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[1] In this paper, a multilayered cylinder filled with double negative (DNG) material and
double positive (DPS) material is studied. General formulas of electromagnetic fields in
each region are derived using the eigenfunction expansion method. The expansion
coefficients are determined by a recursive system that is derived from boundary
conditions at the multiple interfaces. The reflection by a cylinder with (—eq, — o) (Where
g0 and i denote the permittivity and permeability in free space, respectively) is found to
be quickly diminished with its electric size. For an infinite line source, the image
property is observed when the radius of this cylinder is much larger than the wavelength.
The distributions of electromagnetic fields are presented when a line source is placed near
a two-layered cylinder alternately filled with DNG and DPS material. Numerical

results confirm that the developed formulas are suitable to analyze the other multilayered
cylindrical structures with DNG and DPS materials.

Citation: Yao, H. Y., L.-W. Li, C.-W. Qiu, Q. Wu, and Z.-N. Chen (2007), Scattering properties of electromagnetic waves in a
multilayered cylinder filled with double negative and positive materials, Radio Sci., 42, RS2006, doi:10.1029/2006RS003509.

1. Introduction

[2] The permeability and permittivity of materials are
two fundamental parameters of the constitutive relations
which determine how the media interact with electro-
magnetic (EM) waves propagating in the materials. In
1968, Veselago [1968] theoretically studied wave char-
acteristics in a special medium whose permittivity and
permeability are both negative simultaneously. These
hypothetical materials exhibit a left-handed rule defining
the polarizations of electric and magnetic fields and the
propagation vector constant and the media are thus
referred to as left-handed materials (LHM) in literature
[Chen et al., 2004; Grbic and Eleftheriades, 2004;
Katsarakis et al., 2004; Ziolkowski and Kipple, 2003;
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Panoiu and Osgood, 2003; Kuzmiak and Maradudin,
2002; Markos and Soukoulis, 2002; Yao et al., 2005a,
2005b]. The double negative (DNG) material has shown
special optical properties, and could lead to a perfect
lens [Pendry, 2000; Zhang et al., 2002; Pendry
and Ramakrishna, 2003; Pendry, 2003; Ye, 2003;
Ramakrishna and Pendry, 2004].

[3] For EM waves propagating through a stratified
DNG medium, reflection and refraction of the waves
were formulated by Kong [2002]. The objective of this
paper is to extend the existing application from planar
structures to cylindrical structures, so as to gain more
insight into the hybrid effects of metamaterials and
cylindrical curvature. Potential applications of the results
in this work include the conformal antenna radome
analysis and design, two-dimensional microwave and
optical imaging, etc. In this paper, we first derive a
general formula of EM fields in all regions of a multi-
layered cylinder with DNG and DPS materials in this
paper. The eigenfunction expansion method is applied to
express the EM fields in this structure. To verify our
formulations and validate our analysis, the distant scat-
tering sections for a two-layered cylinder with double
positive medium are first shown. Next, we consider some
special cases to characterize the DNG materials. The first
example that we consider is a dielectric cylinder with
(—&0, —ptp) which has a refractive index of n = —1. For
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Figure 1. Geometry of a multilayered cylinder with
different materials.

the incidence wave of transverse magnetic polarization,
the reflection visibly diminishes when the electric size
of the cylinder is increased. When a parallel line source
is placed nearby, focus phenomenon is observed clearly
inside the cylinder, provided that the electric size of the
cylinder is much larger than the wavelength. Finally,
distributions of field components are shown to confirm
applicability of these formulas.

2. Formulations

[4] Consider an N-layered infinitely long cylinder
situated in free space (g¢, 1), as depicted in Figure 1.
In each layer, it is filled with DNG or DPS homogeneous
material of different permittivity and permeability. In the
following analysis the time dependence, e, is sup-
pressed. The permittivity and permeability of material in

region f(f= 0,...N) are denoted as follows:
e = uley| (1)
Ky = u‘ﬂ'f'a (2)
where

—1, DNG material
u= (3)
1, DPS material.

[s] An incident wave of transverse electric (TE) or
transverse magnetic (TM) polarization is assumed to
illuminate the layered cylinder in free space at an
arbitrary oblique angle. In the cylindrical coordinates
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system, the vector wave functions are given in [Li ef al.,
2000], and rewritten as follows:

M(p) (kz) i)jﬁBglp) (kpp) — &W ei(n¢+k:z)
P dp
(4)
1 dB\P) (k,p) - nk
(p) _ YL BT Kp)  anke b
Nn (kz) & [pjkz dp (b 5 \ (kpp)
+ 2k, B (kpp)]é(”@+kzz), (5)

where BY (k,p) represents the cylindrical Bessel func-
tions of order n, the superscript p equals 1 or 3
representing the Bessel function of the first kind and
the cylindrical Hankel function of the first kind, and
K= k2 + k2. If the electromagnetic waves are normally
1n01dent on the surface, the vector wave functions
expressed in (4) and (5) can be simplified as

i . dB(P) )
MYk = (2B ko) — 6 P o)
p p

2kBP) (kp)e™. (7)

[6] By using eigenfunction expansion method, the
electric and magnetic fields in the region f (f' = 1,...
N — 1) are formulated as follows:

o0

E= {aanff) (ker) + DM (ker) + @ N (ke )
n=0
-5, i) ®)
> @3) 3)
H M (ke ) + by N, (K
= leuf Z{a/ (ker) + by N (k)
+ a,,fM,(, (sz) +b;szn1 (sz) }’ (9)

where a,; b,; ay and by, are the unknown expansion
coefficients.

[7] For the outmost region (i.e., Region 0) and the
innermost region (i.e., Region N), the electromagnetic
fields can be expanded as

Ey=E +E°

—E+ Z [N (ko) + broMY (ko) (10)

n=0
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Hy=H +H°
i, ko N 3) (3)
H+]wu|'u0 an::{a,,oM (kz())-l-bn()N (kzo)]
(11)
and
= [N o) + B MO he)]  (12)
n=0
M! . .
(13)

For the electromagnetic fields in all the regions, we have
the same longitudinal wave vector k. because of the
phase matching condition, whereas the radial wave
vector k,is discontinuous.

[8] In the above formulas, the expansion coefficients,
Ay, bpy @y and by can be determined by enforcing the
boundary conditions of the tangential electric and mag-
netic field components on the cylindrical interfaces at p =7,
(where f=0,1,..., N — 1):

O TE] s [Em ]
X =pX .
g [ Hy } g [ Hyi

A recursive system for the coefficients can be finally
obtained [Li et al., 2000]:

(14)
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derived. With the known a,,0, b,,0, dio, and bl in region 0,
the scattering coefficients, a5 b, @, and by, in region f
can be determined by the recursive relationship as in
equation (15). Hence the total electric and magnetic
fields in any region can be found.

2.1. Incident TE, and TM_ Waves

[10] The incident TE, and TM, waves, which are
expanded in terms of M,, and N,,, have the following
forms:
for the TM wave,

ETM o]

Z (2 - 5no)j"N,<,l)(kz)€f7”‘”°

0 18
k sin 6, gt (18)

i
Epy =

E ™ o]

Y 2= 6wl M (k)e ™, (19)

Hi = 0.
I ok sin By <=

and for the TE wave,

) Elf & () o
E,, =—"— 2 — 6,0))" M\ (k)e "0 20
TE ]k sin 90 HZ; ( 0)] n ( )e ( )
) ETE X ) o
H,=——2 N7 (26,0 ND(k)e % (21
TE T]Oksin90 ; ( O)J n ( )e ( )
where §,,, = 1 for m = n; or 0 for m # n while the vector

Ceoi = T,C 15) Wave functions M and N are denoted by equations (4)
fr1 S ( ) and (5)
where [C{] is defined by [11] Thus @, and b, are represented by
™
T r_ - n 0 —jng,
G = {anfv bups Gy b;f} ) (16) o = (2= wolf" g e (22)
the transmission matrix in the eigenexpansion domain is | ETE ;
iven b by =—(2—6p)f" T —2—e "N, 23
given by n0 ( 0)] kO sin 00 e ( )
Ty = F,\Fr, (17) . .
The parameter matrix F; where p = r; can be obtained:
C k. i (kyp) . dJy (kyrp)
k/'pHrSl) (kpfp) dp k,pJ (kpfp) dp
k2
. LHD (kyrp) 0 kaJn (korp) 0 (24
=7 & (ko) dl, (kyyp)
o n \Kor P (1) i kr n\ Ko P nk,
Juul | dp jwu\/¢/|pHn (k/’f P) Joul | dp jwu\;t_,/|p']” (kﬂfp)
N
L 0 ]wu\yf\ H’Sl) (kpfp) 0 j“’”/|/llf| In (kﬂfp) ]

and the parameter matrices Fyrand Fy, are derived from
the boundary conditions.

[9] Employing the coefficients in the region 0 and the
Nth region, the scattering coefficients, a, and b,,, can be
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2.2. Infinitely Long Line Source

[12] For an infinitely long line source placed at (pg,¢¢)
and parallel to the cylinder, the incident electromagnetic
wave can be expressed by

Kl &

E'=- 2 — 8u0)H (kpo)NI) (k)e "% (25
g 2y O~ S hpo N (e (29)

H = — 3 D (2= 6u0)H (kp)M (k)e 7%, (26)
n=0

where / stands for the amplitude of electric current,
po denotes the distance from the center of cylinder, and
the vector wave functions M and N are denoted by
equations (6) and (7).

[13] Then, g, and b} are represented by
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given. An excellent agreement is observed between the
existing solution presented by Richmond [1965, 1966]
and those that we newly obtain. This partially verified
the correctness of our derived theoretical formulas and
the developed codes.

[15] Subsequently, we utilize these formulas to calcu-
late the electromagnetic fields in the presence of the
multilayered cylinder filled with DNG and DPS materi-
als. In order to illustrate better the usefulness of these
general formulas, the constitutive parameters of DNG
materials are specified by (—eo, — o) and those of DPS
materials are (o, ji) in the following computations. The
cylindrical interfaces are all depicted by circular curves
in the figures.

[16] First of all, the normalized scattering cross section
o/\ of a one-layered (two regions) cylinder filled with
DNG (—¢¢, —po) material is calculated under illumina-
tion by the incident TM wave with the angles of §' = 7/2

K21 . and ¢' = 7 in the free space. Curves for different radii a
dy=—(2—6n0)"—H (kopy)e "% (27)  of the cylinder are plotted in Figure 5. It is obvious that
4weo the reflection by the cylinder is quickly diminished with
the increase of the radius. We can also observe that the
bo—0. (28) RCS data at and near ¢ = 0° are very large and it is of the
"0 impulse shape when the cylindrical radius is large. This
Similarl}I, Fﬁ where p= rf’ can be derived: phenomenon can be explained as follows.
I " (kyp) dhy (krp)
0 kf‘dp 0 k/’d/}
H (ks p) 0 AT 0
=1 4 &k . b (k) 0 (29)
Joulpe|  kedp Jeulpy| - Kedp
ky W (1, Ky :
I 0 s ) (Kep) 0 T n (k)

3. Numerical Results

[14] To verify the correctness of the formulations
deduced above, we first calculate the distant scattering
pattern of a two-layered (three regions) cylinder filled
with different DPS materials and illuminated by the TE
and TM waves, and radiated by the parallel line source,
respectively. The geometry is shown in Figure 2. The
radii of two layers from inside to outside are a = 0.25)\
and b = 0.3\, respectively. The corresponding relative
permittivity are €,; = 4.0, and ¢,, = 1.0. The relative
permeability of two layers are pi,q = p,, = 1.0. The plane
waves are assumed to be at normal incidence. The line
source is placed at a distance of pg = 0.5\ from the center
of the layered cylinder, and an observation angle ¢q of
0 degree. The distant scattering pattern can be obtained
by the asymptotic form of large-argument Hankel func-
tions. The results are shown in Figures 3 and 4, respec-
tively. For the reference, the integral equation solutions,
which come from Richmond [1965, 1966], are also

[17] 1. Intensity: First of all, in Figure 5, the incident
wave (a TM-polarized plane wave) is impinged at an
angle of elevation €' = 90° and azimuth ¢ = 180°. In this
case, some portion of the wave energy is normally
incident upon the cylinder, so the transmitted wave due
to this portion propagates entirely through the dielectric
cylinder when the impedance is matched (g, = i, = —1).
This portion of waves contributes to part of bistatic
RCS datum of ¢ = 0°. For a cylinder of large radius,
illumination area by normal or nearly normal incident
waves is larger than that of a cylinder of smaller radius.
In this case, the cylinder tends to be a perfectly matched
layer and it is almost transparent to the incident wave
(especially when the wave is forward propagating).
Therefore the percentage of the energy propagated
through the cylinder will be relatively larger.

[18] 2. Beam width: Secondly, the cylinder behaves as
a dielectric lens. For RCS computations, we take the
observation point at infinity. When the incident wave
propagates through the cylinder filled with DNG, the
focus point will approach to infinity because of the
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Figure 2. Geometry of a two-layered cylinder with

DPS materials.

smoother dielectric curvature. For example, when ka =
100, the observation point (infinity) lies to the right of
the focus point (which is already sufficiently far away
from origin). Thus it can be imagined that the angle of
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Figure 3. Distant scattering pattern of TE and TM
waves illuminating a two-layered cylinder with DPS  Figure 5. Normalized scattering cross section of a one-

materials.
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Figure 4. Scattering pattern of a nearby parallel line

source in the presence of a two-layered cylinder with
DPS materials.

coverage is small at around ¢ = 0°. When the radius
becomes larger and larger, the observation point and the
focus point will move closer and closer to each other. In
an extreme case, when the cylinder tends to approach a
flat slab, the angle of coverage is almost zero to form a
delta.

[19] That is why the scattering cross sections around
the angle of ¢ = 0° are thus much stronger, but confined
within a very narrow angle.

[20] Then, radiation by a line source in the presence of
this cylinder is considered. The different radii for a

¢ (Degrees)
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Figure 6. Normalized amplitudes of the time-averaged
Poynting power for a one-layered cylinder with (—&o,
—to) and a = 2.5\

values are also set. The line source is located at p; =2.3\
and ¢y = 0, where p, is the distance from the surface of
the cylinder. The normalized amplitudes of the time-
averaged Poynting power, which is denoted by (S) =
JRe(E x H*), are shown in Figures 6, 7, and 8. From

Figures 6 and 7, we observe that a facula is formed inside
the cylinder. The formation of the facula is due to the
cylinder with (—¢g, —/10) is not a focusing system. This
summary point can be verified by using the theory of
arbitrary coordinate transformations [Ward and Pendry,

1
0.9
0.8
10.7
10.6
10.5

10.4

0.3

0.2

0.1

Figure 7. Normalized amplitudes of the time-averaged
Poynting power for a one-layered cylinder with (—¢,
— o) and a = 8.5\,
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Figure 8. Normalized amplitudes of the time-averaged
Poynting power for a one-layered cylinder with (—&o,
—ip) and a = 150\

1996]. According to the theory, if we keep the wave
scattering properties unchanged after the geometrical
dimension (e.g., the radius) is changed, we have to adjust
1 and e accordingly. When the physical problem is
changed from a perfect slab lens to a perfect cylindrical
lens, the permittivity and permeability in the lens are
required to be a function of position. Hence the cylinder
with (—eg, —to) cannot focus the light, and it will still
reflect waves. However, a phenomenon of focus shown as
in Figure 8 and very small reflection shown as in Figure 5
can be obtained when the electric size of calculated
problem is far larger than the wavelength.

[21] Finally, the real parts of field components, H,, H,
and E., scattered by a two-layered (three regions) cylin-
der filled alternately with DNG and DPS material are
shown in Figures 9, 10, and 11. In this case, a line source
is placed at pg = 9.5\ and ¢, = 0, the radii of two layers
are r; = 8\ and r, = 5, respectively. The region 0 is the
free space, region 1 and 2 are filled with (—&g, —p0) and
(g0, t1o) respectively. As we expect, the tangential com-
ponents H, and E. are equal on the layered interfaces.
While the normal component H,, is not, which satisfies
by default the continuity of normal component of mag-
netic flux density B across the interfaces between the
DNG and DPS materials.

4. Conclusion

[22] In this paper, we applied the eigenfunction expan-
sion method to generally express the fields in a multi-
layered cylinder filled by a double negative medium and
a double positive medium. The eigenfunction expansion
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Figure 9. Real part of the H, component of an
electromagnetic wave propagating through a two-layered
cylinder with DNG and DPS materials.

coefficients are determined by enforcing the tangential
electric and magnetic field components continuous at the
interfaces. By applying the asymptotic form of large-
argument Hankel functions, the distant or far-zone scat-
tering patterns for a one-layered cylinder with left(—e,
— o) and different radii are obtained. The results show
that the reflection is vanished with the increasing radius.
Moreover, the imaging of a line source by this cylinder is
observed when the radius » > A Finally, field compo-
nents for a two-layered cylinder alternately filled with
DNG and DPS materials are calculated. The normal

Figure 10. Real part of the H, component of an
electromagnetic wave propagating through a two-layered
cylinder with DNG and DPS materials.
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200

Figure 11. Real part of the E. component of an
electromagnetic wave propagating through a two-layered
cylinder with DNG and DPS materials.

component is found to be discontinuous at the bound-
aries, and the tangential components are not, which
agrees, as expected, with the boundary conditions.
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