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An inverse way to define the parameters of cylindrical cloaks is developed, in which the cloaking parameters
can be independently obtained without any knowledge of the corresponding coordinate transformation. The
required parameters are derived in terms of the integral form of cloaking generators, which are very general
and allow us to examine the significance of the parametric profiles. The validity of such inverse way and the
invisibility characteristics are presented in full-wave numerical simulation of plane wave scattering by cloaked

cylinders. © 2010 Optical Society of America
OCIS codes: 000.3860, 230.3205, 260.2110.

1. INTRODUCTION

Designing invisibility cloaks has received increasing in-
terest from both engineering and scientific communities.
Coordinate transformation is commonly used to control
electromagnetic fields and render an object invisible to
electromagnetic radiation [1,2]. This approach is general-
ized from the cloaking in terms of the conductivity [3],
and further applied to acoustics and electromagnetics
[4,5].

Given a virtual space with unit parameters, coordinate
transformation performs the transition from the non-
scattering virtual space to the realistic physical space,
which in turn does not interact with the incident radia-
tion. This is because the coordinate transformation
method relies on the invariance of Maxwell’s equations
throughout the spatial transformation. This method can
thus be applied to other classical waves, e.g., pressure
waves [6] and surface liquid waves [7], excluding elastic
waves [8], provided that the symmetry invariance of the
corresponding wave equation is maintained under the co-
ordinate transformation. Therefore, traditional cloaks
need to be anisotropic and inhomogeneous. The aniso-
tropy and the inhomogeneity of the cloak, as the deforma-
tion of the space, bend the wavefront around the cloaked
object and enable waves to emerge on the other side along
the propagation direction without any disturbance. Based
on this transformation technique, cylindrical cloaks with
circular [9], elliptical [10], and arbitrary cross-sections
[11,12] have been studied, and practical attempts to real-
ize the cylindrical cloak have been made with promising
experimental results in microwave [13] and optical [14]
regimes. The three-dimensional spherical cloak has been
studied by extended Mie theory [15,16] and Von Neu-
mann’s method [17] for first- and higher-order transfor-
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mations, respectively. The realization of spherical cloaks
by multilayered isotropic coatings has been proposed [18].

Traditionally, in order to derive the anisotropic param-
eters for the cloaks, one must know the coordinate trans-
formation beforehand. However, here we present an in-
verse methodology to determine the required cloaking
parameters for cylindrical cloaks without knowing spe-
cific coordinate transformations. Once any parameter is
given, the remaining parameters can be derived in inte-
gral form associated with the introduced cloaking genera-
tor. In this method, it is not even necessary to know the
exact profile of the first given parameter. The cloaking
generator, together with the boundary conditions, in fact,
replaces the corresponding spatial transformation. It pro-
vides us an appropriate tool with promising applications
in designing non-ideal cloaks and finding optimal perfor-
mance under the same discretization criteria [19]. Note
that for non-ideal discretized cloak models, the selection
of a proper set of cloaking parameters (associated with a
certain transformation function) does matter, especially
when the discretization is not fine because of the practical
costs in fabrication. However, it would be quite inefficient
to examine one set of parameters by specifying one trans-
formation function. Instead of considering the coordinate
transformation, our inverse design mechanism enables us
to directly envisage the importance of the profile of just
one parameter, on the basis of which the remaining can be
analytically and uniquely determined. Therefore, we can
easily optimize groups and groups of parameter sets with-
out turning to coordinate transformations. Full-wave
simulation results are provided for verification. This work
reverses the traditional design procedures and may be a
step forward in the search of desirable cylindrical cloaks
via parametric profiles in non-ideal situations.

© 2010 Optical Society of America
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2. INVERSE DESIGN OF CLOAKING
PARAMETERS

For impedance matching purposes, both the relative per-
mittivity and permeability tensors of the cylindrical cloak
are assumed to be equal, ie., €(r)=m(r)=L(r)=,(r)iF
+{(r) i+, (r)2z. First of all, we know only that a cylin-
drical cloak is designed by compressing the virtual region
(Q'(r") for r’ <b) into the physical region (Q(r) for a<r
<b) via an unknown transformation, as Fig. 1 shows,
where the prime corresponds to the virtual space.

The variables of @ and b are the inner and outer radius
of the cylindrical cloak in the physical space, respectively.
It is assumed that the spatial compression is only with re-
spect to the radial direction, and thus the Jacobian matrix
is diagonal, though we still have no information of the
specific form of the coordinate transformation. As a result,
one can obtain [20] (an earlier precursor in coordinate
transformation [1])

&(r) 0 0 NN, 0 0
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r
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denote three principal stretches of the Jacobian matrix.
The detailed derivations of the above equations are sup-
pressed for compactness: they can be found in [21]. Then
three equations can be derived:
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. S\
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inverse determination of transformation

Fig. 1. (Color online) Scheme of the proposed inverse design
mechanism for cylindrical cloaks. The virtual space denoted by
Q'(r') (r'<b) is compressed into the physical space ((r) denoted
by the shell on the right (blue online) (a <r<b), in which the re-
quired coordinate transformation is not specified. Based on the
cloaking generator and the properties of the inverse mechanism,
all the cloaking parameters in Eq. (1) can be determined
uniquely. More importantly, the initially “indefinite” transforma-
tion can be revealed in turn.
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By manipulating Eqs. (3) and eliminating the term
{,(r), we derive the differential equation regarding radial
and transverse parameters:

—dlr\{(r&(r)]
r\;"gr(r)gz(r)T =rL(r). (4)

Integrating Eq. (4), one has
r2L(r)g(r) =C+f 2r1L.(rydry, (5)

where C is the integration constant. Due to the spatial
compression (r'=0 when r=a), it can be seen in Eq. (3)
that ¢.(a){.(a)=0, resulting in C=0. Another requirement
(r'=b when r=>5b) leads to the normalization condition for
the z-component parameter,

b
b= f 2r,(rydr, (6)

which plays an important role in finding cloaking param-
eters. Here, we introduce cloaking generator g(r) propor-
tional to £,(r), i.e., g(r)=CyL,(r), where C, is an arbitrary
constant. Then ¢, can be represented in the form

b%g(r)
L) = ————. )

Zf rg(rydry

Radial and azimuthal parameters can be expressed as

r

2[ rg(rydry

r’g(r)
{f(r)=—/—. (8)
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Only after all parameters are determined can the cor-
responding coordinate transformation for such cylindrical
cloaks be found, which is in contrast to the existing design
approaches of transformation based cloaks:

f rg(ry)dry

—
f rg(rydry

One may consider some interesting situations. When
two permittivities out of three are equal G.e., {,=¢,, or
{,={, or {,={,), it can be shown that in each situation
only the trivial cloak (r’'=r) is possible. Thus, an ideal cy-
lindrical cloak has to be realized for three different per-
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mittivities: €.# €,# €, [13,22]. This is different from the
case of spherical cloaks with only two different param-
eters [1,18].

3. IMPLEMENTATION AND NUMERICAL
VERIFICATION

To demonstrate the effectiveness of the cloaking genera-
tor and the proposed inverse design method, we consider
and focus on just three different profiles of the power gen-
erators, as given in Table 1. Certainly, one may design
other profiles for the cloaking generator (e.g., parabolic,
periodic, exponential, and even sinh profiles), but these
are out of the scope of the current paper.

When n=0, g; and g5 power cloak generators are iden-
tical, and their {, components are constant. As a numeri-
cal example, we present two sets of near-field patterns for
the power generators in Table 1, i.e.,, n=1 and n=20. We
use different meshes for distinct n, but identical meshes
for the power generators g1, g9, and g3 with the same n.

In Fig. 2, it is obvious that at n=1, the g; power cloak
exhibits a larger disturbance in the near-field pattern not
only in the wavefront but also in the variation of magni-
tude, and both g5 and g3 outperform g; under the same
condition (the meshing of n=1 is the same for g;, g5, and
g3) simulated in COMSOL Multiphysics. If the meshing
can be extremely fine, there will be no disturbance for all,
but this would require too much computer memory in
simulation. This non-ideality of the simulation conditions
can be considered as a non-ideal cloak consisting of a
number of discrete cylindrical layers.

Also, at extremely high order (e.g., n=20), g; outper-
forms g5 and g3, since it results in smaller forward scat-
tering. The field distribution oscillates severely near the
outer radius in g9 and g3 power cloaks (n=20), implying
that the meshing has to be finer in this region. It is noted
that the field inside the cloak is more homogeneous at n
=20 because at larger n the rays inside the cloaking shell
will propagate very close to the outer radius.

The phenomenon of both g5 and g5 outperforming g; at
n=1 can be explained by noting that the surface current
effect on a perfect Pendry’s cloak (i.e., n=1 [23,24]) will be
lost, which all introduce additional scattering, because in
numerical simulation it is impossible to implement ex-
tremely large values in the parameters. Therefore a
transformation that can squeeze more space close to the
outer boundary is better than other transformations.
However, because of the discretization limit, the perfor-
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Fig. 2. (Color online) Total electric field Re[E,] on the x-y plane
when n=1 (upper row) and n=20 (lower row) for the power cloak
generators. The plane wave is propagating along the x-axis and
its electric field is polarized along the z-axis. The working fre-
quency is 3 GHz. The inner rod is a perfect electrical conductor of
radius a=\, and the outer radius is b=2\.

mance of the power cloaks go and g5 deteriorate much
faster than that of the power cloak g with increasing val-
ues of n, because of too much space squeezed close to the
outer boundary (which in turn results in extremely finer
meshing in simulation beyond the reach of a traditional
computer’s memory). Therefore g; outperforms g, and g5
at n=20.

From the transform point of view, if the order of the
power cloak generator becomes larger, more portions of
the original virtual space are transformed into the region
close to the outer boundary of the physical space. In
theory, the cloaking performance remains, while the field
distribution inside the cloak is squeezed more into the
outer radius. Thus, much finer meshing is needed close to
the outer radius, and the cases of n =20 all adopt the same
fine mesh. However, we cannot make the mesh extremely
fine because of the limitation of computer memory. More-
over, considering that the order n can be any arbitrary
value, there may exist an optimal range of n in each
power cloak in which the invisibility performance will be
further improved when the optimization is applied to the
discretized model [25]. In other cloak designs other than
power cloaks, it is possible to find such optimal cases as
well. Although these characteristics are of technical im-
portance, in our paper, we focus just on the proposed in-
verse method, which is practically useful to design cloak
generators and determine the optimal cloak.

Table 1. Cloaking Parameters under Different Power Cloak Generators for ,(r) Profile”

Generator Profile Z,(r) Z(r) £,(r) Implied Transformation
Power g(r)=r" b2 (n+2) 2(+2-a"*2) *2(n+2) b g
2067+ 2—q+2) 12(149) Qg2 pr2_gn+?
Power gy(r)=(r-a)" Yy 20nr) — p(zzay2 [T
2(b-a)"Ty(b) 2 2Tn(r) ba To0)
bPower g3(r) =(r-a)*/r b%(n+1)(r-a)* 2(r-a) (n+1)r b(ﬂ)(rwl)/?
2r(b—a)"*! (n+D)r 2(r-a) -a

“The symbol 7 is an arbitrarily positive constant. We introduce T),(r)=(r—a)(a+r+nr)/(2+3n+n?) to simplify the expressions corresponding to the second power profile.

"In g4(r), it is simply Pendry’s classic cylindrical cloak when n=1.
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4. SUMMARY

In this paper, we report a method for designing cylindrical
cloaks based on an inverse mechanism to derive the
cloaking parameters without knowing the required coor-
dinate transformation first. The numerical result con-
firms the validity of the proposed approach, and also
brings the community’s attention to an alternative design
method for various cylindrical cloaks. In theory, the pro-
posed inverse method provides a new perspective to de-
sign cylindrical cloaks. Moreover, it is particularly useful
in determining the optimized cloaking parameters in non-
ideal discretized models. Theoretically, all profiles of pa-
rameters obtained are equally perfect, while in non-ideal
cases they are not, since the discretization has to be finite
and the layer number cannot be too large, considering
fabrication costs. This method can lead us to optimize pro-
files of cloaking parameters providing minimal radar
cross-sections instead of examining one specific set of pa-
rameters calculated from a given coordinate transforma-
tion each time. A modified inverse method to avoid the
singularity at the inner boundary is under further inves-
tigation.

ACKNOWLEDGMENTS

The authors would like to express their acknowledgment
of the support by Grant R-263-000-574-133 from National
University of Singapore, and by the Key Project in Sci-
ence and Technology Innovation Program of Soochow Uni-
versity.

REFERENCES

1. J. B. Pendry, D. Schurig, and D. R. Smith, “Controlling
electromagnetic fields,” Science 312, 1780-1782 (2006).

2. U. Leonhardt, “Optical conformal mapping,” Science 312,
1777-1780 (2006).

3. A. Greenleaf, M. Lassas, and G. Uhlmann, “Anisotropic
conductivities that cannot be detected by EIT,” Physiol.
Meas 24, 413-419 (2003).

4. U. Leonhardt, “General relativity in electrical engineering,’
New J. Phys. 8, 247 (2006).

5. S. A. Cummer and D. Schurig, “One path to acoustic cloak-
ing,” New J. Phys. 9, 45 (2007).

6. D. Torrent and J. Sanchez-Dehesa, “Acoustic cloaking in
two dimensions: a feasible approach,” New J. Phys. 10,
063015 (2008).

7. M. Farhat, S. Enoch, S. Guenneau, and A. B. Movchan,
“Broadband cylindrical acoustic cloak for linear surface
waves in a fluid,” Phys. Rev. Lett. 101, 134501 (2008).

3

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Qiu et al.

G. W. Milton, M. Briane, and J. R. Willis, “On cloaking for
elasticity and physical equations with a transformation in-
variant form,” New J. Phys. 8, 248 (2006).

D. Kwon and D. H. Werner, “Two-dimensional eccentric el-
liptic electromagnetic cloaks,” Appl. Phys. Lett. 92, 013505
(2008).

W. X. Jiang, T. J. Cui, G. X. Yu, X. Q. Lin, Q. Cheng, and J.
Y. Chin, “Arbitrarily elliptical-cylindrical invisible cloak-
ing,” J. Phys. D: Appl. Phys. 41, 085504 (2008).

A. Nicolet, F. Zolla, and S. Guenneau, “Electromagnetic
analysis of cylindrical cloaks of an arbitrary cross section,”
Opt. Lett. 83, 1584-1586 (2008).

J. Zhang, Y. Luo, H. Chen, and B.-I. Wu, “Cloak of arbitrary
shape,” J. Opt. Soc. Am. B 25, 1776-1779 (2008).

D. Schurig, J. J. Mock, B. J. Justice, S. A. Cummer, J. B.
Pendry, A. F. Starr, and D. R. Smith, “Metamaterial elec-
tromagnetic cloak at microwave frequencies,” Science 314,
977-980 (2006).

J. Valentine, J. Li, T. Zentgraf, G. Bartal, and X. Zhang, “An
optical cloak made of dielectrics,” Nature Mater. 8, 568-571
(2009).

H. Chen, B. I. Wu, B. Zhang, and J. A. Kong, “Electromag-
netic wave interactions with a metamaterial cloak,” Phys.
Rev. Lett. 99, 063903 (2007).

C.-W. Qiu, L. W. Li, T. S. Yeo, and S. Zouhdi, “Scattering by
rotationally symmetric anisotropic spheres: Potential for-
mulation and parametric studies,” Phys. Rev. E 75, 026609
(2007).

R. Weder, “The boundary conditions for point transformed
electromagnetic invisibility cloaks,” J. Phys. A: Math.
Theor. 41, 065207 (2008).

C. W. Qiu, L. Hu, X. Xu, and Y. Feng, “Spherical cloaking
with homogeneous isotropic multilayered structures,” Phys.
Rev. E 79, 047602 (2009).

C. W. Qiu, L. Hu, B. Zhang, B. Wu, S. Johnson, and J. Jo-
annopoulos, “Spherical cloaking using nonlinear transfor-
mations for improved segmentation into concentric isotro-
pic coating,” Opt. Express 17, 13467-13478 (2009).

L. S. Dolin, “On the possibility of comparing three-
dimensional electromagnetic systems with non-uniform an-
isotropic fillings,” Izv. Vyssh. Uchebn. Zaved. Fiz. 4, 964—
967 (1961).

U. Leonhardt and T. G. Philbin, “Transformation optics and
the geometry of light,” Prog. Opt. 53, 69-152 (2009).

M. Yan, Z. Ruan, and M. Qiu, “Cylindrical invisibility cloak
with simplified material parameters is inherently visible,”
Phys. Rev. Lett. 99, 233901 (2007).

B. Zhang, H. Chen, and B.-I. Wu, “Limitations of high-order
transformation and incident angle on simplified invisibility
cloaks,” Opt. Express 16, 14655-14660 (2008).

B. Zhang, H. Chen, B.-I. Wu, Y. Luo, L. Ran, and J. A. Kong,
“Response of a cylindrical invisibility cloak to electromag-
netic waves,” Phys. Rev. B 76, 121101 (2007).

B. 1. Popa and S. A. Cummer, “Cloaking with optimized ho-
mogeneous anisotropic layers,” Phys. Rev. A 79, 023806
(2009).



