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Abstract—Accurate measurement of material dielectric property
is essential for engineers to synthesize microwave devices. This
paper proposes a systematic material characterization method via
the coaxial resonator (CR) based near-field scanning microwave
microscopy (NFSMM) with an arbitrary tip shape, from the
modelling method to the inversion algorithm. The effective
interaction region in the CR-based NFSMM is investigated and
determined, which contributes most to the contrast capacitance
caused by the tip-sample interaction. Then the Huygens’ principle
is applied in the forward solver of NFSMM when the samples
under test are homogeneous. The relative error of our model is
less than 2.1% in numerical validations. Based on the proposed
forward solver, a dielectric characterization method via the
conjugate gradient algorithm is proposed and verified with
experimental results. The retrieved permittivity of unknown
samples matches well with that measured by the transmission line
method, and the discrepancy between the two results is less than
3%. The proposed systematic method is promising to provide a
new pathway to quantitatively determine the dielectric property
of homogeneous samples.

Index Terms—dielectric characterization, Huygens’ principle,
nonlinear inversion, coaxial resonator, near-field scanning
microwave microscopy (NFSMM)

. INTRODUCTION

ielectric properties of materials are essential for

researchers and engineers to analyze and synthesize

microwave devices. Therefore, a simple and accurate
measurement method is very important in both academic and
industrial aspects. Traditional methods of determining these
properties include transmission line techniques, split cavity
techniques, free space techniques, etc [1]-[6]. While these
traditional methods have their own advantages, they also
present some drawbacks in certain aspects. Transmission line
techniques requires the material to be fitted into the cross-
section of waveguide. Split cavity techniques require the
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dimension of the investigated sample to be larger than the
diameter of the cylinder waveguide. Free space techniques
require the sample size to be large enough to avoid the
inaccuracy caused by the diffraction at the edge.

With the advent of the near-field scanning microwave
microscopy (NFSMM), a new nondestructive method could be
used in characterizing the dielectric property of samples, which
does not reqiure a well-defined geometric form of samples [7]-
[9]. With the aid of the calibration technique, the measurement
accuracy of the NFSMM is improved, which paves the way for
quantitative characterization [10], [11]. Various designs of
NFSMMs are demonstrated, such as scanning tunneling
microscopy [12]-[14], atomic-force microscopy (AFM) based
NFSMM [15]-[20], coaxial resonantor (CR) based NFSMM
[21]-[24], etc. Due to the tunnel effect on the surface of the
conductive material, the scanning tunneling microscopy could
record the tunnel current to maintain the tip-sample distance,
which could provide a topograghic image during the material
characterization [12]-[14]. The AFM-based NFSMM could
achieve a high-resolution image on dielectric properties of the
sample, together with the topography information of the
sample. Due to the sharpness of the tip and the feedback control
system, microscale even nanoscale resolution could be realized
[15]-[20]. However, some samples used in microwave device
design are at milli-scale or centi-scale, and the property
determination of these samples via AFM-based NFSMM will
be time-consuming and in additional costly. To characterize the
dielectric property of these samples, the CR-based NFSMM
seems to be a good choice due to its easy fabrication and
implementation, as well as low cost [21]-[24]. Due to lack of
the tip-sample distance control system, it performs better in the
sample with flat surface. In modelling procedure, the accuracy
of the result mainly depends on the model’s ability to solve the
tip-sample interaction problems. Among existing modelling
methods, the tip shape is usually replaced by a conducting
sphere or a unit dipole, which nevertheless could bring the
inaccuracy to the tip-sample interaction solution [22], [25],
[26]. The modelling method of the arbitrary tip shape in the
CR-based NFSMM is rarely reported.

In this paper, a systematic material characterization method,
from the modelling method to the inversion algorithm, via the
CR-based NFSMM is proposed. In simulation, the proposed
truncated model could be applied to an arbitrary tip shape. The
region beneath the tip is determined and referred to as the
effective interaction region, which contributes most to the
contrast capacitance caused by the tip-sample interaction.
Based on the determined effective region, the Huygens’
principle is then applied in the forward solver of NFSMM when
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Fig. 1 Schematic of the CR-based NFSMM imaging system.
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Fig. 2. Typical eauivalent circuit of NFSMI\?.

investigating homogeneous samples. The relative error of the
proposed model is less than 2.1% in many simulations, which
proves the validity of the proposed forward solver. Based on
the proposed forward solver, a dielectric characterization
method via the conjugate gradient algorithm is proposed for
dielectric characterization. To validate the proposed
characterization method, two unknown thick homogeneous
samples are tested. The retrieved permittivity matches well
with that measured by the transmission line method, and the
discrepancy between the two results is less than 3%.

The main contributions of this paper are listed as follows.
Firstly, a truncated model is proposed for investigating the tip-
sample interaction in the CR-based NFSMM. We introduce
valid boundary conditions at the truncation surfaces to ensure
the accuracy of the proposed truncation model. Since the
computational domain is reduced, the computation cost is
significantly reduced. Secondly, we find that the electric
energy of a thick sample (usually more than 4 mm) mainly
concentrates in a small region beneath the tip. Due to the
specific structure of the CR-based cavity, the contrast
capacitance is more sensitive to the tip-sample distance rather
than the thickness of the investigated sample, which could
simplify the measurement procedure for the dielectric
characterization of the sample. Thirdly, a forward solver based
on the Huygens’ principle is proposed for the CR-based
NFSMM with an arbitrary tip shape when investigating
homogeneous samples, which could reduce the computational
cost in the forward formulation since only a surface integral is
involved. Finally, an iterative algorithm is proposed to
characterize dielectric properties of the investigated sample
based on the proposed forward solver, which can be used to
characterize samples without resorting to the time-consuming
process of building up a database by doing a lot of experiments
or computations for various samples.

The paper is structured as follows. Section Il presents the
fundamental principle, which includes the relationship between
the variation of S;; and the change in the tip-sample interaction,
the commercial-software simulation model of the tip-sample

interaction, and the effective region investigation. Section Il
proposes the application of the Huygens’ principle in the
forward solver of NFSMM and its numerical validation. The
inverse formulation to characterize the sample permittivity is
given in Section IV. An experimental validation is
demonstrated to verify the performance of the proposed
method. The conclusion is made in section V.

Il. SIMULATION MODELLING

As illustrated in Fig. 1, the measurement setup of the CR-
based NFSMM consists of four parts: the vector network
analyzer (VNA), the coaxial cavity with a sharp tip, the x-y 2D
motor stage and the computer. In the measurement, the input
signal of the coaxial cavity is generated by the VNA and
transmitted via the coaxial cable. The reflected signal can be
detected and monitored by the VNA. The x-y 2D motor stage
supports the sample and is controlled by the computer, the
precision of which is 1 um. The movement of the coaxial
resonator along the z can be controlled with the step size of 20
um. The variation of S;; is recorded in the VNA for data post-
processing.

The equivalent circuit of the CR-based NFSMM is
demonstrated in Fig. 2. According to the equivalent circuit, any
changes in the tip-sample interaction of the CR-based NFSMM
will perturb the value of the admittance, leading to a variation
of S;; at a certain frequency in the VNA. Therefore, the S;,;
can be expressed as a function of the admittance Y [27]-[29]:

S11 =f(Y) (1)

If the admittance Y is due to a small perturbation around a

reference admittance Yo, which is the admittance between tip

and sample in absence of perturbation with respect to a certain

chosen background medium, then the Taylor expansion yields,

811(Y):SM(Y0)+81,1(Y0)(Y _Y0)+-"- (2)

Since the contrast admittance AY, defined as Y — Y, is small,

the higher orders of the contrast admittance in (2) can be

ignored. The relationship between the variation of S;; and the
contrast admittance can be well approximated as:

ASy; = Si(Yo)AY . ®)
where A4S, is the variation of S;; due to the perturbation in the
reference sample and is calculated as S;;(Y) — S;;(Yy) at the
certain frequency. In this case, the S;; can be obtained via the
calibration on the reference sample, and then the obtained value
S1; can be used to directly convert the measured 4S;, to the
contrast admittance, which depends on the physical properties
of samples under test. Essentially, (3) is the fundamental
principle of NFSMM that establishes the relationship between
the measured signal 4S;, and the sample's property AY. Both
the forward problem and the inverse problem discussed in this
paper are in principle governed by (3). After obtaining the
contrast admittance AY, the contrast conductance AG and
contrast capacitance AC can be calculated as

AY=AG + joAC . 4)

A. Commercial-software Simulation Model Setup

As shown in Fig. 3(a), a simulation model with full CR-
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Fig. 3. Simulation model of the CR-based NFSMM imaging system. (a) Full
structure model (b) Truncated model.
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Fig. 4. A 3D sample for scanning procedure. (a) A cross-shape perturbation.
Simulated Ceontrast image via (b) full structure model and (c) truncated model.
Parameters used in the calculation: rnge = 0.8 mm, h = 3.51 mm, rg, = 0.4 mm,
hs =0.2 mm, hy =5 mm, ws = 12.5 mm, h, = 1.6 mm, |, = 2.4 mm, w, = 0.8
mm (Not to scale).
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based NFSMM structure is set up. The computational cost in
the simulation is large due to the large dimension of the full
structure. In [30], the direction of the electric field in the bottom
hole of the CR-based NFSMM is along the radial direction
when the working frequency is at its first resonance. The
electric field distribution inside the CR-based NFSMM
motivates us to propose the truncated model shown in Fig. 3(b),
which is the region inside the red dotted line in Fig. 3(a). The
operating frequency of the NFSMM in our work is 1.41 GHz,
at which the resonant mode is TEM mode. Since the size of the
tip and the tip-sample distance are smaller than one percent
wavelength at the operating frequency, the quasi-static regime
is considered in the simulation. In the truncated model, we set
the surface of the tip as the terminal (blue line), the bottom
surface of the sample and the outer surface of the cavity hole
as the ground (i.e., zero potential) that is labelled in yellow, and
the top and side boundaries as the zero-charge (i.e., the electric
flux perpendicular to the surface is zeros) that is labelled in red.
Since the computation domain is large enough, the normal of
the electric field on the side boundary is weak and can be
neglected. In this way, the side boundary is set as the zero-
charge. The truncated domain, together with the above-
mentioned boundary conditions, suffices to well approximate
the tip-sample interaction. For instance, a cross-shape
perturbation (1.6 mm, & = 1) is added into the Quartz sample

TABLE |
COMPARISON OF THE COMPUTATION COST FOR A SINGLE POINT

Full Structure Model Truncated Model

Required
Memory 23.93 GB 11.15GB
Computation 433 s 12

Time
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Fig. 5. The comparison between the calibrated measurement result and the
simulation result. Comparison of the cylinder-sphere tip for (a) 2 mm Quartz
and (b) 5 mm FR4. Comparison of the cone-sphere tip for (c) 2 mm Quartz
and (d) 5 mm FR4.

(5 mm, & = 3.8) and scanned with the step size of 0.2 mm, as
shown in Fig. 4. In simulation, the capacitance without the
perturbation is chosen as the reference capacitance, and the
capacitance at different scanning points are recorded. As a
result, the change in the capacitance, referred to as the contrast
capacitance Ceontrast, Can be obtained. There is only a small
visual difference between the truncated model result (denoted
as A) and the full structure model result (denoted as B) and the
relative error between is only 4.10%, where the relative error is
defined as ||[A—Bl, /Bl Moreover, the time
consumption of the proposed truncated model is smaller due to
the smaller computational domain, which is summarized in
Table I. The truncated model could significantly reduce the
computational time of the AC/DC module in COMSOL.

In order to verify the accuracy of the proposed truncated
model, a calibration procedure is implemented. In
measurement, the cylinder-sphere tip and two homogeneous
samples with different permittivity and thickness are used. One
is the Quartz sample (2 mm, & = 3.8), the other one is the FR4
sample (5 mm, & = 2). The resonant frequency 1.41 GHz in the
contact mode is selected as the reference frequency, at which
the variation of S, is recorded with the increasing tip-sample
distance. In simulation, the capacitance in the contact mode is
chosen as the reference capacitance, and the contrast
capacitance Ceonrast at different tip-sample distances can be
obtained. Then the S;,(Y,) can be calculated via the least
square method, according to the definition in (3). The
simulation results of the truncated model with a cylinder-
sphere tip are demonstrated in Fig. 5(a) and (b). There is a small
discrepancy between the simulated Ceontrast (denoted as A) and



Fig. 6. The distribution of the electric field in the whole computation space.
For a better visual effect, magnitudes that are higher than 1% of the maximum
value of electric field are shown as the same color (red).

the calibrated measurement result (denoted as B). The relative
error R, (calculated as ||4 — B||, / lIB]l,) is 0.58% in 2 mm
Quartz calibration and 2.07% in 5 mm FR4 calibration.
Moreover, to show that a more accurate simulation result is
obtained by using a tip shape that better matches the physical
experimental NFSMM tip, we have conducted simulations for
a cone-sphere tip and presented the simulation results in Fig.
5(c) and (d). Note that the tip used in the experiment is
cylinder-sphere, as shown in Fig. 5(a) and (b), where we see
that the simulations results match well with the measurement
results. The poor match in Fig. 5(c) and (d) is obviously due to

the discrepancy in tip shapes used in simulation and experiment.

B. Determination of Effective Interaction Region

For the AFM-based NFSMM, the contribution of contrast
capacitance in tip-sample interaction comes primarily from the
perturbation of a limited window (effective interaction region)
beneath the tip [31]. For the CR-based NFSMM, it is also
important to investigate the effective interaction region. The
determination of the effective interaction region not only
reduces the computation domain of the tip-sample interaction,
but also creates the condition for the application of Huygens’
principle in the forward solver formulation.

As shown in Fig. 6, the 5.1 mm Quartz (& = 3.8) is selected
as the reference sample and the tip-sample distance is set as 0.2
mm in the simulation, which is the defaulted reference
condition in this section and later unless otherwise specified.

The magnitude of |E| in the small region (inside the red dash
box) beneath the tip is larger than that away from the tip, which
indicates that most energy is concentrated in this small region.
This observation motivates us to do various numerical
simulations, and we empirically find the contrast capacitance
is insensitive to the thickness of the sample once the thickness
of the sample is larger than 4 mm. To verify our conclusion, we
investigate samples with three different thicknesses, i.e., 4.1
mm, 5.1 mm, and 6.1 mm, and the tip-sample distance is fixed
at 0.2 mm. We compare the results obtained by numerically
choosing two kinds of reference conditions. First, the reference
condition is chosen as when the thickness of reference Quartz
samples are consistent with the investigated samples. As
illustrated in Fig. 7(a), there are negligible discrepancies
among the contrast capacitance at three different thickness with
the increasing relative permittivity. Secondly, the thickness of
the reference Quartz sample is numerically chosen as a fixed
value of 5.1 mm, although this is not physical for the cases of
4.1 mmand 6.1 mm thick samples. Compared with the value at
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Fig. 7. The influence of the sample thickness. Samples of three thicknesses are
physically tested, for which two different reference conditions are chosen to
calculate the contrast capacitance. (a) Contrast capacitance in respect to the
ground-truth reference sample with variable thicknesses. (b) Absolute contrast
capacitance discrepancy in respect to a mathematical reference sample with
the fixed thickness of 5.1 mm.

100 , x10

— 98 v Y
= . ¥ - =]
T 9 - & 0 *
2 o4 g N
>y 8 Ground Truth
oo < o 3
5 927 © 3x3x1.2 mm’ o2 o * 3x3x12mm’
£ ooll * W -'Jx-"xl.(\mmz
5x5x2.4 mm’ 5x5x2.4 mm’
88 | 48
0 2 4 6 8 10 0 2 4 6 8 10
Relative Permittivity €, Relative Permittivity €
=
@) (b)

Fig. 8. The influence of the size of the effective interaction region on (a)
Energy ratio and (b) Contrast capacitance.

5.1 mm, the absolute discrepancy among the contrast
capacitance at different thicknesses is still small with the
increasing relative permittivity, as shown in the Fig. 7(b).
These results practically benefit us by simplifying the
measurement procedure since the accurate measurement of
sample's thickness is relaxed for thick samples.

Since most energy is concentrated in the small region,
referred to as the effective interaction region, beneath the tip,
sample materials that are outside of this region barely
contribute to the measured signal. This is an important
observation since we can numerically choose the outside region
as another material, without noticeably perturbing the ground
truth. The key is to determine the size of effective interaction
region. For this purpose, three different sizes of the effective
interaction region are selected and compared in Fig. 8. When
investigating a homogenous sample with relative permittivity
&, we numerically set the sample just inside the effective
region as the sample and change the sample outside the
effective region to be the reference material, i.e., Quartz. As
shown in Fig. 8(a), when the region size is selected as 4>4x1.6
mm?3, the energy in this region is still larger than 93% of the
total energy in the whole sample area even the relative
permittivity of the sample in the effective region is up to 10.
Moreover, the contrast capacitance is also investigated and
illustrated in Fig. 8(b), in which the reference capacitance is the
capacitance caused by the Quartz sample. We see that the
contrast capacitances caused by the three sizes of effective
regions are very close to the case of the ground-truth sample.
When the effective region is selected as 4>4>1.6 mm?, the
contrast capacitance discrepancy is less than 1.6%. To balance
computational load and the accuracy, the effective region is
chosen as 4>4>1.6 mm?.
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Fig. 9. A typical NFSMM scheme. Parameters used in the calculation: hoyer =
3.5 mm, dnoie = 1.6 mm, h = 3.51 mm, d;j; = 0.8 mm, hs=0.2 mm, hs=5.1 mm,
Ws=12.5mm, h, = 1.6 mm, W, = 4.6 mm, &, = 3.8 (Not to scale). The red dash
line denotes the boundary of effective interaction region.

I1l. FORWARD SOLVER IN NFSMM

The determination of the effective region reduces the
computation domain of the tip-sample interaction to a small
block region, which creates a condition to propose a new
forward solver of CR-NFSMM. When investigating a new
homogeneous sample, we could set the sample just inside the
effective region as the new homogeneous sample and change
the sample outside the effective region to be the reference
sample. As shown in Fig. 9, the background material is
homogeneous with the permittivity &,. When we study a new
homogeneous material with permittivity ¢, , it suffices to
change the material only inside the effective region to be a new
one with permittivity &, which is referred to as a perturbation
with respect to the background material. In this way, the new
homogeneous sample inside the effective region could be
considered as a small perturbation in the reference sample.
Since the sample inside the effective region is homogeneous,
the Huygens’ principle could be used in the proposed forward
solver to calculate the change in capacitance caused by the
perturbation [32], [33]. Compared with the method in [29], the
computational cost reduces a lot, since only the potential on the
surface of the effective region needs to be calculated.

The geometry and parameters used in the calculation are
sketched in Fig. 9, and a cylinder-sphere tip is selected and
depicted by the height of the whole tip h and the diameter of
the tip dgp. A three-dimensional sample is used, which is a
cubic region with height hs and width Ws. The domain inside
the effective interaction region denoted as Di,, which is
depicted by the height h, and width W,. The domain outside the
effective interaction region denoted as Do The DC voltage
bias between the tip and the ground is setas 1 V.

A. Theoretical Principle

The task of the forward solver is to calculate the change in
capacitance, referred to as contrast capacitance Ceontrast, When a
perturbation is present. In the domain Di, the potential ¢
satisfies the following equation:

V- (e(r)Ve(r)) =0, ®)

In the domain Doy, the potential ¢ still satisfies (5), however

subject to boundary conditions specified in Section Il. A.

According to the Huygens' principle, if the observation point
is in the domain Di,, the material in the domain Doy could be
changed to be the perturbation material with the relative
permittivity ,, then we can get (6) by using Green’s Theorem
[34]:

40 =6,0:1)5,0) 40 e LI

+¢1(I’) (r) ,reDb, (6)

where n' is the inward normal direction of the domain Di,, and
So is the boundary of the domain Di». The subscript 1 denotes
the situation that the observation point is in the domain Di,. The
corresponding Green’s function G, (r,7’) is analytically given
as:

1
47r5p‘r—r“’
If the observation point is in the domain Doy, the material
inside the domain Di, is changed to be the background medium
with the relative permittivity &, , and consequently we can
arrive at:

$,(r)
—¢z(r)+¢[e (r,r)g, () =2

G,(r,r)= (7

¢z( ) oG (r r)

4,05 2Dy rep,, @)
where G,,(r,r) and aGb(r, r)/on’ , the corresponding
background Green’s function and its normal-direction
derivative on the boundary, can be obtained from the
commercial software simulation. These two items account for
point (r) to point (r) electrostatic interaction for the working
background that includes the tip, air gap, sample, substrate, and
ground. In (8), #i(r) refers to the background potential in the
absence of the perturbation, and the subscript 2 denotes the
situation that the observation point is in the domain Doy.. When
observation points in (6) and (8) are infinitely close to the
boundary Sy, the following boundary conditions could be
applied:
A (=g, (r), res, ©)
o4 (r) _ O, (1)
£ (N D =, () (10)

Thus, a linear equation system can be obtained and
straightforwardly solved:

¢,(r) = qS[ =G, (1 )e, (1) =2

, resS,.

6¢2(r) ( r)

+¢,(r)e (r) —L——]da (11)

6¢2(r) oG (r r)

4,1 =4(r +<j>[G(rr)sbr) —,(1)e, (1) —2=—1da’ (12)

In discretization procedure on the boundary So, the linear
interpolation functions are selected as the basis function, and
the delta function is chosen as the testing function. For ease of
writing, the potential derivative on the boundary is defined as
g, (G, = —9¢,/0n’). The matrix form of (11) and (12) are
obtained:

D¢, -Gy, =0 (13)

Hg, -God, = 4, (14)
where D, G,, H and G, are calculated as surface integrals
over the boundary element of the Dj, and their close-form



expressions can be derived.

According to (8), the contrast capacitance Ccontrast Caused by
the perturbation in Di, can be expressed as the total perturbation
electric charge accumulated at the tip boundary,

Conn =§IC0) NGE- GO

15)

where

G.(r) = 95 a0 D g (16)

N is defined as the mward normal direction of the tip surface
Stp. After discretization, the contrast capacitance is given as:

C _[Taz_ﬁTaz (17)

where LT and P" are calculated as surface integrals of
dG.(r")/on’ and G.(r") over the boundary element of the
domain Di,. The similar derivation procedure is amply
described in the appendix of [29].

For the perturbation with lossy material, the £(r) in (5) is
changed to a complex value e(r) — jo(r)/w, where a(r) is
the conductivity of the lossy sample. Then the ¢, in (6) and &,
in (8) are complex-valued. The current consists of two types,
one due to capacitance and the other due to conductance. The
relationship between the charge on the tip and the voltage is

Q) =@ _y( )(Gm(“’)w( )j (18)

a)
where G.;(w) is the conductance between the probe and
sample. Under a tip—sample bias of 1 V, the capacitance is
equal to the real part of Q(w) and, combined with (17), we
have

contrast

Coren(@) = Re( L4, —ETaz). (19)

Similarly, the contrast conductance is equal to the imaginary
part of Q(w) and, combined with (17), we have

Gy (@) = |m[(E7§2 +5Taz)w} . (20)

Here, we claim that the proposed forward solver is
applicable to the arbitrary tip shape, since the concept of the
Green’s function is used. A tip of the arbitrary shape has its
own Green’s function, which accounts from point-to-point
electrostatic interaction for the working background that
includes the tip, air gap, sample, substrate, and ground. We can
easily see that our mathematical formula does not rely on
special shape of tip, such as spheroid, cone-sphere, cylinder-
sphere, and paraboloid. The Green’s function for an arbitrary
tip can be numerically calculated and then stored in the
commercial software.

B. Numerical Validation

The calculated contrast capacitance via the proposed
forward solver is compared with the commercial-software
simulation result. As shown in Fig. 10(a), different
homogeneous lossless materials are filled in the domain Dip,
the relative permittivity &, of which varies from 1 to 40. The
calculated result agrees well with the simulated one, and the
discrepancy between two results is smaller than 1%. To
illustrate the influence of the material conductivity o, the
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Fig. 10. The comparison between the calculated and simulated results of
different tips. (a) Various relative permittivity and (c) various conductivity
versus the contrast capacitance, and (e) various conductivity versus the contrast
conductance of the cylinder-sphere tip. (b) Various relative permittivity and (d)
various conductivity versus the contrast capacitance, and (f) various
conductivity versus the contrast conductance of the cone-sphere tip.

effective region is filled by the lossy material with relative
permittivity &, of 3.8 and conductivity o,, varying from 0.02
S/mto 7.82 S/m. As shown in Fig. 10(c) and (e), the existence
of the conductivity contributes to the contrast capacitance and
the contrast conductance. The calculation result agrees well
with the simulation result. Moreover, the comparison between
the calculated Ceontrast and Geontrast and the simulated ones of the
cone-sphere tip is also given in the Fig. 10(b), (d) and (f). The
discrepancy between the simulation result and the calculation
result of the cone-sphere tip is still small, which validates that
the proposed forward solver is applicable to different tip shapes.

IV. NONLINEAR DIELECTRIC CHARACTERIZATION

In previous studies, a parameter fitting method is usually
adopted in the dielectric characterization, which relies heavily
on the established database. Based on the proposed forward
solver, an iterative algorithm is proposed to characterize the
relative permittivity of unknown samples from measured data
via the CR-based NFSMM. To validate the performance of the
proposed iterative algorithm, two unknown lossless samples
are utilized in the measurement in this section.

A. Inverse Formulation and Implementation
Given the implementation convenience in the inverse



TABLE Il
IMPLEMENTATION PROCEDURE OF DIELECTRIC CHARACTERIZATION

Algorithm: The inverse permittivity retrieval method
Input: AC,,: measured contrast signal, M,, M,, M,, M,: calculated
vector for the inverse procedure, &, : initial guess of the unknown
relative permittivity, Fin,esnoiq © The threshold for stopping the

iteration.
Output: &,: retrieved relative permittivity of the unknown sample.
Forn = 1,2, ... until Ffs < Fipreshorar dO:

1 calculate D, .
2 Calculate the gradient of the objective function g (A=10):

x(AC, —AC,)/|AC, [ + 24,

where * is the conjugate operation.
3 Calculate the Polak—Ribiée—Polyak direction:

Ifn=1, p,=-0;
~0,) - }/Hgn 1H

4 Calculate the search length following the Wolfe conditions:
Form = 0,1,2, ... until
Fts(gn—l) - Fts (‘gn—l +7mpn) 2 _§7mg (gn—l + }/mpn )pn
(y = 0.9, 0<o<1 is an adjusted parameter in optimization)
End For

5 Update relative permittivity &, =&+ P,
End For

Otherwise, p, =-0, + Re[

procedure, &, is firstly multiplied on both sides of (13)
Dyg, -G, =0 1)

where Dp becomes the only term related to &,. Then the
rescaling process is made on (14) and (21) to avoid the severe
ill condition in the inverse procedure [35]:

Dif, ~Gily =0 (22)
Hg, ~Guy =, (23)
in which D; =Dy, Gi=t,G, Gu =t,Gs and g, =g, /t, With

t1 being constant value (t;=10% in this paper). Then the
expression of the boundary potential is derived as

=-l= =-1

4,=D. Gy -G -y

where D,=D; +G Em -H . Therefore, the contrast signal can be
calculated as follows:

e
AC=-L 4,

(24)

=
(M1+M3)D: M2+ M, (25)

=1 —i

-L7, MZ_Gt G - ¢2, M3—t1P th-H

L
-P q,=
in which M, =

—_ =1 =
and M, =—t P"-Gu -, . In (25), D. is the only term related to
the unknown permittivity ,. As a result, the proposed method
could recast the dielectric characterization problem as a
minimization of an objective function that is a normalized

mismatch between the calculated contrast capacitance and the
measured one:

Min': f, ( )-ace[ /lacs[

Z"ACB

., (26

where the subscrlpt ts denotes the index of tip-sample distances.
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Fig. 12. The iteration procedure of the relative permittivity retrieval. (a) Fs of
Sample 1. (b) Fis of Sample 2. (c) Retrieved ¢, of Sample 1. (d) Retrieved &,
of Sample 2.

Due to the ill-posedness in the objective function, a Tikhonov
regularization term is introduced in the objective function, and
the new objective function is defined as:

)= ac (e,)-acz flaci]

where A is the regularization parameter and can be empirically
determined. The conjugate gradient (CG) method is used to
minimize the objective function (27), and the search length in
the iteration is determined by the Wolfe conditions [36]. The
whole implementation procedure is summarized in Table II.

Min: F —ACE

e, @1

B. Experimental Validation

To validate the performance of the proposed dielectric
characterization method, two unknown samples are selected
and measured by the NFSMM, the lateral dimension of which
is 2.1 mmxL1.2 mm. The thickness of the samples are around 5
mm, as illustrated in Fig. 11. The 5.1 mm homogeneous Quartz
sample is selected as the reference sample in the calibration
procedure. The operating frequency of the CR-based NFSMM
is 1.41 GHz, and the tip aperture and tip sample distance is
same as the parameters reported in Fig. 9. After measuring the
reference sample, the tip is moved to the testing sample in the
constant height mode, i.e., the absolute height of the tip is fixed
during horizontal movement. Then, the tip moves vertically
over the testing sample to meet 0.2 mm tip-sample distance. In
order to improve the accuracy of the reconstruction result, the
signal at 4 different positions are recorded for the inversion
algorithm. According to the observation in Section Il. B, the
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Fig. 13. The comparison between the tip with and without abrasion.
measurement of the unknown sample thickness could be
simplified. The measured signals for the inverse algorithm are
obtained and converted to the contrast capacitance via the
obtained S;, in calibration procedure. The iteration procedure
for the dielectric characterization is illustrated in Fig. 12. Given
the inevitable noise in the measurement data, Fi;resnoia IN
Table 1l is empirically selected as 0.5%. The retrieved
permittivity &, for the first unknown sample is 1.94, while the
measured permittivity e, via the transmission line method is
2.0. The relative error Re, calculated by |e, — &,] / |em], IS
3.0%. The retrieved permittivity ¢, for the second unknown
sample is 8.90, while the measured permittivity ¢,, via the
transmission line method is 9.0. The relative error Re is 1.1%.

To investigate the influence of the tip abrasion, the
simulation result of the cylinder-sphere tip with 3 um abrasion
depth is illustrated in Fig. 13. The simulation condition is same
as that in Section Ill. B. Due to the abrasion, a slight
discrepancy occurs, and the maximum error is 8.5% occurring
at ¢p = 1. In order to avoid such an influence, one more
calibration procedure needs to be conducted after the
measurement to check whether the abrasion occurs in the
measurement. If the calibrated measurement result after the
measurement matches well with that before the measurement,
the abrasion will not be considered to occur. Otherwise, the
measurement data will be inaccurate, and the experiment needs
to be conducted again with a new tip.

V. CONCLUSION

In this paper, a systematic material characterization method
via the CR-based NFSMM is proposed. A truncated model with
the specific boundary conditions is not only applied to an
arbitrary tip shape, but also reduces the time cost in simulation.
The discrepancy between the simulated contrast capacitance
and the measured result is less than 2.1% in calibration
procedure.

Based on the distribution of the electric energy, the effective
interaction region in the CR-based NFSMM is investigated.
The determination of the effective region reduces the
computation area of the tip-sample interaction to a small
domain, which creates a condition to apply the Huygens’
principle in the proposed forward solver for homogeneous
sample investigation. Moreover, it is observed that the tip-
sample interaction is more sensitive to the tip-sample distance
rather than the thickness of the sample when the sample
thickness is larger than 4 mm.

Based on the proposed forward solver, a nonlinear iteration
algorithm is proposed for the dielectric characterization of the

homogeneous sample. The relative error between the retrieved
result and the measured result is less than 3%. Our work
provides an easy and reliable pathway to quantitatively
characterize the dielectric property of the homogeneous sample
via the CR-based NFSMM, where the requirement on the
sample dimension and the measurement environment has been
reduced considerably. The extension of the proposed method
to the micro- or nano-scale will be our future work, where the
roughness of the surface and the tilt in the measurement will be
taken into account.
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