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Exact Solution to Electromagnetic Scattering by an
Impedance Sphere Coated With a

Uniaxial Anisotropic Layer

You-Lin Geng, Cheng-Wei Qiu, and Ning Yuan

Abstract—Electromagnetic fields in uniaxial anisotropic media can be
obtained based on spherical vector wave functions in isotropic media. Ap-
plying the boundary conditions of electromagnetic fields on each interface
of an impedance sphere coated with a uniaxial anisotropic layer, the ex-
pansion coefficients of electromagnetic fields in the uniaxial anisotropic
medium and free space can be derived. The present method is very general,
which can be reduced to many isotropic subcases. The present method has
been validated in those subcases. Scattering by an impedance sphere with
an anisotropic coating is presented and discussed.

Index Terms—Anisotropy ratio, electromagnetic scattering, impedance
sphere, spherical vector wave functions, uniaxial anisotropic media.

I. INTRODUCTION

The electromagnetic scattering of an impedance sphere coated by
complex materials has been of interest for many years [1], [2] due to
its application in microwave devices, antenna, satellite communication,
and wave propagation theory, etc. The electromagnetic scattering by a
multilayered sphere was studied [3]. More recently, an asymptotic solu-
tion for a conducting sphere coated by complex materials was proposed
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[4] and a study of an impedance sphere coated with a chiral medium
was reported [5]. The rigorous eigenfunction, physical optics (PO) and
geometrical optics (GO) approximation methods for the scattering by a
perfectly conducting sphere coated with a lossless or lossy ferrite ma-
terial were also presented by Richmond [6], and the plane-wave scat-
tering of arbitrary impedance conducting bodies was analyzed by the
method of moments [7], [8].

In addition to scattering problems of three-dimensional isotropic
mediums aforementioned, a large amount of investigations have been
devoted to the interaction between waves and anisotropic mediums.
Some works have been developed for scattering by two-dimensional
anisotropic medium [9], [10] based on integrodifferential equations.
Furthermore, the scatterings by three-dimensional anisotropic medium
were studied based on the coupled-dipole approximation method [11],
hybrid vector finite element method and multilevel fast multipole algo-
rithm [12], the method of finite-difference frequency-domain [13] and
mode expansion [14], [15]. However, electromagnetic scattering by an
impedance sphere coated with anisotropic materials has not yet been
studied. The previous results for multilayered anisotropic spheres [16]
or an isotropic sphere coated by a plasma shell [17] are no longer ap-
plicable for the current anisotropic uniaxial-coated impedance sphere.
The purpose of this paper is to develop an exact solution for the general
case of scattering by an anisotropic uniaxial-coated impedance sphere,
to study the role of the anisotropy upon far-field scattering diagrams,
and to understand the mechanism of wave-medium interaction for
this case. The exact solution is not only self-standing in theory but
also provides more insights to understand scattering properties of
the subject discussed in this paper. In this paper, the electromagnetic
fields in the uniaxial anisotropic layer are expanded in terms of the
first and second kinds of spherical vector wave functions in uniaxial
anisotropic media in spectral domain. Enforcing continuity of the tan-
gential components of electromagnetic fields at each interface among
uniaxial anisotropic medium, free space, and the impedance sphere
[7], [8], the expansion coefficients of electromagnetic fields in terms
of spherical vector wave functions in uniaxial anisotropic medium
are derived rigorously. Thus, the radar cross section can be obtained.
Some numerical results have been presented, where two special cases
are considered for verification. In what follows, some new examples,
which may be of interest to the community, are discussed.

II. FORMULATION

Consider a geometry depicted in Fig. 1 which shows the cross section
of an anisotropic uniaxial-coated impedance sphere. Its outer and inner
radii are �� and ��, respectively. The inner impedance sphere is coated
with a uniaxial anisotropic material characterized by the permittivity
tensor ���� and permeability tensor ���� with the thickness ��� �� �

���. Three distinct regions are thus defined, namely, region 0 for the
free space, region 1 for the uniaxial anisotropic medium, and region 2
for the impedance sphere. This composite structure is illuminated by a
plane wave (which is assumed to have a unity amplitude of the electric
component, with the polarization along �����-direction and propagation
in the �����-direction). In the following analysis, the time dependence of
��	����	� is assumed, but suppressed throughout the paper.

The vector wave equation for the electric field in a source-free uni-
axial anisotropic medium can be written in the following form [10]:

���� ������ � ����


����� � �
����� �


����� � 
� (1)
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Fig. 1. Geometry of a plane wave scattered by an anisotropic uniaxial-coated
impedance sphere.

��� denotes the electric field, while ���� and ���� represent the permittivity
tensor and the permeability tensor of the uniaxial anisotropic medium,
respectively. They are defined in Cartesian coordinates as

���� �

�� � �

� �� �

� � ��

� ���� �

�� � �

� �� �

� � ��

� (2)

It is worth noting that there is another type of uniaxial anisotropic ma-
terials defined in spherical coordinates [18]. In such rotationally sym-
metric uniaxial material, the electromagnetic fields can be expressed
in a compact manner using modified spherical vector wave functions
(VWFs) [19]. Those fractional spherical VWFs take into account the
anisotropy ratio systematically, resulting in great simplification in for-
mulation. However, such technique cannot be simply employed here
since the uniaxial material is with respect to Cartesian coordinates in
this paper.

Using Fourier transform and the expansion of plane wave factors in
terms of spherical vector wave functions in isotropic medium, one can
obtain the electromagnetic fields (by the subscript �) in the uniaxial
anisotropic medium ��� � � � ��� on the basis of the [15] as fol-
lows: see (3a) and (3b) at the bottom of the page, where �� and � are
summed up both from 0 to �� while 	 is summed up from �� to
�, and ��� is pointing in the �
� ��-direction in the spherical coordinates.
��
����
��, 

�
����
��, �

�
����
�� (where � � � or �) and eigenvalues

�� �� � �� �� defined in [15]. � ���
��� �� � �� �	 � � �� ��, are un-

knowns to be determined by the boundary conditions. ��� ���
��, ��� ���

��,
���
���
�� are spherical VWFs in isotropic media [15].
Assume that the incident electric field is ��� � 
����	� � . The incident

fields can be expanded in an infinite series of spherical vector wave
functions as follows:

���
��� �
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where the expansion coefficients are defined as

�
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(5c)

According to the radiation condition of an outgoing wave (attenu-
ating to zero at infinity) and the asymptotic behavior of spherical Bessel
functions, only �

���
� should be retained in the radial functions. There-

fore the expansions of scattered fields (designated by the superscript  )
are
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where the coefficients, ��
�� and �

�� (� varies from 0 to �� while
	 changes from �� to �), are unknowns to be determined by the
boundary conditions. ��, ��, and �� � �������

�� identify the per-
mittivity, permeability and wave number of free space, respectively.

Now, the unknown expansion coefficients in uniaxial anisotropic
medium and scattered fields in free space can be thus determined by
matching the boundary conditions at each interface. The boundary con-
ditions at the interface between uniaxial anisotropic medium and free
space �� � ��� are
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The boundary conditions at the interface �� � ��� are as follows [7],
[8]:

���� � ����� � ��������� � ��������� ������ (8)

or in its dual form, i.e.

���� � ����� � ��������� �
��

����
����� ������ (9)

where �� and �� denote the relative impedance of the impedance sphere
and the impedance of vacuum, respectively.

Substituting (3), (4), and (6) into (7), one yields the following rela-
tions at �� � ���:
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Similarly, the substitution of electromagnetic fields in uniaxial
anisotropic medium into the boundary condition [i.e., (8) or (9)] at the
surface of � � �� leads to
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Fig. 2. Radar cross sections (RCSs) versus scattering angle � (in degrees) for a
conducting sphere coated by an isotropic medium. The radius of the impedance
sphere and the coating thickness of uniaxial anisotropic medium are chosen as
� � �, and � � �����, respectively. The permittivity and permeability tenso-
rial elements of the uniaxial anisotropic medium are assumed to be � � � �
���� , and � � � � ��� � , respectively. The relative impedance of the
inner-most conducting sphere is � � �.

Fig. 3. RCSs versus scattering angle � (in degrees) for a normal impedance
sphere coated by a lossy isotropic medium. The radius of the impedance sphere
and the coating thickness are chosen as � � ����� and � � �����, while
material parameters of the uniaxial anisotropic medium and relative impedance
are assumed to be � � � � �	 
 ���	�� , � � � � �� 
 ���	�� , and
� � ��� 
 ���	, respectively.

From (10) and (12), we can see that those unknown coefficients
of electromagnetic fields in the anisotropic unaxial-coated impedance
sphere can be determined analytically for the first time. The solution
has only one-dimensional integral which can be easily calculated using
the Gauss integral [20].

III. NUMERICAL RESULTS AND DISCUSSION

In the previous section, we have presented the necessary theoret-
ical formulation of the electromagnetic fields in the presence of an
anisotropic uniaxial-coated impedance sphere. To gain more physical
insights into the problem, we will provide in this section some nu-
merical solutions to the problem of electromagnetic scattering by an
anisotropic uniaxial-coated impedance sphere.

In order to verify the correctness of the newly obtained results,
we compare the bistatic radar cross sections (RCSs) in �-plane
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Fig. 4. The effect of anisotropy ratio in RCSs of a uniaxial-coated impedance
sphere: (a) E-plane RCS and (b) H-plane RCS. The other parameters for the
coated sphere remain unchanged. The radius of the impedance sphere and the
coating thickness of the lossless uniaxial anisotropic medium are chosen as
� � ���� and � � �����, respectively. The material parameters of the
anisotropic coating are assumed to be � � � � , and � � � � . The rel-
ative impedance of the inner sphere is � � ���. Three electric anisotropy ra-
tios � are considered in particular where the transversal permittivity is fixed
at � � �� : 1) � � � (solid line); 2) � � � (dashed line); 3) � � ���
(dotted line).

(���-plane) and �-plane (���-plane) [16] for the structure in Fig. 1
with the Mie series results for the cases of isotropic coatings [6].

In Fig. 2, the comparison is demonstrated for a special case of the
impedance sphere (a conducting sphere which has �� � �) coated by
an isotropic medium. The solid curves are the results from this paper
and the circle dots are obtained from [6, Fig. 7]. In Fig. 3, we compute
the RCSs of a normal impedance sphere ��� � ��� � ����� coated
by a lossy isotropic medium. The maximum number 	� in (10a)–(10b)
and (12a)–(12b) is found to be 6 in order to achieve good convergence.
From Figs. 2 and 3, it can be seen that, if the coating is isotropic, the
radar cross sections calculated by the present method and the Mie series
are in very good agreement in both the
- and�-planes for conducting
and impedance inner spheres. It partially verifies the correctness and
applicability of our theorem as well as the Fortran codes. In what fol-
lows, we will obtain and discuss some interesting results unavailable
elsewhere, based on the approach in this paper.

Fig. 4 represents RCSs of an anisotropic uniaxial-coated impedance
sphere, where the uniaxial anisotropic medium is lossless. The effect
of electric anisotropic ratio in the scattering is studied, which is de-
fined as the ratio of transversal permittivity over radial permittivity,
i.e., �� � ���� . The maximum number 	� in (10) and (12) to achieve
good convergence is found to be 10 (slightly larger than the quantity

Fig. 5. RCSs versus scattering angle 	 (in degrees) in the
-plane (solid curve)
and in the �-plane (dashed curve). The radius of the impedance sphere and
coating thickness of the uniaxial anisotropic medium are chosen to be � �
����� and � � �����, while the parameters for the anisotropic medium and
relative impedance are assumed to be � � � � ���� 	 �����
� , � �
�� 	 �����
� , � � �� 	 �����
� , and � � ��� 	 ����, respectively.

Fig. 6. RCSs versus the thickness of the uniaxial anisotropic medium in the
forward (solid curve) and in the back (dashed curve) directions, when inner ra-
dius is fixed at � � ����. The parameters of the uniaxial coating and rel-
ative impedance of the inner sphere are assumed to be � � �� 	 ����
� ,
� � ���� 	 ����
� , � � � � �� 	 ����
� , and � � ���, respectively.

used in Fig. 3 due to the change in the thickness and parameters of the
uniaxial anisotropic medium).

Interestingly, in Fig. 4(a), it is found that for the case of �� � ���
there exists a nearly blind area at about 20� in the scattering angle
from 73.2 � to 95 � where the intensity of E-plane RCS is lower than
��� �	. However, the RCS for H-plane does not hold such feature.
Also, the role of anisotropy in the far-field scattering is characterized.
It is found that the anisotropy ratio less than unity (which corresponds
to the isotropic case) will drastically reduce both of the E-plane and
H-plane RCSs particularly when the scattering angle is smaller than
90�.

To further demonstrate the applicability of the proposed method, the
case of an electrically large impedance sphere coated by a shell made
of a lossy ferrite is investigated in Fig. 5. The radar cross sections are
obtained for both the 
-plane and the �-plane. Due to the increased
electrical dimension, the maximum number of 	� must be significantly
increased to 18 in order to achieve good convergence. The H-plane RCS
is found to be highly oscillating against the observation angle, while
the E-plane is quite smooth except in the region near the backward
direction. For instance, when the observation angle is about 45�, a fine
change in the angle would result in a drastic variation (at about 20 dB)
in the scattering efficiency on the H plane.

Of particular interest are the monostatic RCSs, for example, the for-
ward RCS (the scattering angle � � �) and the back RCS (the scattering
angle � � �). The parameters of the coated uniaxial medium and the
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Fig. 7. RCSs versus the thickness of uniaxial anisotropic medium in the for-
ward (solid curve) and in the back (dashed curve) directions, when outer radius
is fixed at � � �����. The uniaxial coating and the impedance sphere are
identical to those in Fig. 6.

relative impedance in Figs. 6 and 7 are the same. In Fig. 6, the radius
of the impedance sphere is constant: �� � ����. Thus, it is straightfor-
ward to understand and characterize the effects of the thickness of the
uniaxial coating upon the forward and back scatterings in particular. In
Fig. 7, the outer radius of the coated sphere is constant: �� � �����.
The radius of the inner impedance sphere varies from �� � ���� to
�� � ���� with an interval at ����, namely, the thickness of the uni-
axial anisotropic medium is changing from � � ����� to � � �����

at the interval of ���� in Fig. 7.
If a given bare impedance sphere is to be coated with uniaxial

anisotropic media (e.g., the case in Fig. 6), the forward RCS of the
core-shell system always increases as the thickness of the anisotropic
coating increases. However, it is interesting to note that the back
scattering will be highly oscillating especially when the ratio of ����
is not too large (i.e., ���� � ��). In Fig. 7, when the outer radius of
the coated sphere is fixed, the forward scattering is nearly a constant
value no matter how much space is filled by the anisotropic shell. It
coincides with the findings in Fig. 6, leading to the conclusion that
the forward RCS is primarily determined by the outermost size ��.
Also, Fig. 7 shows that the back scattering is quite oscillating when
���� � ���� � ���� (i.e., ���� � ���� � �). The RCS in the
forward direction is always larger than that in the back direction, if
the real parts of the parameters of the uniaxial anisotropic layer are all
positive.

IV. CONCLUSION

The spherical vector wave function expansion solution to the plane
wave scattering by an anisotropic uniaxial-coated impedance sphere is
obtained analytically in this paper. First, our general solution is reduced
to its subcase (the coating material is isotropic, and the inner sphere is
conducting), and results obtained by the present method are compared
with those by Mie theory. A fairly good agreement is observed. After
validating our method, general numerical results are presented and dis-
cussed. The present analysis is believed to be useful to characterize the
antenna and radiowave propagation in coated impedance spheres in-
volving complex media.
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