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Extended Mie Theory for a Gyrotropic-Coated
Conducting Sphere: An Analytical Approach

You-Lin Geng and Cheng-Wei Qiu

Abstract—Based on the extended Mie theory with Fourier transform,
the electromagnetic field in homogeneous gyrotropic media, for the first
time, can be analytically obtained in spectral domain in terms of spherical
eigne-vectors with their associated coefficients. The coefficients of electro-
magnetic fields in the gyrotropic shell and the isotropic host medium are
thus exactly solved in a recursive manner. Our analytical extended Mie
scattering theory have been numerically validated. Using this analytical
approach, results of the scattering by the general gyrotropic coated con-
ducting sphere are obtained.

Index Terms—Coated structures, electromagnetic scattering, gyrotropic
materials.

I. INTRODUCTION

One century ago, the electromagnetic scattering theory by a ho-
mogeneous isotropic sphere illuminated by a plane wave has been
established by Lorenz and Mie [1], [2], respectively. Since then,
many scholars extended and developed the Mie theory [3]–[6].
Recently, the scattering characteristics of anisotropic media have
aroused increasing interest owing to their wide applications in optical
signal processing, radar cross section controlling, radar absorber
synthesis, and microwave device fabrication. Much work has been
done on the interaction between a plane wave and an anisotropic
medium [7]–[16]. Many numerical and analytical methods have been
developed to study this problem. For instance, the finite-difference
time-domain (FDTD) method [7], [8], the moment method [9], the
integral equation method [10], mode expansion method [11], [12],
and hybrid finite element-boundary integral-multilevel fast multipole
algorithm (FE-BI-MLFMA)[13]. Subsequently, the spherical vector
wave functions (SVWFs) expansions along with the Fourier transform
were employed to describe the plane wave scattering by a uniaxial
anisotropic sphere and a plasma anisotropic sphere [14], [15] based
on the plane wave expansion in terms of SVWFs in isotropic medium
[17].

However, analytical scattering theory for an optically gyrotropic-
coated conducting sphere or even just a single gyrotropic sphere, in
which both permittivity and permeability are general gyrotropic ten-
sors, has not been successfully reported. In this connection, this com-
munication proposes an extended Mie theory based on Fourier trans-
form, and tackles this existing problem. Electromagnetic fields in a gy-
rotropic anisotropic medium can be expanded in terms of SVWFs in
gyrotropic anisotropic medium. Applying the boundary conditions at
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Fig. 1. The geometry of a generalized gyrotropic-coated conducting sphere.

the interface between the free space and the gyrotropic shell and at an-
other interface between the gyrotropic shell and the PEC core, those un-
known coefficients associated with eigenvectors in the gyrotropic shell
as well as those in free space can be obtained analytically. Then, radar
cross sections of a gyrotropic-coated conducting sphere can be readily
derived. The theoretical analysis and numerical results show that the
present method can be reduced to these of a homogeneous gyrotropic
sphere when the radius of the conducting sphere approaches to zero
[16]. This analytical solution to electromagnetic scattering by a gy-
rotropic-coated conducting sphere can be used to characterize the scat-
tering of objects in microwaves as well as in optics, and also be helpful
to understand wireless communication channels and radio wave prop-
agation mechanisms.

II. FORMULATION OF THE PROBLEM

Consider a geometry in Fig. 1 which shows a cross section of a gy-
rotropic-coated conducting sphere (the outer and inner radii of the gy-
rotropic shell are �� and ��, respectively). Three distinct regions are
thus divided, namely, region 0 for the free space, region 1 for the gy-
rotropic spherical shell, and region 2 for the conducting sphere. This
composite structure is illuminated by a plane electromagnetic wave
(which is assumed to have an electric-field amplitude equal to unity
along the �-direction, propagating along the �-direction). In the fol-
lowing analysis, the time dependence of ��������� is assumed but
suppressed throughout the treatment.

The permittivity and permeability of the generalized gyrotropic ma-
terial in the shell are characterized by

��� �

�� ���� �

��� �� �

� � ��

� ��� �

�� ���� �

��� �� �

� � ��

	 (1)

The wave equation in such a source-free and unbounded gyrotropic
anisotropic medium can be written as
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where 


 denotes the electric field.
Using Fourier transform and the expansion of plane wave in terms

of SVWFs in isotropic media [17], one can obtain the electromagnetic
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fields (by the subscript �) in the gyrotropic shell ��� � � � ��� on the
basis of the [16]:
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where �� and � are summed up both from 0 to ��while � is summed
up from �� to �; ��� denotes a position vector in the spherical coordi-
nates; the angle �� � �����
 �	�	 � 	�
��	� �; the unknown coef-
ficients, � ���

�� �
, are to be determined using the boundary conditions;

and finally ��
�������, 


�
�������, �

�
������� (where � � � or �) and

	� are all functions of �� and they have been derived in [16] as shown
in the Appendix. The vectors, ��� ���

��, ��� ���
��, and 


���

��, denote SVWFs
in isotropic media which are defined as follows [14], [17]
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where �
���
� ��� (with � � �, 2, 3 and 4) denotes an appropriate kind

of spherical Bessel functions,  ����, !����, �
���
� ��� and �

���
� ���,

respectively.
To characterize the scattering fields of the gyrotropic-coated con-

ducting sphere, the incidence wave (designated by the superscript inc)
and the scattered wave (designated by the superscript �) can be ex-
pressed in free space in terms of SVWFs as follows [17]
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and
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where 	� denotes the wave number in free space, and the expansion co-
efficients of the incident wave �	��, #	��, and "�� have been obtained
earlier in [15] and are defined by
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The expansion coefficients of scattered fields, ��
�� and 
�

�� in (6)
(� varies from 0 to ��while � changes from�� to �), are unknowns
to be determined using the boundary conditions, together with the un-
known coefficients �

���
�� �

(where � � �, 2 and & � �, 2) in (3).
From the (3a) and (3b), it implies that when the radius �� of the

conducting sphere is infinitely small, the electromagnetic fields in the
origin is still finite, but the value of the spherical Bessel functions of the
second kind becomes infinitely large in the origin. Therefore the expan-
sion coefficients �

���
�� �

of SVWFs in (3a) and (3b) will vanish, and in
this connection, the present method in this communication can be au-
tomatically reduced to a homogeneous gyrotropic anisotropic sphere,
which is the same as that of [16].

Applying continuous boundary conditions of tangential field compo-
nents at the interface between the gyrotropic anisotropic shell and free
space (where � � ��), and utilizing the orthogonality of the tangential
SVWFs [15], the following matrix equation is obtained:
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Similarly on the surface of the conducting sphere (where � � ��),
the boundary condition requires the vanishing of the tangential compo-
nents of the electric field. Hence, we have
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In the right of (9), 0 can be regarded as a � � � matrix, which is
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where � denotes the transpose. In (8) and (9), '�� is � � � matrix;
�
���
� (� � �, 2 and & � �, 2); �
 and �
�� � �, 2, 3, 4) are � � �
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matrix; � and � are ��� matrix; and N is the maximum value of �
and �� in (3), (5) and (6). They appear to be as the following
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Fig. 2. Radar cross sections (RCSs) versus scattering angle � (in degrees) of
a non-magnetic case: Results of this communication (solid curve) and FE-BI-
MLFMA method (circle dot).

In (11)to (15), � is an arbitrary integer, and the ra-
dial function �

�	�
� ��� has the following expression

�
�	�
� ��� � �����������	��

�	�
� ���
. From (8) to (15), it

shows that there are six equations and six unknown coefficients,
namely, � �	�

� (where � � �, 2 and � � �, 2), � and � in (12)to
(14). Thus all unknown coefficients of electromagnetic fields in the
gyrotropic anisotropic spherical medium can be obtained. Then the
coefficients of scattered fields in free space are calculated and the
radar cross section of an anisotropic gyrotropic-coated conducting
sphere by a plane wave can be derived.

III. NUMERICAL RESULTS

Since there are no reported analytical or numerical results for
the scattering of a general gyrotropic-coated conducting sphere, we
performed two verifications to validate our analytical method. Firstly,
we compared our result for a gyroelectric case with a computational
method based on the FE-BI-MLFMA [13] as shown in Fig. 2. In
[13], the scattering of the gyroelectric-coated PEC sphere is solved
numerically. It is a good candidate to compare with the results from
our analytical methods for the more general gyrotropic-coated PEC
sphere. Good agreement has been observed.

Secondly, the radius of the conducting sphere is assumed to be
extremely small (e.g., ���� � ����� ) which tends to a homogeneous
gyrotropic sphere [16]. The degenerated results based on the present
method agree well with the direction calculation [16] as shown in
Fig. 3. Both trials partially verify our theory as well as the Fortran
program codes in both !- and "-planes.

We also obtained some new results unavailable elsewhere in litera-
ture. Two examples are considered herein, and their radar cross sections
are plotted in Figs. 4 and 5.

Fig. 4 depicts RCS of a lossless gyrotropic-coated conducting
sphere. The electric size of the gyrotropic-coated sphere is chosen as
���� � ��� and ���� � � . The maximum number �� in (11) and
(15), to ensure a good convergence, is found to be 14. To illustrate
further applicability of the solution to electromagnetic scattering by an
electrically large gyrotropic-coated conducting sphere (for example, in
its resonance region), the RCS of a lossy gyrotropic-coated sphere of
relatively larger size with ���� � 
 and ���� � ��� , are obtained
and depicted in both the !-plane and the "-plane in Fig. 5. As the
electric dimension of the sphere is increased, the maximum number
of �� used in (11) and (15) must be increased to 18 to achieve the
convergence. It is noted that for a lossy gyrotropic-coated conducting
sphere of large electrical dimension, the oscillation of RCS in the
backward directions will be more suppressed, which can eventually be
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Fig. 3. Radar cross sections (RCSs) versus scattering angle � (in degrees): Re-
sults of this communication (solid curve) and homogeneous gyrotropic sphere
(circle dot).

Fig. 4. Radar cross sections (RCSs) versus scattering angle � (in degrees) in
the �-plane (solid curve) and in the �-plane (dashed curve) in a lossless case.

Fig. 5. Radar cross sections (RCSs) versus scattering angle � (in degrees) in the
�-plane (solid curve) and in the �-plane (dashed curve) in a lossy case when
the size is even larger than that in Fig. 4.

approximated by the geometrical optics limit [11] when the electrical
size is further increased.

IV. CONCLUSIONS

An extended Mie theory based on Fourier transform and SVWFs
expansion technique is successfully has been established to model the
scattering by a gyrotropic-coated conducting sphere in this communi-
cation. The solution has only one-dimensional integral which can be
easily evaluated using Gauss integral [18]. The theoretical analysis and
numerical results demonstrate the correctness, advantages, and unique-
ness since it provides, for the first time, an analytical approach for such
a generalized complex media in a coated structure. In addition, the
general numerical results, including the lossless and lossy gyrotropic-
coated conducting sphere in resonance region, are given. The scattering
control by the gyrotropy ratio is under further investigation.

APPENDIX

The unknown coefficients ��
��� , ��

��� and ��
��� in (3a) can be

expressed as ����� � ������ � ������ , ��
��� � ���

��� � ���
��� , and

��
��� � ���

��� � ���
��� . One can now obtain the expansion coeffi-
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Similarly, for � � � and � � �, we have
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Similarly, the coefficients ��
��� , ��

��� and ��
��� in (3b) can also be

obtained for the gyrotropic anisotropic medium.
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