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Abstract—In this paper, the variational expectation-
maximization (VEM) algorithm is used to provide channel
estimates in a space-time decoder. The proposed estimator
works for many types of space-time codes (STC), including
full-rate full-diversity (FRFD) codes, Bell Laboratories layered
space-time architecture (BLAST) and orthogonal STC’s. The
principle idea is to treat the channel coefficients as the unknown
parameters, and the transmitted symbols as the unobserved
variables in the EM algorithm. The posterior distribution
of the symbols is approximated by a factorized distribution,
whose Kullback-Liebler divergence with the true distribution is
minimized, thereby explaining the “variational” aspect of the
technique. The channel estimates may then be used for coherent
decoding – here we use the K-best detector for a 2 × 2 system.
Simulation results show that the new channel estimator can
reduce system complexity greatly compared with traditional
schemes, while achieving near-ideal performance.

I. INTRODUCTION

Coherent detection of space-time codes requires accurate
channel estimates, usually acquired through a training period
in which known pilot symbols are transmitted. However, even
with maximum likelihood channel estimation, a non-negligible
estimation error exists, whose variance is no smaller than
the Cramer-Rao lower bound. The existence of this residual
estimation error is often accepted as unavoidable, and with
some types of space-time codes have only a small detrimental
effect on performance.

However, with sophisticated STC’s that provide both full
rate and full diversity, such as threaded algebraic space time
(TAST) codes [1], [2] and perfect space time block (PSTB)
codes [3], [4], channel estimation accuracy is much more
critical, as we will show in simulations later in the paper.
It is then sensible to explore the use of joint detection and
estimation (or decision-directed estimation), during the data
transmission phase, to further refine the estimates.

Given imperfect CSI with a known Gaussian error distribu-
tion, ML symbol detection can be performed [5]. However
this is not a practical solution when the number of bits
to be detected jointly is even moderately large. An alterna-
tive method is the expectation-maximization (EM) approach,
which iterates between an E-step and an M-step, in order to
obtain the ML estimate of the unknown channel. The EM
algorithm has two sets of unknowns – hidden variables and
parameters. By treating the channel as the parameter and the
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transmitted symbols as the hidden variables [6], [7], the E-
step requires the a posteriori probability (APP) distribution
of the symbols, assuming the most recent channel estimate is
exact. Since the symbol APP is difficult to obtain exactly, it
has been approximated in [6], [7] using the outputs of a soft-
in soft-out error control decoder. The resulting scheme can be
interpreted as either an iterative (or turbo) detector, or an EM-
based receiver. Since decoding is performed multiple times,
complexity is very high; performance can also be poor if the
initial channel estimates (obtained from a training period) are
weak, resulting in poor reliability information delivered to the
decoder.

If instead the channel is the hidden variable and the symbols
are the parameters in the EM algorithm, then only hard
estimates of the symbols are produced, as in [8]. Such an
algorithm cannot produce the soft inputs essential in the
decoding of powerful codes like LDPC (low-density parity
check) and Turbo codes. The APP of the channel is obtained
but this is of little obvious use.

We propose to use the structure of Figure I, where channel
estimation is performed using the variational EM algorithm [9]
to be described later. Decoding is performed only once, and
given that much of the complexity in a receiver is due to the
decoder, the proposed structure is less complex than those of
[6], [7]. Channel estimation performance is enhanced by the
VEM method, which after a few inner iterations converges to a
value close to the ML channel estimate. Detection performance
is therefore excellent, as will be demonstrated in simulations
in Section IV.
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Fig. 1. The receiver using VEM channel estimator

II. SYSTEM DESCRIPTION

Consider an NR × NT quasi-static flat fading MIMO
channel. The baseband-equivalent signal transmitted over T
channel uses and NT antennas is written in a column vector

x(l) = [x1,1(l), x1.2(l), . . . , x1,NT
(l), . . . , xT,NT

(l)]T .

Assuming that an error-control codeword spans LT channel
uses, the transmitted signal can be written in a TNT×L matrix

X = [x(1), . . . ,x(L)].
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Defining the channel output as Y ∈ CTNR×L, then

Y = (IT ⊗Hc)X + W = (IT ⊗Hc)GU + W, (1)

where ⊗ is the Kronecker product, IT is the T × T identity
matrix, Hc is the NR×NT channel matrix, U ∈ QTNT ×L are
the modulated symbols drawn from the symbol constellation
Q, and W is a matrix of i.i.d. Gaussian random variables.
The decomposition of X into GU unifies various space-time
coding schemes, e.g. for V-BLAST (Vertical BLAST) G is
the NT × NT identity matrix and T = 1. We also identify
G as an N2

T ×N2
T matrix and T = NT for PSTB and TAST

codes. The definition of G can be found in [2] [3] [4], e.g.
for PSTB in a 2× 2 channel, GPSTB can be expressed as

GPSTB =

⎛⎜⎜⎝
1 0 0 0
0 0 0 i
0 0 1 0
0 1 0 0

⎞⎟⎟⎠( M 0
0 M

)
,

M .=
(

0.63− 0.39i 1.02− 0.63i
0.63 + 1.02i −0.39− 0.63i

)
.

(2)

For pilot-based channel estimation, training symbols are
transmitted without space-time modulation/coding. The signal
received over the pilot interval can be written as

Yp = HcUp + W, (3)

where Up is the matrix of pilot symbols. Since Up is known
at the receiver, the ML channel estimate, denoted as Ĥ(0)

c , is

Ĥ(0)
c =

(
YpUT

p

) (
UpUT

p

)−1
. (4)

The estimation error is therefore

Ec = Hc − Ĥ(0)
c =

(
WUT

p

) (
UpUT

p

)−1
. (5)

Assuming E[WT W] = σ2
nI, then we have

E[ET
c Ec] = σ2

n(UpUT
p )−1. (6)

From this equation, we see that the variance of the channel
estimation error is proportional to the channel noise and
inversely proportional to the length of the pilot sequence. This
is the model we will use throughout the paper.

III. VARIATIONAL EM CHANNEL ESTIMATOR

In [10], an important link was found between the classes
of variational inference (VI) algorithms and expectation-
maximization (EM) algorithms. In brief, a VI algorithm postu-
lates a simple, parameterized probability distribution in place
of the true a posteriori distribution of the unknown variables
in a problem. It then finds the parameters that minimize the
Kullback-Liebler (KL) divergence between the two, and uses
the postulated distribution for inference. The EM algorithm in
its traditional description is for ML parameter estimation – it
proceeds iteratively through the so-called E- and M-steps, and
is guaranteed to converge to a local maximum of the likelihood
function of the unknown parameters.

The link between the two is that, if in a VI algorithm one
postulates a factorized distribution with two sets of variables,
say x and Θ, and uses a point distribution for Θ while keeping
the distribution of x optimal, then EM and VI are identical.

To be precise, the variational view of the EM algorithm is
that p(x,Θ|y), where y is the vector of observations, is
approximated as

p(x,Θ|y) ≈ Q(x)δ(Θ−Θ(t)) (7)

at the t-th iteration, where Θ(t) denotes the estimate of Θ to be
obtained in the current iteration. Then we form the variational
free energy (FE), or KL divergence between the postulated
and true distributions:

F(Q(x),Θ(t)) =
∫

Q(x)δ(Θ−Θ(t))

log
Q(x)δ(Θ−Θ(t))

p(x,Θ|y)
dxdΘ.

(8)

Finally, we find the parameters of Q(x) and the value of
Θ(t) that minimize F , and use these for the next iteration.
Convergence to a local maximum of p(y|Θ) is assured, if

Q(x) = p(x|y,Θ(t−1)).

However, if the above form of Q(x) is hard to work with, we
can replace it with another approximation, and hence arrive at
the variational EM (VEM) method.

In the following, we will detail the application of VEM
as a channel estimator in an NR × NT MIMO channel. In
order to simplify the development, we rewrite the system in (1)
using real-valued signals and with 4-QAM as the modulation
scheme. Other modulation formats can also be used but the
mapping from symbols to bits is more involved. Let us denote

R = [real(Y)T , imag(Y)T ]T

B = [real(U)T , imag(U)T ]T

N = [real(W)T , imag(W)T ]T

H̃ = (IT ⊗Hc)G

H =
(

real(H̃) −imag(H̃)
imag(H̃) real(H̃)

)
,

(9)

then we have
R = HB + N. (10)

In (10), B is a matrix of binary (Bernoulli) random vari-
ables. We will treat B as the hidden variables in VEM.
We also assume bit interleaved coded modulation (BICM) is
implemented, thus bl, rl, l = 1, 2, ...L are independent, where
bl, rl are the lth columns of B and R respectively. Besides,
we will use the mean field approximation

Ql(bl) =
2NT T∏
k=1

Qlk(bl(k)),

where bl(k) ∈ ±1 is the kth value of bl. Therefore, we define
the variational free energy using the following distributions⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Ql(bl) =
2NT T∏
k=1

γl(k)1+bl(k)/2(1− γl(k))1−bl(k)/2

p(bl) =
2NT T∏
k=1

ξl(k)1+bl(k)/2(1− ξl(k))1−bl(k)/2

p(rl|bl) = N (Hbl, σ
2I)

,

(11)



where ξl(k), γl(k) are the prior and posterior probabilities
of bl(k) = 1 respectively, and σ2 = σ2

n/2. Note that
γl(k) parameterizes the distribution of bl(k), and hence the
parameters to be optimized in Ql(bl) are {γl(k)}2NT T

k=1 .
With Hc as the parameters, we can now formulate the FE

function as follows

F =
∫

δ(Hc − Ĥc)
L∏

l=1

Ql(bl)

log

δ(Hc − Ĥc)
L∏

l=1

Ql(bl)

p(B,Hc|R)
dHcdb1db2...dbL.

(12)

Following the mathematical manipulations in [9], the FE can
be re-written as

F =− log p(Ĥc) +
L∑

l=1

(∫
bl

Ql(bl) log
Ql(bl)

p(bl, rl|Ĥc)
dbl

)

=
L∑

l=1

(∫
bl

Ql(bl) log
Ql(bl)

p(bl)p(rl|bl, Ĥc)
dbl

)
− log p(Ĥc).

(13)

Minimizing the FE function above iteratively, we arrive at
the VEM algorithm, consisting of two main steps as follows.
Initialization Use the pilot sequence to get the initial channel
estimation Ĥ(0)

c .
E-Step Minimize F over the distribution of bl, parameterized
by ml = [2γl(1) − 1, 2γl(2) − 1, . . . , 2γl(2NT T ) − 1]T , i.e.
in the jth iteration,

m(j)
l = arg max

ml

∫
bl

Ql(bl)
Ql(bl)

p(bl)p(rl|bl, Ĥ
(j−1)
c )

dbl, (14)

for l = 1, 2, ...L.
M-Step Minimize F over Ĥc, i.e.

Ĥ(j)
c = arg min

Ĥc

L∑
l=1

(∫
bl

Q
(j)
l (bl)

Q
(j)
l (bl)

p(bl)p(rl|bl, Ĥc)
dbl

)
− log p(Ĥc).

(15)

The E-step is identical to what was presented in [9], and so
we will provide only the final result. The kth element of ml

should be updated iteratively according to

log
1 + ml(k)
1−ml(k)

← log
1 + pl(k)
1− pl(k)

+
2
σ2

(
ηT

k rl − βT
k ml

)
(16)

where pl = [2ξl(1) − 1, 2ξl(2) − 1, . . . , 2ξl(2NT T ) − 1]T ,
ηk is the kth column of H, and βk is the kth column of
HT H− diag(HT H).

The M-Step requires some new derivations, details of which
are in the Appendix. Replacing the new estimate of m(j)

l ,
l = 1, 2, ...L obtained from (16) into (15), omitting the terms
independent of Hc and assuming Hc to be an i.i.d. circularly
symmetric complex Gaussian random matrix with a mean of

Ĥ(0)
c and a covariance of σ2

e for each element of the matrix,
we have

F = const +
1

2σ2
e

‖Hc‖2F +
L∑

l=1

{ 1
2σ2

[tr(HT H)

− 2rT
l Hml + mT

l (HT H− diag(HT H))ml]
}

.

(17)

From the derivations in the Appendix, we can get the
solution which minimizes the function above, i.e. the update
of channel estimate Ĥ(j)

c = Ĥ(j)
R + iĤ(j)

I ,{
Ĥ(j)

R = (PT
6 P−1

1 −PT
5 P−1

2 )(P1P−1
2 −PT

2 P−1
1 )−1/2

Ĥ(j)
I = (PT

6 P−T
2 −PT

5 P−1
1 )(P2P−1

1 −P1P−T
2 )−1/2

(18)
Based on the discussion above, we can summarize the VEM

channel estimator in Table I. Two points should be noticed in
the proposed algorithms. The initial estimate of the channel is
obtained from the training sequence. We use MMSE detector
to set the initial value of ml to avoid converging to a local
minimum.

TABLE I
VEM CHANNEL ESTIMATOR

Initialization: Ĥ
(0)
c is the pilot assisted channel estimation, LLRpri = 0.

Iterative Search for optimized estimation:
for j = 1 : J do

MMSE LLR calculator =⇒ ml, l = 1, 2, ...L
for i = 1 : I (Iteration according to (16)) do

for k = 1 : 2NT T do
LLRpos(bl(k)) = LLRpri(bl(k)) + 2

σ2

(
ηT

k rl − βT
k ml

)
ml(k) = tanh[LLRpos(bl(k))]

end for
end for
Update the estimation of channel following (19) ∼ (28)

end for
OUTPUT: output Ĥ

(J)
c into following MIMO detector and decoding.

IV. SIMULATIONS

In this section, we simulate the algorithm proposed in sec-
tion III. The proposed algorithm using VEM is compared with
the conventional EM based iterative detection and decoding
(IDD). Frame error rate (FER) and mean square error (MSE)
of the estimated channel are presented for both algorithms.
Different space time codes are used for the simulations. We
also analyze the complexity of the proposed algorithm.

A. Performance Analysis of VEM Channel Estimator

The 2 × 2 MIMO channel with i.i.d. Rayleigh fading with
zero mean and unit variance is studied here. In our simulations,
rate 1/2 Turbo code is used, whose component encoders
use (7,5) RSC (recursive systematic convolution) code. The
channel is assumed to be constant over 512 time slots. The
pilot sequence is of 8 time slots. Thus we have σ2

e = σ2
n/4

according to (6). Also, K-best detection is employed with
K = 15 based on the VEM channel estimate [11].

In Fig. 2, we compare three groups of curves. The dotted
lines present K-best detection and decoding in the presence
of perfect CSI. The dashed lines present iterative joint K-
best detection and decoding in the presence of imperfect CSI.



In this algorithm, the channel estimation is updated using
the soft-outputs of the decoder in each iteration of detection
and decoding [6] [7]. The solid line present our proposed
algorithm. Illustrated by this figure, our algorithm using VEM
is much better than the EM-based IDD with an around 3dB
improvement and less than 1 dB loss from those of perfect
CSI. Besides, we observe that PSTB codes are better than
other STC’s in the FER performance and are robust to the
channel estimation error.
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Fig. 2. The FER performances of PSTB codes, TAST codes, VBLAST using
K-best detection and decoding in the presence of perfect CSI, using Iterative
K-best Detection and Decoding in the presence of imperfect CSI (Iter=2) and
using our proposed algorithm.

Fig. 3 shows the relations between the channel estimation
error averaged over fading channels and the number of itera-
tions for our proposed algorithm at different Eb/N0’s. In this
figure, we observe that MSE of our proposed algorithm using
VEM decreases significantly at all different Eb/N0’s.

We also compare the MSE versus Eb/N0 performance
using VEM with the performance using EM based IDD as
shown in Fig. 4. The lower bound in this figure is calculated
by assuming that all the symbols are recovered correctly.
Obviously from this figure, our algorithm outperforms EM
based IDD, especially when Eb/N0 is low. From these groups
of curves, we also conclude that PSTB codes are more robust
to the channel estimation error.

B. Complexity Analysis

Let us consider the complexity of the Turbo decoder. Total
complexity = 2×Iteration times×BCJR complexity, and BCJR
complexity = The length of bits×The number of operations
per bit. Thus, the complexity of Turbo decoder can be derived
as 2NiterNT TLNoper, where Niter denotes the iteration num-
ber and Noper denotes the number of operations per bit. Also
we have a factor of two because there are two BCJR decoders
for the Turbo decoding at the receiver. Then let us consider
the complexity of VEM. From Table III, it is easy to find
that the complexity of the iterative detector is O(IJNT TL),
where O(·) denotes the order of magnitude. Clearly, when the
terms I and J are not large (we choose I = 5 and J = 5 in
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Fig. 3. The MSE performance of the channel estimation ‖Hc − Ĥ
(j)
c ‖2

F
when Eb/N0 = 1, 5, 11 for different kinds of Space Time Codes using VEM.
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Fig. 4. The MSE comparison of the channel estimation ‖Hc − Ĥc‖2
F

between our proposed algorithm and EM based IDD receiver, with 2 iterations
of the latter.

the simulations), the complexity of the receiver mainly comes
from the Turbo decoder.

In [6] [7], the complexity of the receivers is still mainly
due to the Turbo decoding operations. Iterations between the
detector and the decoder are required, which at least double
the complexity for the decoder as compared with our proposed
receiver.

V. CONCLUSION

In this paper, we proposed a novel low complexity channel
estimator using VEM. We adopted the soft K-best detection
algorithm to detect the signals based on the VEM channel
estimates. The proposed receiver with joint K-best detection
and VEM channel estimation works with different kinds of
space time codes. We compared this proposed algorithm with
the conventional EM based iterative detection and decoding
algorithm in terms of FER and MSE of the estimated channels.
The proposed algorithm improves the FER performance by
around 3 dB in a 2 × 2 MIMO channel. The VEM channel



estimator also shows an order of magnitude lower of MSE
of the channel estimates compared with the conventional EM
based iterative detection and decoding algorithm in this MIMO
channel.
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APPENDIX

We will investigate the optimization of (17) over Hc. Let
A =

∑L
l=1 mlmT

l and C = 2
∑L

l=1 mlrT
l , the free energy

function can be rewrited as

F = const +
1

2σ2
e

‖Hc − Ĥ(0)
c ‖2F +

1
2σ2

{
Ltr(HT H)

+ (HT H− diag(HT H))A− tr(HC)
}

.

(19)

Let D = A + LI − diag(A), after some mathematics
manipulations

F = const +
1

2σ2
e

‖Hc − Ĥ(0)
c ‖2F

+
1

2σ2
tr(HT HD−HC).

(20)

Denotes real(H̃) with H̃R, and imag(H̃) with H̃I , and H̃ is
defined in (9). Since D is symmetric, Let

D =
(

D1 DT
2

D2 D3

)
, C =

(
C1 C3

C2 C4

)
, (21)

and define E1 = D1+D3, E2 = DT
2 −D2, E3 = −(C1+C4),

E4 = −(C3 −C2), the term tr(HT HD −HC) can be put

into

tr(HT HD−HC) = tr
(
(H̃T

RH̃R + H̃T
I H̃I)E1+

+ (H̃T
RH̃I − H̃T

I H̃R)E2

+ H̃RE3 + H̃IE4

)
.

(22)

Let Hc = HR + iHI , G = GR + iGI , so we can denote H̃R

and H̃I respectively as follows

H̃R = (IT ⊗HR)GR − (IT ⊗HI)GI

H̃I = (IT ⊗HR)GI + (IT ⊗HI)GR.
(23)

Define F1, F2, ......F6 as follows

F1 = GRE1GT
R + MIE1GT

I + GIE2GT
R −GRE2GT

I

F2 = GRE1GT
I −MIE1GT

R + GRE2GT
R + GIE2GT

I

F3 = GIE1GT
R −MRE1GT

I −GIE2GT
I −GRE2GT

R

F4 = GIE1GT
I + MRE1GT

R −GRE2GT
I + GIE2GT

R

F5 = GRE3 + GIE4

F6 = GRE4 −GIE3,
(24)

and let Qi = Fi(1 : 2, 1 : 2)+Fi(3 : 4, 3 : 4)+. . .Fi(2n2−1 :
2n2, 2n2 − 1 : 2n), putting (24) and (23) into (22), we have

tr(HT HD−HC) = tr
(
HT

RHRQ1 + HT
I HIQ4

+ HT
RHIQ2 + HT

I HRQT
2

+ HRQ5 + HIQ6

)
.

(25)

Put (25) into (20)

F = const +
1

2σ2
e

‖Hc − Ĥ(0)
c ‖2F

+
1

2σ2
n

tr
(
HT

RHRQ1 + HT
I HIQ4 + HT

RHIQ2

+ HT
I HRQT

2 + HRQ5 + HIQ6

)
= const +

1
2σ2

n

(
HT

RHRP1 + HT
RHIP2

+ HT
I HRPT

2 + HT
I HIP4 + HRP5 + HIP6

)
.

(26)

where P1 = Q1 + σ2
n

σ2
e
I , P2 = Q2, P4 = Q4 + σ2

n

σ2
e
I

PT
5 = QT

5 −2σ2
n

σ2
e
Ĥ(0)

R , PT
6 = QT

6 −2σ2
n

σ2
e
Ĥ(0)

I . Arrange ∂F
∂HR

=
0, ∂F

∂HI
= 0, and notice P1 and P4 are symmetric and P1 =

P4, we have{
HRP1 + HIP2 + PT

5 /2 = 0
HIP1 + HRPT

2 + PT
6 /2 = 0,

(27)

whose solution is{
ĤR =

(
PT

6 P−1
1 −PT

5 P−1
2

)(
P1P−1

2 −PT
2 P−1

1

)−1
/2

ĤI =
(
PT

6 P−T
2 −PT

5 P−1
1

)(
P2P−1

1 −P1P−T
2

)−1
/2.

(28)
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