 1
CVmal o mgtnal. iyl

(vac| b" ... bTJbJ{m . .bTJnJ |vac)

(vac| (761" ) ... (BB ) [vac) . ([b, bl = 0if j # 1)
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(G.13)

(G.14)

(G.15)

(G.16)

(G.17)

(G.18)

(G.19)

(G.20)

(G.21)

(G.22)

(G.23)

(G.24)

(G.25)

(G.26)

(G.27)

(G.28)

(G.29)

We would like to simplify b;nj b}"j . Let’s omit the subscripts for now, and look at b™b™. Actually

let’s look at bb™ first. Using the commutation relation [b, bT] = 1, we can write

oo™ = bbbt = (bTh 4+ )b = pippIn 1 4 pin—1t,

(G.30)
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This is actually a recursive relation:

pbin = bt ppfn—l  ypin—l — (b* bbin=2 4 b*"—2> + pfn-t (G.31)
apply Eq. (G.30)
=2 ppin2 gopinl = (G.32)

apply Eg. (G.30)
Eventually we obtain
bbi™ = bi"h + nbint (G.33)
Now we consider
prp = b gt = (5 b ) = bt (G.34)
apply Eq. (G.33)

This is also a recursive relation.

b = "y 4 P =y o [T (n— 1) P22 | = (G.35)
N—_—— N—_——
apply Eq. (G.34) apply Eq. (G.34)

Everytime we apply Eq. (G.34), we create a new term (... )b with the annihilation operator b at the
end, plus a term oc b”~b~™_ Eventually we obtain

b = (.. )b+ nlobf = (. )b+ !B+ 1) = (... )b+ nl, (G.36)

where (... ) is a long list of terms in front of the annihilation operator b.
Remember that each b; is a linear combination of annihilation operators {a;}, such that

bj [vac) = Z Ujiaq [vac) = 0. (G.37)
!

It follows that

bIb" |vac) = [(...)b; +nl] [vac) = n![vac) . (G.38)

We are lucky that b; [vac) = 0 so we don’t have to write out the terms (. .. ) in front of b;.
If m > n, we can use similar algebra to show that

m>n: Vot = ()b 4+ nlb™ ", bb!" [vac) = 0. (G.39)

(This makes sense, since b}n creates n photons in the state and b7 annihilates m > n photons, but
still we needed to prove this by algebra.) If m < n, we write

m<n: by = (5"t (vac| b7"bI" = (b7 |vac))t = 0, (G.40)
where the last step uses the result in Eq. (G.39). Applying these results to Eq. (G.29) gives us

(b:my,....mylb:ni,...,n5) =mint - Omyn,, (G41)
which implies that the set {|b : n1,...,n;) : eachn; = 0,1,2,...} are orthonormal.

(2) We still have to show that the set is a basis, i.e., any [¢)) € H can be expressed as a linear combination
of the set. We already know that {|a : ny,...,n)} in terms of the original modes is an orthonormal
basis, so if we can prove that every normal-mode number state

~fny ATng
ay ay
a:Ny,...,nj) = vac G42
can be expressed as a linear combination of the new number states {|b: ny,...,n )}, then we are

done. Recall

aj =Y Wb, (G.43)
l
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which means

Hn
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(G.44)

We now prove that Eq. (G.42) is a linear combination of the new number states by induction. First

note that |vac) = [b:0,...,0) is a new number state. If we apply one dj- with any j to any linear
combination of the new number states {|b : n1,...,ns)}, we obtain
Wk > Copny i, ongy =3 Cp, Wi b1, ) (G.45)
ni...nj | ni.ny
BIT |b:ni,...,ny) x|b:ny,...,n;+1,...,ny) is proportional to a new number state, so the right-
hand side of Eq. (G.45) is another linear combination of the new number states {|b : n1,...,nj)}.
Hence, by induction, with the application of multiple d}’s to |vac) in Eq. (G.42), the end result
la :mq,...,ns) muststill be a linear combination of the new number states {|b: n1,...,n7)}.
Exercise 4.17.
(1)
D(a) = exp <04aT — a*a) = exp {a(c} —ip)/V2 — a*(§ + zp)/\[] (G.46)
= exp{z[(a —a")/(V2i)]§ —i[(a + a*)/ V2] } (G.47)
Hence
1
a—« V2Ima, = —(a+ao*) =V2Rea. G.48
€= —=(a—a)= 1= slo+a) G49)
(2) BCH formula:
A A A A A A 1 A A~ A 1 A A A
(exp A)(exp B) = exp <A + B+ [A, B] + E[A’ [A, B]] — E[B, [A, B]] + > (G.49)
Let
A=it§, B=—inp, (G.50)
[A,B] = sn[q bl = i€, (G51)
exp(i§q) exp(—inp) = exp(i€q — inp + i&n). (G.52)
Similarly,
A= —inp, B=icq, (G.53)
[A, B] = €nlp, q] = —ién, (G.54)
exp(—inp) exp(i€q) = exp(i{q — inp — i&n). (G.55)
Hence
|exp(i€d — inp) = exp(—i&n) exp(i€q) exp(—inp) = exp(i&n) exp(—inp) exp(id)- | (G.56)
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3)
D(a)lg = z) = 17" |g = x)
= BN MPeitd ¢ = ) (using previous results)
= BN MPLIET |4 — 1) (g = z) is eigenstate of ¢%9)

o0

. | .
= e’gne*mpelfmf / e p=y)dy (write|q = z)intermsof {|p = y)})
T

—00

. 1 o , -
= i€t e "Me W p =y) dy (lp = y) is eigenstate of e~ *"P)
V 2 —00

, 1 ©
— (@ +n) / —w(@+n) |y — 4\ d
e e
o | lp=vy)dy

[t |g =21y,
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(G.57)
(G.58)
(G.59)

(G.60)

(G.61)

(G.62)

(G.63)

where & and 7 are given by Eqs. (G.48). The phase factor e%6(#*7) is not very important. The important
point is that D(«) shifts the |¢ = z) state to the |¢ = x + 1)) state with a new position x + 7, where

n = v/2Re « is the position displacement. Similarly,

D(a)|p = y) = e 41 |p = y) = e |p = y)

R | oo
— o WNeia =iy eV g =x)dx
V2T /

—0o0

. 1 oo
_ 6715776*@779 = / ez(y+§)x ‘q _ .CC> dr
V —00

=W p =y 1 ¢).

(4) To verify Eq. (4.6), write

(nfa) = (n]e7IoP/2 3" % Im) (definition of |ar))
m=0 :
lal2/2 Q"
— el /21, ((n|m) = 6nm)

Then

‘a|2n

2 _ 2
[(nja)? = el 2L

To verify Eq. (4.7), consider

(¢ =zla) = (g = [ D(a) |0) = (D'(a) |g = 2))" |0) = (D(~a) ¢ = )) |0) .

Now use the previous result to obtain

D(—a)|g=2z)=¢"|g=2— \/§Rea>,
where 6 is an unimportant phase. Hence
(¢ =ala) =e" <q =z - \/ﬁRea’0>
—ip_1 1 2 -
=e “——exp|—= (:1: —V2Re a) , (using Eq. (4.1))
ml/4 2

Kq=ﬂ®F=;%pr(x—VN%af}

The derivation of Eq. (4.8) is similar.

(G.64)

(G.65)

(G.66)

(G.67)

(G.68)

(G.69)

(G.70)

(G.71)

(G.72)

(G.73)

(G.74)

(G.75)
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Exercise 4.25.
(1) This is very similar to the Heisenberg picture of a. The trick is to doa 9/06:
Da(0) i )
20 = inR"(0)aR(0) —iR"(0)aR(0)h = —iR'(0)[a, n]R(0) = —ia(h).

This differential equation has the solution

It follows that

3(6) = %RT(Q)(CL +ahRO) = \}5 [aexp(~i0) + af exp(it)|
p(o) = T [d exp(—if) — a' exp(i@)] .
(2)
4(O)R(0)|q = =) = RT(0)GR(0)RT(0) |q = x)
= R(0)jlq = =) (R is unitary)
— B(O)2]q = 2) = 2 RI(6) g = 2)
Similarly,
POYRT(0) [p = y) = RI(O)pRO)R'(0) [p = )
=RIO)plp=y) =RI(O)ylp=y) =yR'(O) Ip=1).
(3)
<q(0) = x’q(&) = a:’> = (¢ = x| R(@)Pj(@) ‘q = x’> (by definition of |¢(0) = x))
— <q = x‘q = g;’> (f{ is unitary)
=6(z—1). (Eq. (3.22))

= /OO RI(0) ¢ = z) (¢ = z| R(0)dx (by definition of |¢(6) = x))
= R1(9) /OO lg = z) (¢ = z| dz | R(0) (operators are linear)
= RY(0)IR(6) (Eq. (3.24))
= RI(O)R(H) = 1. (R is unitary)

The derivation for the () eigenstates is similar.
(4) From previous results, we can write

0O = [ 14(0) =) (a(0) = alde = [ 1a(0) = 2} (0) = | o

— [ wlale) =) a(6) = |

—00

The diagonal form of () can be derived similarly.
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(G.76)

(G.77)

(G.78)

(G.79)

(G.80)

(G.81)
(G.82)
(G.83)

(G.84)
(G.85)

(G.86)

(G.87)
(G.88)

(G.89)

(G.90)

(G.91)
(G.92)

(G.93)

(G.94)
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4)
~ > o™ A
R(O) o) =) —=e "0 G.95
(0) o) nzome ) (G95)
o " ing o (ae”?)n —i
= — = = : G.96
Z%me '”>§;;m'”> jac™) (G.96)
(6)
~ 2 . 2
[(a(0) = ala)* = (g = 2l &(6) |o)| = | (4 = w|ac™) (G.97)
= \}%exp{ [:c — V2Re(ae Z9)}2} (G.98)
Similarly,
2 INE
[p(0) =yl = |(p =y RO )| = |(p = y|ac™)] (G.99)
_ \}% exp{_ [y~ VaIm(ac™) 2}, (G.100)
(7) Use Glauber’s formula:
(q(0) = x| plq(0) = x) = // ®(a)[(g(0) = z|a) *d*a. (G.101)
Let
u = v2Re(ae ), v =V2Im(ae™?). (G.102)
Convince yourself that
dudv = 2(dRe a)(dIm a), d?a = (dRea)(dIma) = %dudv. (G.103)
In terms of the new variables,
2 2,2
(a) = 1exp<—w> = 1exp<—“ v > (G.104)
™ n ™ 2n
2 1 NE 1 2
[{q(0) = z|a)|” = NG expq — [m — V2Re(ae )} = 7= exp[— (x —u) } (G.105)
Hence
B A B B 0 (o) 1 u2 -|-U2 1 9
(q0) ==x|plq(0) = z) = /OO /OO oy exp(— 57 )77 exp[— (x —u) }dudv (G.106)
e v? > 1 u?\ 1 9
= [/Oo Wor exp(—zﬁ> dv] /Oo o exp(—%> N exp [— (x —u) ]du
(G.107)
_ 1 ox [_ z? ] (G.108)
Va2 P 2t 1/2)) '
This is a Gaussian distribution with zero mean and variance equal to 72 + 1/2. Similarly,
(0) =1 p19(0) =) =| = exp -5 G109
PO I =9 = ot 1j2) T 2+ 1/2)] '
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Exercise 4.27. Let the photon-number random variable be n. Let o be another random variable with
probability density ®(«). The probability mass function of n is

// o) [2d?a. (G.110)

This formula is consistent with probability theory if we regard
P(n|a) = | (n|e) |? (G.111)

as the probability mass function of n conditioned on a value of «. By the law of total variance, the variance of
n is given by

V(n) = E[V(n|a)] + V[E(n|a)]. (G.112)
P(n|a) is Poisson, so we know that
E(n|a) = |a|?, V(nla) = |af% (G.113)
It follows that
V(n) =E (|of?) + V (|af?), (G.114)

where E(|a|?) and V(|a|?) can be computed using ® as the probability density. Now notice that the mean
photon number is given by

n= ZnP // n| (n|a) Pd*a = // a)|a?d’a = (|a|2). (G.115)

Hence

V(n) =n+V (o). (G.116)

The variance of a random variable is always nonnegative, so V(|a|?) > 0, and we must have V(n) > 7.

Exercise 6.5. We know that, for normal modes,
a;(t) = a; exp(—iw;t), (G.117)

so the V'(¢) matrix is simply the diagonal matrix:

Vii(t) = 51 exp(—iw;t). (G.118)

Exercise 6.8. Given Egs. (6.65) and (G.118), the amplitude of the coherent state |V (t)c) at time ¢t is
simply

a;(t) = ajexp(—iw;t) o ds16k,00k,09 (k=) exp(—ik,21) exp(—iw;t). (G.119)

Remember that w; = c|k|. () is nonzero only when k, = 0, k, = 0, and k. > 0. We can then assume

w; = clk| = c|k;| = cks. (G.120)

Hence
j(t) o< 0510,00k,09 (k=) exp(—ik. z0) exp(—ick.t) (G.121)
— 3310%,00,09(kz) expl—iks (=1 + ct)]. (G.122)

This (k, s)-space amplitude corresponds to a pulse with center at z; + ct.
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Exercise 6.10.
(1) A unitary V satisfies VVT = I. In the index notation,

Z szV;ij = 5lm7
J

which implies

D VeV = Ve = [Varl? + [V 4+ =1,
J j

ZVM‘ij - Z Vil> = Vi P+ Vi) + - =1,
J j

J

If we assume Eq. (6.85), then
Var? + Vo] = 1, Vi [? + [Vao|* = 1, Va1V + Ve Vs = 0.
These equations imply that
Va1 Vi Vi, Vi 10
o= (i )68 ) =6 D)=
so ST = S~!, meaning that S is unitary.
Conversely, if S is unitary, SST = I, and we have

Var [* + [Vao|* = 1, Vi + Vi = 1, Va1V + Va2V = 0.
Plug these into Egs. (G.124) and (G.125) to obtain
J J J
D Va7 = Vi P+ Vi + ) (VP = 14> [V =1, > IVaP =0,
i i=3 j=3 i=3
J J J
MWVl = Vil + Vi + D [VaP =14+ > [V = 1, > IVyl* =o.
J j=3 J=3 j=3

A sum of nonnegative numbers is equal to 0 if and only if all the numbers are zero. Hence
|V3j|2:Oand|V4j|2:0, j:3,4,...,

which implies Eq. (6.85).
(2) A unitary V also satisfies VIV = I. Then

Z V;;‘/]m = 5lm7

J
S IVaP =WVailP+1ValP+ ) Val =1,
J

j#3 and j#4
D oWVil = VaolP + VieP+ Y [Vl =1,
J j#3 and j#4
D ViV =ViVa+ViVie+ Y ViVip=0.
J j#3 and j#£4

Eq. (6.88) implies that all the > 3 and j£ 4(...) terms above are zero, leading to

Vai)? + [V > = 1, Vao|? + [Vao|* = 1, V31 Vaa + Vi Vie = 0.
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(G.123)

(G.124)

(G.125)

(G.126)

(G.127)

(G.128)

(G.129)

(G.130)

(G.131)

(G.132)

(G.133)

(G.134)

(G.135)

(G.136)

(G.137)

These equations imply that STS = I, which implies ST = S~!, meaning that S is unitary. The

converse is very similar to the converse proof in part (1).
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Exercise 6.11. One trick is to write

al(T)as(T) + a}(T)as(T) = (QI,(T) aZ(T)) (Zig;) (G.138)
as(T)\ _ o(a1(0)
<&4(T)> = S<A2(0)), (G.139)
(alr) k) = (al(0) ab)s', (G.140)
so that
al(Tas(T) +al(T)au(T) = (al(0) ab(0))s" S(Z;ES;) = (al(0) ab(o)) (Z;%) (G.141)
= al(0)a1(0) + ad(0)ax(0). (G.142)
Exercise 6.13. Consider the J-input-J-output relation
T) =Y Vjay(0). (G.143)
l

Since V is unitary, we have this energy conservation:

DD =Y ViVimai (0)am(0) = ) dima (0)am(0) (G.144)
J Jlm Im
= |e(0)*. (G.145)
!

Now let’s set all the input amplitudes a;(0) to be zero for all [ except mode 1 and 2. Then energy conservation
implies

D g (T)? = [ar(0) + [z (0)[. (G.146)
J
We also know that the output energy in mode 3 and 4 must be smaller than the total output:
|as(T))? + |aa(T)? < loy (T)]%. (G.147)
Hence
|as(T)? + |aa(T)* < |1 (0)]* + |a2(0) . (G.148)

Exercise 8.2.

(1) Because the state \1/1) ® |a2) for the two input modes is a tensor product, the average of a product of
any two operators A1 and Ag, where A1 is an operator for the first mode and Ag is an operator for the
second mode, can be factorized as

(Aidz) = (A ® As) = (] © (az] A1 ® As [9) © Jaz) = (0] © (o] (A1 [0} ® Az Ja2))  (G.149)

= (] A1 [¢h) (o] Ag |az) = <fh> <212> : (G.150)
Then

(O) = it <a{a2> t e <a1a§> — ¢if <a{> () + e~ (ay) <a;> = ¢y (01)" +cc.,  (G.151)
(0') = e <a2a1> +e ?(a103) = ePay <€z§> +cc. = (0). (G.152)

(2) Let’s compute (O?) and (O"?) first.
(0% = ¢ (al) (a3) +c.c. + (alan ) (aza}) + (@al ) (ahas ) (G.153)
— ¢i0a2 <a{2> +eoc + (Jao2+ 1) <a}a1> + |as|? <a1a§> , (G.154)
(0?) = €0} <a{ >+cc + | ? < >+ s |2 <a1a{>. (G.155)
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So
(0% = (0?) + (alar). (G.156)
Now the variances are given by
(A0%) = (0%) = (0 = (07) + (alar) - (0)" = (A0"?) + (alar ). (G.157)

(3) Let a normalized quadrature operator be

1 . N
i= <e’9+4“2&1 v H.c.) , 0 = V2|aslg. (G.158)
If the first input is a coherent state |a),
(alar) = Jaf?, (G.159)
(AO™) = 2|as|* (Ag?) = |as*. (G.160)

It follows that the difference between <A02> and <AO’ 2> is negligible when

(@lar) = |o)? < (AO?) = || (G.161)
Exercise 8.7.
(1
— 2 . .
Xm = MRe((Rea+zIma) (cos ¢y, — i8In Ppy)) (G.162)
2 . : 2 .
=\ Re ((Re ) cos ¢y + (Im ) sin ¢y + (... ) =4/ M(Re @) €08 ¢, + (Im @) Sin @y
(G.163)
2)
M—1 M-
2 M 1
cos? Z—l—co;(qu_2 4<Zeﬂ¢m+cc>. (G.164)
m=0 m=0
Now we evaluate the sum of complex exponentials:
Z ei2¢0m — Z ei2(d0—Qtm) _ ,i2¢0 Z p—i2nlm/M _ ji2¢o - " C 1— ek (G.165)
1 _ e—i2nL/M’ :

where the last step comes from the geometric series (https://en.wikipedia.org/wiki/
Geometric_series). Since L is an integer, e *>™" = 1, the numerator is zero. With |L| < M,
e~ 2mL/M jg ot equal to 1, so the denominator is not zero. Eq. (G.165) is then zero, c.c. in Eq. (G.164)
is also zero, and we arrive at M /2 for Eq. (G.164).
The other identities are similar:

M-1 M-1

M—1 MM
Z sin? Om = Z (1 — cos? (bm) =M — cos? Om = M — -5 =5 (G.166)
m=0 m=0 m=0

M—1 | M1 | M-l | M-l

Z sin ¢y, cos ¢, = 3 Z sin(2¢y,) = 3 sin(2¢y,) = a (e9m —c.c) =0. (G.167)

m=0 m=0 m=0 m=0


https://en.wikipedia.org/wiki/Geometric_series
https://en.wikipedia.org/wiki/Geometric_series
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(3) Y1 and Y5 are linear combinations of Gaussian random variables, so they are also Gaussian random
variables. Now we can use the previous results to compute their expected values:

2 2 .
E(Y7) = ”M Em E(X,) cos ¢, = i Em (Re acos ¢, + Im avsin ¢y, ) cOS Py (G.168)
2 .
= Em (Re o cos? ¢m + Im acsin ¢y, cos ¢m) (G.169)
2 9 .
= (Rea Em cos” ¢ + Im Em sin ¢, cos qﬁm) = Rea. (G.170)

E(Y3) is similar. To compute the variance of Y7, we can subtract its mean first:

Vi —E(Y) = 1/%2chos¢m, (G.171)
m \/7 )
i ; i COS Oy, (G.172)

V(1) =E{ —EM1)]*} =E

2 2
= E z:l Zn 2y COS Py, COS Pp p = i z:l E(ZZ1) cos ¢, cOs ¢y (G.173)

2 1 1 1
= ; §5ml COS ¢y, COS ] = i ; cos? py = 3 (G.174)

V(Y?2) is similar. For the covariance,
2 .
COV(Y1,Ys) =E{[Y1 —E(1)][Y> — E(Y2)]} = 7 E (; Z 1, COS G, zl: Z; sin qsl) (G.175)

—EZE(Z Z;) €oS ¢y, sin ¢ —3215 COS Oy, SIN ¢ (G.176)
- M < mél ™m I — M oy 2 ml ™m l .
—312 G I Py, = 0 (G.177)
—M2mcos m SiN @p, = 0. .

Two Gaussian random variables have zero covariance if and only if they are independent. Hence, we
can write their probability density as a product of Gaussian probability densities:

fly1,y2) = \/1% exp [—(yl — Re 04)2] \/17? eXp[—(yQ —Im a)Q]. (G.178)

(4) We can use the factorization theorem (https://en.wikipedia.org/wiki/Sufficient
_statistic). Write the probability density of the M outcomes as

2
f x expg — Z [xm —4/ % Re(ae_wm)] (G.179)

m

= exp {— > [x; — zxm\/g Re(ae0m) 4 ]Z[Re(ae—wm)}?] } (G.180)

m

= exp (- > x2m> exp {Z lzxm\/g Re(ae™1%m) — %[Re(ae‘id’m )]2] } . (G.181)

m m
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Notice that we can write

2 ~ 2
1/ Wi Z Tm Re(ae™%m) = 4 f i Z T (Re o cos ¢, + Im arsin ¢y, (G.182)

=y Rea+yIma, (G.183)

so f can be expressed as

fx exp( Zx ) exp{ y1Rea+y2Ima) — M[Re(ae i¢m )2 } (G.184)
When the probability density is in this form, the factorization theorem says that y; and y, are sufficient

statistics.

Exercise 9.5.

(1) Define a c-number

e

(<z51 $2) (G.185)

S

so that we can write

O=C+0;. (G.186)
Oy is a quadrature operator for the dark-port input. Let its eigenstates be {|O2 = z) : x € R} that
satisfy
0210y =2) = 2|0y =), (Og = 2|0y = ') = 6(x — ). (G.187)
Then

OO0 =2) = (C+02) |02 =2) = (C+2)|02 =), (G.188)

50 |Oy = ) is an eigenstate of O with eigenvalue C' + z. Define
0=X\) =0, =X-0C), (G.189)
so that |O = \) is an eigenstate of O with eigenvalue X. {|O = \) : A € R} are orthogonal, because
(O=X0=X)=(02=XA=C|O;=XN-C)=6A-C— (N =0C)) =56(A=X), (G.190)

and satisfy the completeness relation, because

/ \O-A)(O—)\yd)\—/ 02_A—c><02_x—cydx_/ 105 = 2) (O = 2| d = 1.
- -~ - (G.191)
It follows that the diagonal form of O is
O:Oi:/ MO = A) (O = AldA. (G.192)

The probability density of O is then
Jo) =0 =Apl0=X) =(02=A-C[p|02=A-C). (G.193)

The dark-port input is the vacuum state. We know that the probability density for any quadrature
(Exercise 4.25) is

1

(Og = 2| p|Og = 2) = 7o (—2%), (G.194)
i.e., it is a Gaussian probability density with mean equal to zero and variance equal to 1/2. fo()\) is
hence
e 1 2
FoA) = (03 =A—C|p|Os =X —C) = ﬁexp[ (A 0)}. (G.195)
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This is a Gaussian probability density with mean equal to C' = %(q&l — ¢2) and variance equal to
1/2.
2
o] V2

E(O)=C= ﬁ(ﬁbl — $2), EE(O) = ¢1 — ¢2, (G.196)

o)
Y=—0 (G.197)

is unbiased estimator of ¢; — ¢s.

3)
2 21 1
E(Y)=d¢1 — Y)=— === G.198
( ) ¢1 ¢2a V( ) ’0‘2 (O) |Oé|2 2 ‘a|2 ( 98)
Hence
[E))? 2 2
SNR = = — . G.1
(4) With a coherent-state input, the mean of O5 becomes
_ i —i0+id
(02) = (e B+ c.c.) : (G.200)
and the variance is still 1/2. The probability density is still Gaussian:
1
(O =\ p|Og = )\) = 75O [—(A = (02))?] . (G.201)
The probability density of O becomes
1
fo(\') = N [—(N' = C = (02))?], (G.202)
so O is still a Gaussian random variable, the variance is still 1/2, but the mean is now C' + (O3).
a V2
E(0) = 1261~ 6 + (00 2 8(0) ~ (02)] = 61 — 6. (G.203
V2 ||
So
2
Y = ’\af’ (O —(03)) (G.204)
is an unbiased estimator.
2 1
E(Y) = ¢ — ¢o, V(Y) = WV(O) = lap SNR = |a*(¢1 — ¢o)* (G.205)
The SNR is exactly the same.
Exercise 9.7. The probability density of a quadrature is
(0= plO=2) = /Cb(a)\(O M) Pd2a. (G.206)

We know |(O = A|a)|? is a Gaussian distribution with some mean and variance equal to 1/2. Since ®(«) is a
probability density, we can think of « as a random variable and use the law of total variance (see Eq. (C.34)):

V(0) = E[V(O|a)] + V[E(O]a)] . (G.207)

V(Ole) is the variance of O given a, which can be computed from |(O = A|a)|?. The result is

V(Ola) = % (G.208)
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We also know that the variance V [E(O|«a)] must always be nonnegative, as long as ® is a probability density
so that « is a classical random variable. Hence

1 1 1

V(O)=E <2> +V[EO|a)] = 3 + V[E(O|a)] > 7 (G.209)
Exercise 11.1. Note that the main-text definition is equivalent to

A ~ 1 N o

We,y) = tr [pW(2.y)] Wie,y) = g [ 0 0 Dagay, (G.210)
(2m)?
The alternative definition is
R A 1 [ . A A

W(a:,y) =tr [ﬁW/(I,y)] ) W/(.’E,y) = 27T/ esz q:$+2> <q:l‘_2‘d)‘ (Gzll)

We need to show that T (z, y) = W’(z, y). Use BCH formula to write

¢i€(a—=)+in(p—y)

— MD=y)/2i&(d—x) Sin(P—y)/2 (BCH)
(G212)
= / eMP=Y)/268A=) 10—\ (g = \| P~Y)/2 ) (diagonal form of §)
- (G213)
_ T w2 i) |y T v M in(-y)/2 np/2 )y — \) = |g =1
/_Ooe e qg= A 2><q )\+2e dA (e lg = A) ‘q A 2>)
(G.214)
B S | P AN Q’
/_Ooe ¢ g=A 2><q A+ 2] da. (G.215)
Now W (z,y) is equal to
. 1 o i
W(z,y) = —— // e €a=2)+m(b=v) ge g (G.216)
(2m)?
1 i U U e
_ = iny _ _\_ 1 _ i (A=) 3¢ _ _
27T//e 5(A x)‘q A 2><q )\+2‘d)\dn </_Ooe d¢ = 278\ x))
(G.217)
[~ n ?7’
- MY g — p — — 2 21
o ) € ‘q o 2><q T g dn (G.218)
= 217T/ eMN g =z + ;\> <q = — ;\‘ dr = W'(z,y). (substitute A = —n)
(G.219)
Exercise 11.4. Rewrite x(&,7) as
x(&,m) = tr {pexp{i&[§(0) cos @ — p(6) sin O] + in[G(0) sin 6 + p(0) cos ]} } (G.220)
=tr {pexp[i€'q(0) + in'p(0)] } = X'(¢', 1), (G.221)
where
¢ = ¢cosh +nsinb, n = —&sinf + ncosb. (G.222)
Now do a change of variables in the following integral:
1 . .
W(z,y) = CE // x(&,n) exp(—i§x — iny)d§dn (G.223)
1
= 2n)? // X&' 1) exp[—i(ﬁ’ cos —n'sin@)x — i(&' sinf + 7' cos H)y] d¢'dn’ (G.224)
7r

1
= @ny? // X&' 1) exp(—ig'u — in'v) d¢'dn’, (G.225)
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where
u = xcosf +ysinb, v = —xsinf + y cosb. (G.226)
It follows that

W) = W) = o [ (€ exp(-igu— inv)ae'an' (G.227)

1
(2m)?

Now consider

/ W (u,v)dv

= (2711')2 // X/(g/a 77/) eXp(—Zf/U) Zﬁé(nl)dfldn/ </ e*iﬂlvdv _ 27_[_5(77/))
- (G.228)
= 5r | X(€.0esp(=igu)e (G.229)
= % tr {pexp[i€'q(0)] } exp(—i&'u)de’ (from Eq. (G.221))
N (G.230)
1 > > O - ! .~/ / . R

= o / / (a(0) = Al pla(0) = A) exp(i&' ) dA exp(—i€'u)dg (used diagonal form of §(6))
(G.231)

= % h <Q(9) = )‘| ﬁ |Q(9) == )\> 277'5()\ — u)d)\ </°° eiél()‘*u)dgl — 27‘(’5()\ o u))
- - (G.232)

= (q(0) = u|plq(0) = u). (G.233)

The derivation of [*° W' (u,v)du = (p(8) = v| p[p(#) = v) is similar.



APPENDIX H

List of Common Symbols and Notations

(1) We assume SI units, unless otherwise stated.
(2) We use Greek letters a lot; see https://en.wikipedia.org/wiki/Greek_alphabet.
(3) Symbols will be recycled a lot. For example,
(a) the symbol A may denote the vector potential, a matrix, or an operator.
(b) B may refer to the inverse temperature or a complex amplitude.
(c) T may refer to the temperature or a time.
(d) P may be a probability distribution, a polarization field P(r,t) in classical EM, or a quadrature

operator P.
Symbol/Notation Explanation Examples
= is equal to
= is defined as U(t) = exp <—%flt>
< less than or equal to 0<0,0<1
> greater than or equal to 0>0,1>0
< strictly less than
> strictly greater than
TABLE 1. Basics.
Symbol/Notation Explanation Examples
R All real numbers 0,1, -1, e,m
C All complex numbers 1=+/-1
Np All natural numbers including 0 0,1,2,...
Z All integers e —=2,-1,0,1,2, ...
{ .} Unordered set (N by Jen) - each ¢, € C}
(...) ordered set or row vector (k,s)
{..}x{..} Cartesian product of sets RxR={(z,y):x € Randy €
R}
set” Cartesian power R3=RxRxR
€ belongs to a set [v) € H
v “Tor all” or “Tor any” (16) = (G[0)) V[), 16 € A

TABLE 2. Sets.
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Symbol/Notation Explanation
O, = {1’ ne=m Kronecker delta
0, n#m
" (u) n-dimensional Dirac delta
|z magnitude of a complex number
Lz phase of a complex number, z = |z| exp(i£2)

Rez=(z+2%)/2

real part

imaginary part

c.c. complex conjugate

1, |X|<1/2
rect X =< X| <1/ rectangle

0, |X|>1/2

sin(wX)
sinc X = =x o X 70, sinc

1, X =
cosh X = % (eX +e X ) hyperbolic cosine
sinh X = % (eX —e X ) hyperbolic sine

TABLE 3. Common functions.
Symbol/Notation Explanation Examples
bold symbol vector in real 3D space k,r
tilde ~ unit vector T, Y,z
u-v dot product k-r
U X v cross product E x B
V- divergence V-E
V x curl VxE
Pr 3D volume element dBr = dxdydz, &’k =
dkydkydk,
TABLE 4. Vector calculus.
Symbol/Notation Explanation Examples
bold symbol column vector or row vector = <a1> ,n = (m
a9 n9
T transpose (a b)—r = Z)
dagger f conjugate transpose al = (of o})
star x entry-wise complex conjugate af = <Z}<>
2

inverse A~T matrix inverse -1

absolute sign | . . . |

vector norm

TABLE 5. Matrix algebra
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Symbol/Notation Explanation
r=xT+yy+ 22 3D position vector
k=kx+ky+k.z wavevector

€L.s polarization vector
E(r,t) electric field
B(r,t) magnetic field
A(r,t) vector potential
p(r,t) charge density
J(r,t) current density
P(r,t) polarization field
D(r,t) displacement field
€0 free-space permittivity
1o free-space permeability
c=1/ /o0 speed of light
Jj=(k,s) label of a normal mode for free EM fields
TABLE 6. Electromagnetism.
Symbol/Notation Explanation Examples
ket|...) Vector in Hilbert space [¢)
bra (...| Adjoint of ket (V|
bra-ket (...|...) Inner product (Vo)
(cooyee)or(eoay) Inner product (mathematicians’ | (¢, ¢), (¢, @)
notation)
ket-bra |...) (... Operator in ket-bra form A=3mAnm |en) (enl
hat Operator A a
dagger T adjoint Al (g = [p)T
[A,B]= AB— BA Commutator [a,a] =1
c-number classical numbers that commute | c, €g, h, wj, k, Apm
with everything
H Hilbert space (N b Jen) - each ¢, € C}
® Tensor product [V) @ |¢), Ha ® Hp
. a A

® Direct sum adb = <b),A@B: < B>
H.c. Hermitian conjugate adt —He. = aal — a*a

TABLE 7. Hilbert space and the bra-ket notation.
Symbol/Notation Explanation
h=h/(2r) Planck constant divided by 27
H Hamiltonian operator
U(t) = exp (—%ﬁ t) unitary operator
p density operator
(A) = tr(Ap) expected value

variance

partition function

inverse temperature

TABLE 8. Quantum.
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Symbol/Notation Explanation
a annihilation operator
n=al number operator

= position operator
p=(a—al)/(v2i) momentum operator

|n) eigenstate of 7 with eigenvalue n
lg = x) eigenstate of ¢ with eigenvalue
lp=1v) eigenstate of p with eigenvalue y

|a) (with greek letter v, 3, . . .

as argument)

coherent state, o € C

D(«) displacement operator
d*a (dRe a)(dIm )
D) Sudarshan representation, also called P function
TABLE 9. Single-mode algebra.
Symbol/Notation Explanation
|a) multimode coherent state, a € C”
D(«) multimode displacement operator
d* o H;]:l(dRe a;)(dIma;)
P () Sudarshan representation, also called P function
aj, g, 4j, pj Operators for mode j
lg = x) eigenstate of {¢;}, ¢ |¢ = x) = zj ¢ = x)
p=1v) eigenstate of {p; }. pjlp=vy) =y;lp=1v)
n) = n1,...,ng) multimode number state
TABLE 10. Multimode algebra.
Symbol/Notation Explanation
E(X) expected value of a random variable X
V(X) = {[ E(X)] } (X?) [E(X)]> | variance
COV(X,)Y) = E{[X X)| Y —E(Y)]} = | covariance
E(XY) — [EQOIE(Y)]
TABLE 11. Probability.
Symbol/Notation Explanation
S = (:, :,) scattering matrix
X(l) linear optical susceptibility
x®@ second-order optical susceptibility

TABLE 12. Optics.
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