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S1: Derivation of the Jones matrix 𝑱 and its eigenvalues and eigenvectors.  

Assuming input polarization states {|𝛼+⟩, |𝛼−⟩} upon which the metasurface should impart 

two independent phase profiles, 𝜑1(𝑥, 𝑦) and 𝜑2(𝑥, 𝑦), be given by orthogonal polarization 

states |𝛼+⟩ = [
𝛼1

+

𝛼2
+]  and |𝛼−⟩ = [

𝛼1
−

𝛼2
−] . We can find a design of a linearly birefringent 

metasurface where the output polarization states become {|(𝛼+)∗⟩, |(𝛼−)∗⟩} ; denoting 

complex conjugate of input polarization states. This means that they have the same states as the 

input states with flipped handedness. Such device can be described by Jones matrix 𝐽(𝑥, 𝑦) 

that simultaneously satisfies 

𝐽(𝑥, 𝑦) |𝛼+⟩=𝑒𝑖𝜑1(𝑥,𝑦)|(𝛼+)∗⟩                              (S1) 

and 

          𝐽(𝑥, 𝑦) |𝛼−⟩=𝑒𝑖𝜑2(𝑥,𝑦)|(𝛼−)∗⟩                             (S2) 

In our design, the input polarization states are orthogonal circular polarizations states    

                                    |𝐿⟩ = [
1
𝑖

]                                    (S3) 

                                    |𝑅⟩ = [
1

−𝑖
]                                  (S4) 

Then, the original system can be expressed as  

             𝐽(𝑥, 𝑦) [
1
𝑖

]=𝑒𝑖𝜑1(𝑥,𝑦) [
1

−𝑖
]                                (S5) 

and 

                        𝐽(𝑥, 𝑦) [
1

−𝑖
]=𝑒𝑖𝜑2(𝑥,𝑦) [

1
𝑖

]                                (S6) 

Upon matrix inversion of Eq. S5 and S6, we obtain 

   𝐽(𝑥, 𝑦) = [ 𝑒𝑖𝜑1(𝑥,𝑦) 𝑒𝑖𝜑2(𝑥,𝑦)

−𝑖𝑒𝑖𝜑1(𝑥,𝑦) 𝑖𝑒𝑖𝜑2(𝑥,𝑦)
] [

1 1
𝑖 −𝑖

]
−1

                      (S7) 

Then, we can show that the desired matrix 𝐽(𝑥, 𝑦) is    

             𝐽(𝑥, 𝑦) =
1

2
[ 𝑒𝑖𝜑1(𝑥,𝑦) + 𝑒𝑖𝜑2(𝑥,𝑦)  𝑖𝑒𝑖𝜑2(𝑥,𝑦) − 𝑖𝑒𝑖𝜑1(𝑥,𝑦)

 𝑖𝑒𝑖𝜑2(𝑥,𝑦) − 𝑖𝑒𝑖𝜑1(𝑥,𝑦) −𝑒𝑖𝜑1(𝑥,𝑦) − 𝑒𝑖𝜑2(𝑥,𝑦)
]                  

(S8) 

where 𝜑1(𝑥, 𝑦) and 𝜑2(𝑥, 𝑦) are phase profiles of arbitrary accelerating beams. This matrix 

provides a general form for conversion between two arbitrary accelerating beams and even 

arbitrary structured light. By calculating Jones matrix 𝐽(𝑥, 𝑦), we can obtain the eigenvalues 

as  
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               𝜉1 = 𝑒𝑖[
1

2
(𝜑1(𝑥,𝑦)+𝜑2(𝑥,𝑦))]   𝜉2 = 𝑒𝑖[

1

2
(𝜑1(𝑥,𝑦)+𝜑2(𝑥,𝑦))−𝜋]

              (S9)  

and eigenvectors as 

           |𝑟1⟩ = [
cos

1

4
[𝜑1(𝑥, 𝑦) − 𝜑2(𝑥, 𝑦)]

𝑠𝑖𝑛
1

4
[𝜑1(𝑥, 𝑦) − 𝜑2(𝑥, 𝑦)]

]   |𝑟2⟩ = [
−sin

1

4
[𝜑1(𝑥, 𝑦) − 𝜑2(𝑥, 𝑦)]

𝑐𝑜𝑠
1

4
[𝜑1(𝑥, 𝑦) − 𝜑2(𝑥, 𝑦)]

]     (S10) 

Thus, the Jones matrix 𝐽(𝑥, 𝑦) can be decomposed into canonical form 𝐽 = 𝑃Λ𝑃−1, where Λ 

is a diagonal matrix and P is an invertible matrix. We can write the Jones matrix for the control 

and conversion between two arbitrary optical beams as 

𝐽(𝑥, 𝑦) = PΛP−1 = [
cos

1

4
[𝜑

1
(𝑥, 𝑦) − 𝜑

2
(𝑥, 𝑦)] −sin

1

4
[𝜑

1
(𝑥, 𝑦) − 𝜑

2
(𝑥, 𝑦)]

𝑠𝑖𝑛
1

4
[𝜑

1
(𝑥, 𝑦) − 𝜑

2
(𝑥, 𝑦)] 𝑐𝑜𝑠

1

4
[𝜑

1
(𝑥, 𝑦) − 𝜑

2
(𝑥, 𝑦)]

]… 

[𝑒𝑖[
1

2
(𝜑1(𝑥,𝑦)+𝜑2(𝑥,𝑦))] 0

0 𝑒𝑖[
1

2
(𝜑1(𝑥,𝑦)+𝜑2(𝑥,𝑦))−𝜋]

] [
cos

1

4
[𝜑

1
(𝑥, 𝑦) − 𝜑

2
(𝑥, 𝑦)] −sin

1

4
[𝜑

1
(𝑥, 𝑦) − 𝜑

2
(𝑥, 𝑦)]

𝑠𝑖𝑛
1

4
[𝜑

1
(𝑥, 𝑦) − 𝜑

2
(𝑥, 𝑦)] 𝑐𝑜𝑠

1

4
[𝜑

1
(𝑥, 𝑦) − 𝜑

2
(𝑥, 𝑦)]

]     

                                                                        (S11) 

Since Jones matrix 𝐽(𝑥, 𝑦) works in the linear polarization basis and P can be regarded as a 

rotation matrix for the matrix Λ, we can obtain that the phase shifts are 𝛿𝑥(𝑥, 𝑦) = [𝜑1(𝑥, 𝑦) +

𝜑2(𝑥, 𝑦)]/2 and 𝛿𝑦(𝑥, 𝑦) = [𝜑1(𝑥, 𝑦) + 𝜑2(𝑥, 𝑦)]/2 − 𝜋 and the rotation angle is 𝜃(𝑥, 𝑦) =

[𝜑1(𝑥, 𝑦) − 𝜑2(𝑥, 𝑦)]/4. 
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S2: Calculation of polarization conversion efficiency 

The unit cell is simulated by using finite-difference time-domain (FDTD) method. In the 

simulation, a linearly polarized plane wave |𝐸𝑖𝑛⟩ is normally incident onto a single nanopost 

from substrate with periodic boundary conditions. The spectra of transmission coefficients 𝑡𝑥 and 𝑡𝑦 

were obtained from the simulation. The phase difference between the transmission coefficients 𝑡𝑥 

and 𝑡𝑦 is denoted by 𝜑. The polarization conversion efficiency 𝜂𝑅 (from LCP to RCP) and 

𝜂𝐿 (from RCP to LCP) can be calculated by following equations [1]: 

                         𝜂𝑅 = |
1

2
(𝑡𝑥 − 𝑡𝑦𝑒𝑖𝜑)⟨𝐿|𝐸𝑖𝑛⟩|

2
 

                         𝜂𝐿 = |
1

2
(𝑡𝑥 − 𝑡𝑦𝑒𝑖𝜑)⟨𝑅|𝐸𝑖𝑛⟩|

2
 

Here, ⟨𝐿|𝐸𝑖𝑛⟩ denotes an inner-product of left-circularly polarized unit vectors and incident 

plane wave. Similarly, ⟨𝑅|𝐸𝑖𝑛⟩  denotes an inner-product of right-circularly polarized unit 

vectors and incident plane wave.  
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Figure S1. Calculated intensity transmission coefficients (a. |tx|2; c. |ty|2) and phase shifts (b. 𝛿𝑥; 

d. 𝛿𝑦) of transmission coefficients as a function of elliptical nanopost diameters (Dx, Dy) at the 

wavelength of 532 nm. The white dots indicate four fundamental nanopost structures nanopost 

#1-#4. The other four mirror structures #5 ~ #8 can be obtained just by switching Dx and Dy on 

nanopost #1-#4.   
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Figure S2. Top views (left: xy cross-section) and side views (right: xz cross-section) of the 

normalized energy density in a periodic array for different nanopost structures. The array of 

nanoposts are rotated by 45 °  with respect to the square lattice. A plane wave with y-

polarization is normally incident on the TiO2 nanoposts from the substrate side. The boundaries 

of the nanoposts are depicted by dashed white lines. Scale bars represent 200 nm in all figures.    
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Figure S3. Schematic illustration of the measurement setup used for characterization of 

metasurface devices generating switchable accelerating light beams. The quarter-wave plate 

(QWP) is rotated to convert the polarization of incident light from LCP to RCP. AOTF: 

Acousto-Optic Tunable Filter system.  

 

 

 

 

 

 

 

Figure S4. Calculated and measured intensity ratio K (in logarithmic scale) between |𝑅⟩|𝐴𝑙⟩ 

and |𝐿⟩|𝐴𝑟⟩ as a function of the QWP rotation angle α for the metasurface devices generating 

(a) two Airy beams and (b) biquadratic and natural logarithm beams. The uncertainties are 

standard deviation of intensity ratio for repeated experimental measurements (four in total).    
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Figure S5. (a) Calculated propagation trajectories of the metasurface-generated Airy beams 

under the illumination at different wavelengths. (b)-(f) Experimentally measured propagation 

trajectories of Airy beams at different wavelengths. The uncertainties are standard deviation of 

deflection distance for repeated experimental measurements (four in total).   
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Figure S6. (a) Calculated propagation trajectories of the metasurface-generated accelerating 

beam following natural logarithm caustic trajectories under the illumination at different 

wavelengths. (b)-(f) Experimentally measured propagation trajectories of accelerating beams 

at different wavelengths. The uncertainties are standard deviation of deflection distance for 

repeated experimental measurements (four in total).   
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Figure S7. (a) Calculated propagation trajectories of the metasurface-generated accelerating 

beam following biquadratic caustic trajectories under the illumination at different wavelengths. 

(b)-(f) Experimentally measured propagation trajectories of accelerating beams at different 

wavelengths. The uncertainties are standard deviation of deflection distance for repeated 

experimental measurements (four in total).    
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Figure S8. The calculated phase profiles of two metasurfaces for LCP and RCP light at multiple 

wavelengths. For ease of clear visualization, here we only plot phase profiles of a quarter of the 

metasurface area. As shown in these figures, the phase profiles of these two TiO2 metasurfaces 

are very similar for the selected multi-wavelengths. 

 

Table S1. The generation efficiencies of two metasurfaces for ALBs at different wavelengths.  
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