
PHYSICS

Anti–parity-time symmetry
in diffusive systems
Ying Li1*, Yu-Gui Peng1,2*, Lei Han1,3*, Mohammad-Ali Miri4,5, Wei Li6, Meng Xiao6,7,
Xue-Feng Zhu2†, Jianlin Zhao3, Andrea Alù4,8,9,10, Shanhui Fan6†, Cheng-Wei Qiu1†

Various concepts related to parity-time symmetry, including anti–parity-time symmetry,
have found broad applications in wave physics. Wave systems are fundamentally
described by Hermitian operators, whereas their unusual properties are introduced
by incorporation of gain and loss. We propose that the related physics need not be
restricted to wave dynamics, and we consider systems described by diffusive dynamics.
We study the heat transfer in two countermoving media and show that this system
exhibits anti–parity-time symmetry. The spontaneous symmetry breaking results in a
phase transition from motionless temperature profiles, despite the mechanical motion
of the background, to moving temperature profiles. Our results extend the concepts
of parity-time symmetry beyond wave physics and may offer opportunities to manipulate
heat and mass transport.

Q
uantum physics has shown that a non-
Hermitian Hamiltonian operator can
exhibit entirely real spectra (1, 2) when
parity-time (PT) symmetry is preserved.
The studies on this concept are especially

fruitful in classical wave systems (3–7), where
PT symmetry is manifested as balanced gain
and loss. Spontaneous symmetry breaking happens
when the system is tuned across an exceptional
point (EP) (8–11), and this is related to many
intriguing phenomena (12–19). Recently, anti-
PT (APT) symmetric systems also have been
of interest (20–25). The Hamiltonian H of such
a system is mapped to its opposite by parity ðPÞ

and time-reversal ðT Þ operators. Such sys-
tems are known to exhibit noteworthy effects,
such as energy difference–conserving dynam-
ics (23), coherent switch (24), and constant
refraction (25).
Earlier work on PT and/or APT symmetry was

carried out in wave systems whose underlying
physics is described by a Hermitian operator.
Non-hermiticity then emerges by introducing
gain or loss [dissipation with a negative or pos-
itive decay rate (blue dots in Fig. 1A)]. Because
non-Hermitian physics is closely related to dis-
sipation, one should be able to explore it in pro-
cesses that are intrinsically dissipative as well,

such as heat or mass transfer described by the
diffusion equation. To date, studies of PT-related
physics in diffusion are lacking. Here, we introduce
a route to explore APT symmetry in heat transfer.
Starting from purely dissipative heat conduction,
we then introduce oscillatory (Hermitian) com-
ponents to achieve the required symmetry (red
dots in Fig. 1A). This idea motivates us to use heat
convection (26) in moving media. Mechanical
motion generally “drags” waves (27, 28) or heat
(29, 30). Notably, we found that for heat con-
vection, the temperature profile can stay still
(vTemp = 0) despite the flow (v > 0) in the APT
symmetric phase. In the symmetry-broken phase,
the temperature profile can either follow the flow
(vTemp > 0) or even move against it (vTemp < 0).
Therefore, all three scenarios in Fig. 1B are
possible.
We consider heat convection in two channels

with opposite background velocities that are
coupled by heat conduction (Fig. 1C) [three-
dimensional (3D) version in Fig. 1D].We denote
the temperature field in the upper (or lower)
channel with velocity v (or −v) as T1 (or T2).
Consider a simple model of these temperature
fields (26)
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where D is the diffusivity, h is the rate of heat
exchange between the two channels, t is the time,
and x is the position. Using plane-wave solutions,
Eq. 1 is reduced to an eigenvalue problem for the
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Fig. 1. APT symmetric diffusive system. (A) Two routes to explore non-
Hermitian physics: from a wave system with zero decay rate (the
abscissa) or from a diffusive system with zero frequency (the ordinate).
(B) For heat convection, the temperature profile can follow, remain

motionless, or move against the moving background. (C) A 2D model
of an APT symmetric system. b, channel width; d, thickness. (D) A 3D
model. R1, interior ring radius; R2, exterior ring radius. (E) The eigenfrequency
of heat convection in the uncoupled limit. Re, real; Im, imaginary.
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effective HamiltonianH, which is APT symmetric
(materials and methods S1),

H ¼
��iðk2Dþ hÞ þ kv ih

ih �iðk2Dþ hÞ � kv

�

ð2Þ

where k is the wave number. The eigenvalue can
be solved as

wT ¼ �i ðk2Dþ hÞT
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 � k2v2

ph i
ð3Þ

In the uncoupled limit with h = 0, the sys-
tem exhibits only a single phase, in which the
eigenvalues always have a nonzero real part at
v ≠ 0 (Fig. 1E). When h ≠ 0, this system exhibits
two phases as v varies. For small v, the system
is in the symmetric phase with purely imaginary
eigenvalues. The corresponding eigenstates pre-
serve APT symmetry. With large v, the system is
in the symmetry-broken phase, where the eigen-
values have nonzero real parts (materials and
methods S1). The transition between the two
phases occurs at the EP, k2v2EP ¼ h2, where vEP
is the critical velocity, which depends on k
(supplementary text S1 and figs. S1 and S2).
We study the eigenvalue w of the system in

Fig. 1C with finite element simulations (materials
and methods S2). Periodic boundary conditions
are applied on the channels with length L, which
only allows for discrete wave number k = n/a
(where n is an integer and a = L/2p). As v
increases, the two branches of −Im(w) coalesce
at the EP, and then nonzero Re(w) appears, as
well described by the analytical model in Eq. 3
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Fig. 3. Transient evolution of temperature profiles in the 3D APTsymmetric system. Profiles
for three velocities v are shown: 1.5 cm/s (A), 2.0 cm/s (B), and 3.0 cm/s (C). Snapshots of the
temperature profiles are shown at the left and right sides, where the bright (dark) color represents
hot (cold). In the center, we plot the trajectories of max(T1) and max(T2) along the interior edges of
the rings (dashed circles), with scatters colored according to the time.

Fig. 2. Eigenvalues and eigenstates of the 2D APTsymmetric system. (A) Imaginary part
(decay rate). (B) Real part (eigenfrequency).The spectrum of the fundamental wave is shown in
blue.The red lines are the theoretical solutions to Eq. 1. (C) Eigenstates at various positions of the
spectrum [orange scatters in (A) and (B)], with T1 gauged to the same cosine function.
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(Fig. 2, A and B). Next, we focus on the funda-
mental modes with ±k0 = ±a−1 and track the
eigenstates by looking at the temperature profiles
along the upper and lower boundaries of the
system, representing T1 and T2, respectively. The
changes of profiles exactly follow the theoretical
prediction (Fig. 2C). At v = 0 cm/s, the two
eigenstates have even and odd symmetries with
respect to the mirror plane between the channels.
As v increases, T2 gradually accumulates a nega-
tive (positive) phase along the lower (upper)
branch of eigenvalues. At vEP = 2 cm/s, the two
profiles of T2 coincide with one another, with p/2
phase behind T1. For v > vEP, the profiles start
moving, because the system acquires nonzero
eigenfrequency. At v = 3.0 cm/s, the amplitude

of the forward wave (+x) is 0.38, whereas that
of the backward wave (−x) is 1/0.38 = 2.61.
These values agree well with the theoretical
requirement.
The phase transition of temperature profiles

across the EP can also be observed directly in
the transient behavior. To do so, we numeri-
cally simulate a 3D system of two ring-shaped
channels packed vertically (Fig. 1D). We define
T1 and T2 as the temperatures along the upper
and lower interior edges of the rings (interior
radius R1 = a). To induce the fundamental modes,
we set the initial states as the eigenstates at v =
0 cm/s, namely, the same (even) or opposite
(odd) temperature gradients along y in the two
rings (materials and methods S3). With the

same wave number ±k0, the initial states are
expected to evolve to the fundamental modes
for nonzero v.
One way to follow the evolution of the pro-

files of T1 and T2 is to follow their maximum
points. The trajectories of max(T1) and max(T2)
are shown with snapshots of the temperature
profiles in the left and right panels of Fig. 3, A
to C. At low speeds, the maximum points move
from their initial positions to certain positions
and stops (Fig. 3A). The temperature profile
remains motionless thereafter for both initial
conditions. For the even initial condition, the
temperature profile directly evolves into the
eigenstate illustrated in II of Fig. 2C, with T1
ahead of T2 for a phase f that is less than p/2.
For the odd initial condition, the temperature
profile also eventually evolves into the same
state as for the even initial condition. This is
due to the typical nonorthogonality of the two
eigenstates at different branches (2), so an odd
initial condition also can evolve to the eigenstate
at the lower branch of Fig. 2A, which decays
much slower than the other eigenstate and
eventually becomes the observed one.
At the EP when v = 2.0 cm/s, the motions

are almost the same as when v is lower. Only
the accumulated phase difference fEP is larger
(Fig. 3B). This phase is found numerically to
be fEP ¼ 0:48p, close to the analytically pre-
dicted p/2. At v > 2.0 cm/s, the temperature
profiles are always in motion (scatters in Fig.
3C). The profile in each channel follows the
background velocity direction, due to the broken
APT symmetry of the state with complex
eigenvalue.
The finite eigenfrequency indicates a moving

temperature profile, but its direction does not
necessarily have to follow that of the background.
In fact, details of the symmetry-broken states
depend on the initial condition. Numerical sim-
ulations reveal that the symmetry-broken phase
can exhibit temperature flow opposite to the
background motion, when an asymmetric initial
condition is used (supplementary text S2 and
fig. S3).
To observe the phenomena predicted in Fig. 3,

we propose the experimental setup in Fig. 4, A
and B (see also materials and methods S4 and
fig. S4). The system consists of two plastic rings
rotated by motors. The two solid rings exchange
heat through a layer of lubricating grease. The
heat exchange rate h of the grease layer can be
estimated as 0.13 s−1, which gives a critical ro-
tation speed of ≈1.27 rpm. We first vertically place
a copper plate, whose bottom (top) end is in a hot
(cold) bath. The two rings are then brought in
contact with the copper plate to achieve the
vertical temperature gradient (Fig. 4A). After
reaching steady state, we quickly remove the
copper plate, make the two rings contact, and
turn on the two motors so that the rings rotate
in opposite directions with the same rotation
speed W (Fig. 4B). An infrared camera is used to
observe and record the evolution of the tem-
perature field during the whole process (movies
S1 to S3).
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Fig. 4. Experimental setup and results for the APTsymmetric and symmetry-broken phases.
(A and B) Schematic graphs of the experimental setup for generating the initial temperature
gradient (A) and performing transient measurements (B). (C to F) Infrared images of the
temperature profiles on ring 1. (C) Snapshot taken at t = 0 s when the motors were just turned
on. (D to F) Snapshots taken at t = 18 s for rings rotating at 0.5 rpm (D), 1.0 rpm (E), and
1.5 rpm (F). The colors from dark blue to red represent low to high temperatures, respectively.
(G to I) Evolution of the temperature field T1, represented as the rotation angle f of the temperature
dipole from the initial state, with a rotation speed W of 0.5 rpm (G), 1.0 rpm (H), and 1.5 rpm (I).
The dark gray lines represent the rotation angles of ring 1.

RESEARCH | REPORT
on A

pril 11, 2019
 

http://science.sciencem
ag.org/

D
ow

nloaded from
 



A snapshot of the temperature profiles on
ring 1 at 0 s (when the motors were turned
on) is shown in Fig. 4C, and snapshots at 18 s
are shown in Fig. 4, D to F. At slower rotation
speeds (0.5 and 1.0 rpm), the high-temperature
regions are fixed after a small rotation from
the initial place (Fig. 4, D and E), demonstrat-
ing the symmetric phase. On the contrary, at
a faster rotation speed of 1.5 rpm, the high-
temperature region is continuously moving
(Fig. 4F), demonstrating the symmetry-broken
phase. To further calibrate this rotation of tem-
perature field, we postprocess the infrared images
to calculate a “temperature dipole” pT (materials
and methods S4). The angle fðtÞ between pT(t)
and pT(0) is plotted in Fig. 4, G to I. Its rotation
again confirms the phase transition.
This work reveals that APT symmetry can be

realized with common materials in diffusion,
which is outside wave physics. What establishes
the symmetry is the opposite velocities of the
two channels; this is different from previous
systems that require opposite signs in material
parameters (3–6) or require rescaling (10, 16).
Our findings open opportunities for using dif-
fusive dynamics to study PT-related physics and
provide insight into the development of control
mechanisms in the broad area of nonequilib-
rium mass or energy transport.
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